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PREFACE. 



I HAVE in this treatise endeavored to arrange a course of 
trigonometrical study sufficiently extensive to enable the 
student to comprehend readily any applications of .trig- 
onometry he may meet with in the works of the best modem 
mathematicians. With this object, some topics have been 
introduced which are not usually found in works devoted 
specially to this subject. 

Among those topics, the most important is the solution 
of the general spherical triangle, or the triangle whose sides 
and angles are not limited, according to the usual practice, 
to values less than 180°. The advantage of introducing 
such triangles into astronomical investigations is sufficiently 
shown in the applications ma^e of them in the works of 
Bessel and other Grerman mathematicians ; and especially 
in the Theoria Motus Carporv/m, Codeativm of Gauss, who 
was the first to suggest their employment. 

The subject of Finite DiflFerences of triangles, plane and 
spherical, occupies a large space in Cagnoli's treatise, but 
has not been admitted into more recent works. It here 
occupies only a few pages, but no important result of 
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Cagnoli's Table has been omitted, while a number of the 
foimula are much simpler than the corresponding ones 
given by him. 

Although my plan embraces a much more extensive 
course than is contained in the text-books commonly used, 
I have studiously kept in view the wants of academic and 
collegiate classes ; and have so arranged the work that a 
selection of subjects of immediate importance may be readily 
made. The more elementary portions are printed in a larger 
type, and are intended to form, independently of the matter 
in the smaller type, a connected treatise which may be 
studied as though it were in a separate volume. 

Those who may afterwards wish to extend their know- 
ledge will appreciate the advantage of having the higher 
departments of the subject treated in connection with those 
fundamental ones to which they are most intimately re- 
lated. W. C. 

U. S. Naval Academy, 

Annapolis, Md., May 1, 1860. 



NOTE TO THE FOURTH EDITION. 

In this edition, besides a number of minor changes, and the correction of some 
typographical errors, a very important modification has been made in the solution of 
the equation tan z = p tan y by series (p. 145), which was given in former editions 
in the usual form as stated by all writers on trigonometry. This form was dis- 
covered to lack generality, and consequently to fail in certain applications, in con-/ 
sequence of the omission of the arbitrary term nir now introduced. Several subse- 
quent investigations, depending on this, have in like manner been rectified. 

W. C. 

TJ. S. Naval Aoademt, AprU 1, 1854. 
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PLANE TRIGONOMETRY. 



CHAPTER L 

MEASUBES OF ANGLES AND ABCS. 

1. Trigonometry is that branch of Mathematics which treats 
of methods of subjecting angles and triangles to numerical compu« 
tation. 

2. Plane Trigonometry treats of methods of computing plane 
angles and triangles. 

It embraces the investigation of the relations of angles in gene- 
ral, a branch of the science not necessarily connected with the 
elementary solution of triangles, and which has been distinguished 
as the Angular Analysis. 

8. By the solution of a triangle, in trigonometry, is meant the 
computation of unknown parts of the triangle from given ones. 

The triangle has six parts ; three angles and three sides. It is 
shown in geometry, that when any three of these parts are given, 
provided one of them is a side, the triangle may be constructed, 
and the unknown parts found by mechanical measurement. 

In the same cases, by trigonometry, we compute the unknown 
parts from the three given ones, without resorting to construction 
and measurement : a method of inferior accuracy, on account of the 
unavoidable imperfections of the instruments employed, and the 
difficulty of distinguishing with the eye the smallest subdivisions of 
lilies and angles. 

But here also the case is excluded in which the three angles are 

given without a side, because there may be an indefinite number o^ 

plane triangles, whose angles are equal to the same three given ones, as 
2 9 
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ng. 1. in Fig. 1. the triangles ABO, A!B* 0\ 

&c. In this case, all these triangles 
are similar, and their sides are pro- 
portional ; or the ratio of J. J? to ^ (7 
is equal to the ratio of Ji'JB'to A!.0\ 

»^—^ ^- — ^c« &c. ; so that the ratio% of the sides to 

each other are fixed or determinate, although the absolute lengths 
of these sides are indeterminate. 

4. Now, in order to subject a triangle to computation, we must 
first express the sides and angles by numbers. For this purpose 
proper units of measure must be adopted. 

The unit of measure for the sides of plane triangles is a straight 
line, as an inch, a foot, a mile, &c. ; and the number expressing a 
side is the number of units of the adopted kind that the side con- 
tains. 

5. The units by which angles are expressed are, the degree, 
mintUej and second; distinguished by the characters ° ' ". 

A degree is an angle equal to -^ of a right angle ; or a degree is 

^\ji of the whole angular space about a point, or il^ of four right 

ng.*2. angles. Thus, Fig. 2, if the angular space about 

^^' is divided into 360 equal parts, of which A OB 

is one, then A OB is one degree. The right angle 

^^ ^ B will be expressed by 90° ; two right angles by 

180°, and the whole angular space about a point 
by 360°. 

A minute is an angle equal to ^V of a degree. 
Therefore, 1° = 60'; and a right angle =90 X 60'= 5400'. 

A second is an angle equal to e^ of a minute. Therefore, 1' = 
60"; 1° = 60 X 60" = 3600"; and a right angle =90 X 60 x 60" 
= 324000". 

Angles less than seconds are sometimes expressed by thirds, 
fourths, fifths, &c., marked '" ^ % &c. ; a third being ^V of a second; 
a fourth, ^ of a third ; &c. But the more convenient method is to 
express them as decimal parts of a second ; thus 4 of a right angle 
will li)e either 

12° 51' 25" 42'" 51^^, &c. 

or more conveniently 

12° 51' 25".714, &c. 

6. The abovd diTisibii of angles is called sezctgenmal, from the diyisor 60 employed 
in the subdivision of the degree. The centesimal division, however, would be prefer- 
able in all cases, but cannot now be generally introduced without, at the same time, 
*f)hanging the .arrangement of all our tables, the graduation of astronomical and 
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other instruments, charts, &c. Nevertheless, the attempt has been made in France, 
and several standard works exist in the French language, in which it is employed 
throughout. 

In the centesimal or French division, the right angle is divided into 100 degrees ; 
the degree into 100 minutes ; the minute into 100 seconds, &o. The reduction of 
these denominations from one. to the other requires only a change in the position 
of the decimal point ; thus, in this system 60<> 75' 84'' -8 is the same as 607584" -8 
or 60^*75848 or 0^*6075848, the symbol q denoting a quadrant or right angle. 

To convert centMtmal into texagetimal degreet, since 100® dec. ss 90® sex. deduct one 
tenth from the number of eentenmal degrees. 

Example. Required the number of sex. degrees in 85® 47' 43" dec. 

85®-4748 cent. 
Deduct ,V = 8 -54748 

76® '92687 pex. degrees and dec. parts. 
55'-6122 
86"-732 

or 76® 55' 86"-732 sexagesimal 

To convert sexageeimal into centesimal degrees, since we must take ^ of the sex., 

divide hy 9 and move the decimal point one place to the right. 

Example. Required the number of centesimal degrees in 76® 55' 86"*732 sex. 

Reducing the minutes and seconds to the decimal of a degree, we have 

76®-92687 sex. 
V of which is 860-4743 cent 

or 85® 47' 43 " centesimal. 

To distinguish the degrees of the centesimal from those of the sexagesimal divi- 
sion, the former are frequently called grades, and are denoted by the character f 
instead of ® ; thus the preceding angle would be 85* 47' 43". 

Measures of Arcs. 

7. Since the angles at the center of a circle are proportional to 
the arcs of the circumference intercepted between their sides,, these 
arcs maybe taken as the measures of the angles, and we may express 
both the arc and the angle by the number of units of arc intercepted 
on the circumference. 

The units of arc are also the degree, minute, and second. They 
are the arcs which subtend angles of a degree, a minute, and a 
second, respectively, at the center. A degree of arc is thus always 
^iu of the circumference, whatever the radius of the circle may be ; 
and we obtain the same numerical expression of 
an angle, whether we refer it directly to the angu- 
lar unit, or to the corresponding unit of arc. The 
right angle A 0A\ Fig. 3, and its measure, the I 
quadrant AA'^ are therefore both expressed by 
90° ; the semicircumference by 180°, and the 
whole circumference by 360°. ^^ 

8. The radius of the circle employed in measuring angles is then 
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arbitrary, and we may assume for it such a value as will most sim« 
plify our calculations. This value is unity ; that is, the linear unit 
employed in expressing the sides of our triangles, or other lines 
considered. This value will be generally used throughout this 
treatise. 

9. To find the length of an arc of a given number of degreeSj 
minuteSj &c. 

The semi-circumference of a circle whose radius is unity is known 
to be 3-14159265 ; or, the radius being i?, the semi-circumference 
is 3.14159265^. Hence 

When^ = l 
Arc 180° = 3.14159265 B = 3-14159265 
a lo = 0.017453293 iJ ==0.017453293 
« r = 0.0002908882 iJ =0.0002908882 
« r = 0.000004848137 iJ =0.000004848137 

An arc x therefore, in the circle whose radius is unity, being ex- 
pressed in degrees, or minutes, or seconds, we find its length by the 
formulae 

Arc X = 0.017453293 a;° 
= 0.0002908882 x' 
= 0.000004848137 x'\ 

As these factors for finding the length of an arc are often used, 
it is convenient to have their logarithms prepared.* Thus 

Arc X = [8.2418774] a;° 
= [6.4637261>' 
v: =[4.6855749] a;'' 

itttf^'ach the rectangular brackets are used to express that the logar- 
\t|J/S/^ of the factor is given instead of the factor itself. 

• Example. What is the length of the arc aJ = 38° 17' 48^', the 
radius being = 1. 

38° ir 48'' = 137868" log. 6.1384639 

Log. factor for seconds 4.6855749 

X = 0.6684031 log. x 9.8250384 

10. To find the number of degreesy ^c, in an arc equal to the 
radius. 

We have, from the preceding article. 



* The logarithms in the examples of this work will be taken from Stanley* 9 Tables, 
(published in New Haven, by Darrie and Peck,) the best tables of seven-figare 
logarithms yet published in this country. 
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IQAO 

^-334159265-^^2957795 
= 3437'.74677 == 206264".806 

11. The angle at the center measured by an arc equal to the radius,* is often 
taken as the unit of angular measure, as this angle will be of an invariable magni- 
tude, whatever is the length of the radius. If z is the number of such units in a 
given angle, the number of degrees, &c., in it will be found by multiplying by the 
value of the radius in degrees, &c., found in the preceding article. Thus, 

a:® = z i2<» = 57° -2967795 z = [1 -7581226] z 
7i ^xB! ^ 343r-74677 z ^ [3-5362739] z 
t!' ^x R" = 206264"-806 z = [6-3144251] z 

Reciprocally, the angle being given in degrees, &c., .we reduce it to the unit rar 
dius, by dividing by -R®, R^ or R'\ thus, 

— *"* — ^ ^ 

which is evidently the same as multiplying by the^actors of Art. 9. 

It appears, then, that an angle is expressed in the unit of this article by the 
length of the arc which measures the angle in the circle whose radius is unity. 
Hence, an angle thus expressed is said to be given in are. If we put (as is usual) 

jr =r 8-14159266 •• • • * 

r is the circular measure of two right angles^ or it is the expression of two right 
angles in arc. In trigonometry it is therefore common to employ r to denote an 

angular magnitude of 180° ; -r- a right angle ; 2 r four right angles, &o. 

12. The complement of an angle or arc is the remainder obtained 
by subtracting the angle or arc from 90°. 

The supplement of an angle or arc is the remainder obtained by 
subtracting the angle or arc from 180°. 

Thus the complement of 30° is 60° ; the supplement of 30° is 
150°. • 

Two angles or arcs are complements of each other when their 
sum is 90°. They are supplements of each other when their sum is 
180°. 

13. According to these definitions, the complement of an arc 
that exceeds 90° is negative. Thus the complement of 120° is 

90° — 120° = — 30°. In like manner the supplement of 200° is 
180° - 200° = - 20°. 
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CHAPTER 11. 



SINES, TANGENTS, AND SECANTS. FUNDAMENTAL FORMULA. 

14. Having expressed the sides and angles of triangles by num- 
bers, we are next to find such relations between them as shall enable 
us to combine these two .different species of quantity in compu- 
tation. 

As every oblique triangle may be resolved into two right triangles 
by dropping a perpendicular from one of the angles upon the oppo- 
site side, the solution of all triangles is readily made to depend upon 
Tig. 4. that of right triangles. Let us therefore 

consider a series of right triangles, ABCy 
AB'0\ AB"0'\ &c., Fig. 4, which have 
a common angle A. The angles at j5, 
B\ B"y being also equal, the triangles are 
similar; and by geometry 

BQ.AB^ B'C : AB' = B'^C' : AB" 

or by the definitions of ratio and proportion, 

BO _ B0'_ B"0" 
AB^'AB'" AB'^ 

^ In like manner it follows that 

BO B'O' WO" 




c C" 



and 



AO A 0' AQ" 

AB ^ AB' _^ AS'' 

AO AO' AO" 



Hence it appears that the ratios of the sides to each other are the 
same in all right triangles having the same acute angle; and, 
therefore, if these ratios are known in any one of these triangles, 
they will be known in all of them. 

These ratios, then, depending on the value of the angl^ alone, 
without regard to the absolute lengths of the sides, may be considered 
as indices of the angle, and have received special names, as follows : 

15. The SINE of the angle is the quotient of the opposite side 
divided by the hypotenuse. 
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Thus, in the right triangle AB Oy Fig. 6, 
f we designate the sides hy the small letters 
a, hj Cy we shall have, (whatever the absolute 
length of the sides) 



Fig.S. 




sm -4 = — , sin -B = — 
c c 



16. The TANGENT of the angle is the quotient of the opposite side 
divided by the adjacent side. 



Thus 



tan JL = --, tan J? = — 
b a 



17. The SECANT of the angle is the quotient of the hypotenuse 
divided by the adjacent side. 



Thus 



c c 

sec JL = -r> sec J? 5= — 

a 



18. The COSINE, COTANGENT, and cosecant of an anglcj are re- 
spectively the SINE, TANGENT, and SECANT of the complement of the 
angle. 

Since the sum of the two acute angles of a right triangle is one 
right angle, or 90°, they are, hy Art. 12, complements of each other ; 
therefore, according to the preceding definitions, we shall have 



sin J. = cos -B — — 

e 


cos -4 =« sin -B — — 

c 


tan JL = cot J? = -- 

6 


T. b 
cot A = tan 5 = — 

a 


sec A = cosec -B = — 

b 


cosec -4 = sec -B = — 

a 



>(!) 



c a 

19. Since — is the reciprocal of — , it follows from the first and 

a c 

last of these equations, that the sine and cosecant of the same angle 
are reciprocals ; and from the other equations, also, that the cosine 
and secant, the tangent and cotangent are reciprocals. That is, 



sin A = 



cos A = 



tan A — 



cosec A 

1 
Bee A 

1 
cot^ 



cosec A 



sec -4.= 



cot -4 = 



sin^ 

1 
cos^ 

_1_ 

tan^ 



H2) 



or more hriefly, 

sin A cosec A ^ cos A sec A » tan A cot A 



m 
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Fig. 6. 




Sines, &c. op Arcs. 



20. The sinej tangenty and secant of 
an arc are respectively the sine, tangent, 
and secant of the angle at the center 
measured hy that arc. Thus, Fig. 6, 



sin J. J? = sin -4. J? = 



OB 



A."' 



The sine of an arc, therefore, *does not depend upon the absolute 
length of the arc, but upon the ratio of the arc to the whole circum- 
ference, (Art. 7.) It follows that the relations (2) and (3) are also 
applicable when A expresses an arc. 

21. If the radius = 1, all the trigonometric functions above de- 
fined may be represented in or about the circle by straight lines. 
Representing the arc AB^ or angle AOB^ by Xy we have, when OA 
= 05 = 1, 



BC BO 



Bmx = 



tana: = 



=.^^B0 



^^=AT 



sec X = 



0B~ 


• 1 


AT 


AT 


OA ~ 


■ 1 


OT 


OT 



OA 



^:l^^OT 



and from the arc A^B == 90° — 2? we find in the same way 

cos a; = 52) =0(7 

cot X = AT 
coseca:= OT' 

Therefore, in the circle whose radius is unity, the sine of an arc, 
or of the angle at the center measured by that arc, is the perpen- 
dicular let fall from one extremity of the arc upon the diameter 
passing through the other extremity. 

The trigonometric tangent is that part of the tangent drawn at one 
extremity of the arCy which is intercepted between that extremity and 
the diameter (produced) passing through the other extremity. 

The secant is that part of the produced diameter which is inter- 
cepted between the center and the tangent. 

The cosine is the distance from the center to the foot of the sine. 

In a circle of any other radius than unity, the trigonometric 
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functions of- an arc will be equal to the lines drawn as above, divided 
by that radius. ' 

The properties here stated have heretofore been used by most 
writers upon trigonometry as definitions, but without limiting the ra- 
dius to unity ; and it is evidently from this mode of viewing these 
functions that they have derived their names. 

22. Besides the functions already defined, others have been occasionally employed 
to facilitate particular calculations, as the versed sine, which in the circle is the 
portion of the diameter intercepted between the extremity of the arc and the foot 
of the sine ; thus, Fig. 6, the versed sine of A Bis AC, or the radius being =s 1, 

versin z = 1 — cos x (4) 

by means of which formula we may always substitute yersed sines for cosines, and 
reciprocally. 

The coversed sine (covers.) is the versed sine of the complement, and auversed sine 
(suvers.) is the versed sine of the supplement. 

The chords of arcs have also been used, and may be substituted for sines by the 
formula 

chz^2sin}z (5) 

which is evident from Fig. 6, where if the oro BB^:=:x, we have chord BB' =z 
2jSC7 = 2sinulJ?. 

23. From what has now been stated, the student will perceive that 
angles are to be subjected to computation by means of the quanti- 
ties sine, cosine, &c., commonly designated by the comnrehensive 
term trigonometric functions.* It becomes necessary, therefore, for 
the computer to know the values of these functions for any given 
value of the angle. The trigonometric tables contain these values 
for every minute, and sometimes for every second, from 0° to 90° ; 
and with these tables all the numerical computations of trigonometry 
are carried on. In practice, then, we are not required to compute 
the functions themselves, and we shall therefore defer the methods 
for that purpose to a subsequent part of this work, and proceed 
at once with the investigation of the formulse and methods by which 
these tables are rendered available. 



i- 



Fundamental Formula. 



24. Griven the sine of an angle, to find the cosine^ 
From the right triangle ABOy Fig. 7, we ^^'^' 

have by geometry a^ -|- J2 — , q% 

Dividing by c% this equation becomes 

a' b^ 



c* c^ . 




* Also trigonometric lines, from the properties explained in Art 21. 
3 b2 
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or, by the definitions of sine and cosine (1), 

Bin^^ + cos^-4=l (6) 

in which the notation sin* A signifies « the square of the sine of -4./' 
From this formula, if the sine is given, we find 

cos* JL = 1 "7 sin* J. = (1 + sin A) (1 -*■ sin A) 

cos ^ = ^/ (1 - sin* ^) = ^/ [(1 + sin A) (1 - sin A)] (7) 

and if the cosine is given, we find 

sin 4 = ^/ (1 - cos* A)^s/ [(1 + cos A) (1 - coff -4)] (8) 

25. Criven the sine and cosine of an angle, to find the tangent. 
By (1) we have 



a 



tan -4. == -T- 



also 



therefore 



sin A 
cos -4. "" 

tan^ = 



a b 

' c 
sin -4 
cos J. 



a 
b 



(9) 



And since the cotangent is the reciprocal of the tangent, 

A cos A '^ ^. 

cot A = - — 7 (10) 

sin J. ^ ^ 

26. Given the tangent of an angle, to find the secant. 

The right triangle ABO, Fig. 7, gives 

c2 = 63 + ^2 

Dividing by 6*, this becomes 

<?* ^ a* 
6* ^ ^ 6* 
or, by the definitions of secant and tangent (1), 

sec*^ = l + tan*-4 (11) 

This formula applied to the complement of A gives 

cosec* -4 = 1+ cot* A (12) 

^^'^ 27. The preceding formulse are also 

directly obtained from Fig. 8. If the 
angle A OB, or the arc AB, be denoted 
by X, the right triangle OBO, gives 

BO^ + 00^==OB^ 



A" 




A"» 



or remembering that the radius is unity, 
by Art. 21, 
sin* X + cos*^ == 1 (13) 
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The triangle OB gives by the definition, Art. 16, 

t9JiA0B^-Jyy 

I 

sin a; ,^.. 

or tan x = ^— ; — (14) 

>lcoa X / 

Since the angle BOD is the com|Bement of -BO (7, tan -802) = 
cot a:, and the triangle BOB gives 

^^^ £2) 00 
tan 502) -p = -g^, 

^ cos a; ,. ^. 

or cot X =5 -: — (16) 

.' 'Sin a: ^ ' 

In a similar manner the triangles AOTy A' OT' give 

sec* a? = 1 + tan* a? ♦ (16) 

cosec^a; = 1 + cot* x (17) 

28. The following equations are easily demonstrated by combining (18), (14), 
(16), (16), (17), and employing the property of the reciprocals (2). They are of 

frequent use. 

1 ^ tana; cosx 

Bin X = = tan z cos z ass as n 8) 

cosec X , sec z cot z ^ • 

1 . . cotz sinz 

COSZss ss COtZSinZas ass (\^\ 

sec z cosec z tan z ^ ' 

sin z s=s ^ (1 — cos' z), cos z s=s ^ (1 — sin'z) (20) 

sec z sas ^ (1 + tan* z), cosec z sr ^ (1 + cot* z) (21) 

tanzr= v^(sec'z — 1), . cotzr=s^(coseo'z — 1) . (22) 

tanz 1 



smzs= 



-v/ (1 + tan« z) "■ ^ (1 + cofz) 
cotz 1 



(23) 



^^^^ v^(14-coi*z) ^il + xem^x) (^^) 



sinz ^(1 — cos'z) 

tanz a= ^ y ^ ^ 

y^(l — sin'z) cosz 



(26) 



. cosz v^(l — sm*z) ^^^^ 

cot z sr -— -— =s x_L^ L (26) 

<^(1 — cos'z) sinz ^ -' 

29. 2^0 jJnd tA« sine, ^c. of 30° and 60°. 

In Fig. 8, let the arc AB = 30°, and BB' = 2 -4J? = 60°. By 
Art. 21, sin AB = J? (7, and by geometry the chord of 60°, or of one- 
sixth of the circumference, is equal to the radius = 1 ; therefore 

2sin30° = 2^(7=£jB' = l 

whence 

sin 30° = I = cos 60° r27) 



\ 
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and by (7) 

cos ao^' = ^/ [(1 + J) ( 1- J)] = ^/ (I X J) 

whence cos 30° = J ^/ 3 = sin 60° 

Then, by (9) and (2), 



tan 30° = 



Bin 50° 



cos 30°- is/S ^/ 3 



= -TTT = cot 60^ 



^^*^o°=^tiir3o^=^^=*"^^^° 



sec 30° = 



cosec 30° 5= - 



cos 30° 
1 



^/3 

= 2 = sec 60° 



cosec 60° 



(28) 



(29) 
(30) 
(31) 
(32) 



sin 30° 

30. To find the sine^ ^c. o/45° Since 45° is the complement of 
45°, we have* 

sin 45° = cos 45° 

whence by (13), putting x = 45°, 

sin» 45° + cos^ 45° « 2 sin^ 45° = 2 cos« 45° = T 

sin^ 45° == cos* 45° = J 

sin45° = cos45° = ^/J = Jv/2 (33) 




^^« A^r, Sin 45° 

tan 45° = cot 45° = — j^ = 1 

cos 45° 

sec 45° = cosec 45° = . .go = \/ 2 

sm 45° 



(34) 
(35) 



_^jf These values are readily verified in the circle, 
Fig. 9, where OATA' is a square described upon 
the radius. The diagonal OT bisects the right 
A angle, whence J. 0^ = 45°, and tan 45° = JIT 
= 0-4 = 1 ; cot 45° = JL' r= 1; sin 45° = BC 
= 0(7^ cos 45°, &c. 

31. The sines and cosines of two angles being given, to find 
the sine and cosine of the sum, and the sine and cosine of the differ- 
ence of those angles. 

p,g. 10. fig. 11. I^®t ^^^ *wo angles he A OB 

o/' X and BOO, Figs. 10 and 11. 

/J\y^ y\f^^ At any point j&in the line 

c OB draw B perp. to OB. 

Draw BA and QD perp. to 
OA^ and BE perp. to CD. 




D A 



AD 
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Then the triangles BCE and BOA are mutually equiangular, 
the three sides of the one being perp. to the three sides of the other 
respectively ; thei-eforeihe angle >£ 0U= A OB. 

Let x = AOB = BCU 

y=^BOQ 

Then, Fig. 10, a; + y = COB 

Fig. 11, a; - y = COB^^ 

and in 

T?- 1A WIN G^ BA+CE BA ^ GE 
Fig. 10, sin (a; + y) = ^ -^^ ^ + TTO 

„.,,., , Ci) BA-CE BA OE 
Fig. 11, 8in(a;-y)=.-^- ^^ ^-00~W 

and in both figures 

BA BA BO . 
W^BO^CO'^^'^''''^^ 
\ ' CE CE OB 

which being substituted in the above expressions of sin {x + y) and 

sin [x — y) give 

sin (a? + y) = sin a: cos y + cos x sin y (36) 

sin (a? — y) = sin a; cos y — cos x sin y (37) 

Again in 

^. ,, , , , 02) OA-EB OA EB 

Fig. 10, cos(a; + y)=^ = ^ OQ'^Oa 

, 02) OA + EB OA . J?5 

Pig. 11, cos(a:-y) = ^ = — ^-^ 00 + 00 

fud in both figures, 

OA OA OB 
OO^OB^'OO'^'''^'""''^ 



EB EB BO . 

oWbo'^oo''^''''"''^^ 



therefore 



i 



cos {x + f/)^ COS X COS y — sin a: sin y (38) 

cos {x'-}/) = cos a? COS y + sin x sin y (39) 

and (36), (37), (38), and (39) are the required formulse. 

These may be considered as the fundamental formulae of the trigo- 
nometric analysis, and will form the basis of our subsequent inves- 
tigations. They are equally applicable to arcs represented by x and 
y (Art. 20)*. 
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CHAPTER IIL 

TRIGONOMETRIC FUNCTIONS OF ANGULAR MAGNITUDE IN GENERAL. 

32. The definitions of sine, &c. given in the preceding chapter 
apply only to acute angles, since the angle is there assumed to be one 
of the oblique angles of a right triangle. But we shall now take a 
more general view of angular magnitude and of the functions by 
means of which it is subjected to computation. 

If, Fig. 12, we suppose the line OA to revolve 
from the position OA to OA^ in the direction of 
the arc AA^ (or from right to left), it will describe 
\b an angular magnitude of 90° ; when it arrives at 
OA^' it will have described an angular magnitude 
of 180° ; at 0A''\ 270° ; and at OA again, 360°. 
If it now continue its revolution, when it ari'ives 
at OA^ again, it will have described an angular magnitude of 
360° + 90°, or 450° ; and thus we may readily conceive of an angular 
magnitude of any number of degrees. In like manner we may have 
arcs equal to or greater than one, two, or more circumferences. 

To obtain trigonometric functions for angles and arcs thus gene- 
rally considered, we shall avail ourselves of the fundamental formu- 
lae established in the preceding chapter ; first deducing their values 
analytically, and then explaining their geometrical signification. 

33. To find the sine, ^c. of 0° and 90°. In (37) and (39) 
let X = 1/; the first members become sin (a; — a;) = sin 0°, and 
cos {x — x) = cos 0° ; and by (13) they are reduced to 

sin 0° = sin a; cos a; — cos a: sin a; = 
cos 0° = cos^ X + sin^ x =1 

and since 0° and 90° are complements of each other, Art. 12, 

sin 0° = cos 90° = (40) 

cos 0° = sin 90° = 1 (41) 

from which by (9) and (2) 

sin 0° 

tan 0° = cot 90° = ^ = - = * (42) 

cos 0° 1 ^ ' 
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cot 0° = tan 90° = -^ = ^ = oo (43) 

tan 0° ^ ^ 

sec 0° = cosec 90- = ^^ ^ f == ^ (**) 

cosecO°= sec90°=-J^ = ^ = c>o (45) 

34. To find the sine, ^c. of 180°. In (36) and (38) let 
a; = y = 90° ; these equations become by means of the preceding 
values 

sin 180° =1x0 + 0x1 = (46) 

cos 180° = OxO-lxl = -l (47) 

whence by (9) and (2) 

tan 180° « — ^ = cot 180° ^ =00'>J^(48) 

sec 180° = -^ « - 1 cosec 180° = ^ = cx) (49) 

35. To find the sine, ^c. of 270°. In (36) and (38) let 
z =180°, y = 90°, then 

sin 270° =OxO + (-l)xl = -l (50) 

cos 270° = (-l)xO-Oxl = (51) 

tan 270° = ^ == oo cot 270° = i = (52) 

sec 270°= J-=«> cosec 270° = J^ = ~ 1 (53) 

36. To find the sine, ^c. of 360°. In (36) and (38) let 
a; = y = 180° ; then 

sin 360° = x (- 1) + (- 1) X 0-= (54) 

cos360°=(-il)x(-l)-0 xO = l (55) 

the same values as for 0°, whence it follows that all the trig, func- 
tions of 360° are the same as those of 0°. 

The same process continued will give for 450° ( = 360° + 90°), 
the same trig, functions as those of 90° ; for 540° the same functions 
as for 180^, &c. 
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37. The preceding values now furnish us at once with the values 
of the functions for all possible values of the angle. In (36) and 
(38) let X = 0°, they are reduced to 

sin y = sin 0° cos y + cos 0° sin y = sin y 

cos y = cos 0° cosy — sin 0° sin y = cos y 

which are simply identical equations, and reveal no new property. 
But if in (37) and (39) we put x = 0°, we have,^ after substituting 
the functions of 0°, 

sin (— y) = •— sin y cos ( — y) = cos y (56) 

whence by (9) and (2) 

, . sin(— v) — siny ,^^. 

tan (-y) = — ) — ^: = ^ = - tany (57) 

^ ^' cos( — y) cosy ^ ^ ' 

, . cos(— v) cosy ,^-. 

cosec ( — y) = -:^ — -, c = = — = — cosec y (60) 

^ ^^ sm ( — y) •— sm y ^ ^ ' 

or, the %in,y tan.j cot.y and cosec, of the negative of an angle are the 
negative of the sin.^ tan.j cot.j and cosec. of the angle itself; and the 
COS. and sec. are the same as those of the angle itself 

38. In (37) and (39) let a; = 90° ; we find after reduction 

sin (90° — y) = cos y cos (90° — y) = siny 

which agree with the definition of cosine, but give no new relations. 
But in (36) and (38) let x = 90°, we find 

sin (90° + y) = cos y, cos (90° + y) =« — sin y (61) 
whence by (9) and (2), 

tan (90° + y) = — cot y cot (90° + y) = — tan y (62) 

sec (90° + y) == — cosec y cosec (90° + y) = sec y (63) 

or, the sin. and cosec. of an angle are equal to the cos. and sec. of the 
excess of the angle above 90° ; and the cos.j tan.^ cot.y and sec. are 
equal to the negatives of the sin.y cot.^ tan.j and cosec. of the excess 
of the angle above 90°. 
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89. In (37) and (39) let x == 180° ; we find 

sin (180° - 2/) = sin y cos (180° — t/) = - cos y (64) 

tan (180° — 2^) == — tan y cot (180° — t/) = — cot y (65) 

sec (180° — y) = — sec y cosec (180° — y) = cosec y (66) 

or, the sin, and cosec. of the supplement of an angle are the same as 
those of the angle itself ; and the cos.y tan.y cot.y and sec. are the 
negative of those of the angle itself 

40. If y is acute (that is, less than 90°), all its trig, functions are 
positive ; and since its supplement 180° — y is obtuse (that is, great- 
er than 90°), it follows from the preceding article, that the sin, and 
cosec. of an obtuse angle are positive, while its cos., tan., cot, and 
sec. are negative. 

41. In (36) and (38) let x == 180° ; we find 

sin (180° + y) = - sin y cos (180° + y) = - cos y (67) 

tan (180° + y) = tan y cot (180° + y) = cot y (68) 

sec (180° + y) = ^ sec y cosec (180° + y) = — cosecy (69) 

by means of which, if y is acute, we obtain the values of the sines, 
&c. of angles between 180° and 270°. 

42. In (37) and (39) let x = 270° ; we find 

sin (270° - y) = - cos y cos (270° - y) « - sin y (70) 

tan (270° - y) = cot y cot (270° - y) = tan y (71) 

sec (270° — y) = — cosec y cosec (270° — y) = — sec y (72) 

43. In (36) and (38) let x = 270° ; we find 

sin (270° + y) = - cos y cos (270° + y) = sin y (73) 

tan (270° + y) = — cot y cot (270° + y) = - tany (74) 

sec (270° + y) = cosec y cosec (270° + y) = — sec y (75) 

44. In (37) and (39) let x = 360° ; we find 

sin (360° -^ y) = - sin y cos (360° - y) = cos y (76) 

tan (360° — y) = — tan y cot (360° - y) « - cot y (77) 

sec (360° — y) = sec y cosec (360° — y) = — cosecy (78) 

or the functions of 360° — y are the same as those of — y (Art. 37). 

45. In (36) and (38) let x = 360° ; we find 

sin (360° + y) = sin y cos (360° + y) = cos y (79) 

or, the functions of an angle which exceeds 360° are the same as 
those of the excess above 360°. 
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It follows that the functions of 720° + y are the same as those 
of 360° + y, and therefore the same as those of y ; and in like 
manner for an angle which exceeds any multiple of 360°. 

46. Since y — 90° is the negative of 90° — y, we obtain from 
Art. 37, 



(80) 




sin {jn - 90°) = - sin (90° - 2^).== - cos y 
cos \y - 90°) = cos (90° - y) = sin y , 

whence also tan., &c. ; and in the same manner we may find the func- 
tions of y - 180°, y - 270°, y - 360°, &c. 

47. We shall now give^ the geometrical interpretation of the pre- 
ceding results. 

In Fig. 13, let the radius revolve from the 
position OA to 0A\ OA"^ &c., as in Art. 32, 
thus describing a continuously increasing an- 
gular magnitude ; or, which is equivalent, let 
the arc commencing at A increase continuous- 
ly to -4j5, AA\ AB\ &c. Then the changes 
in the values of the several trigonometric lines 
^,„ may be traced as follows. 

1st. The sine being, by Art. 21, the perpendicular from one extre- 
mity of the arc upon the diameter drawn through the other extremity, 
we shall have sin AB -= BC, sin AB' = B' 0\ sin A A'' B" = B" 0\ 
sin AA'^B"' = B"'0, and if we make 

AB = A''B' = ^'' J5" == AB'' = y 
we have 

siny =B0 

sin (180° - i/) = £' (7' 
sin (180° + y) = 5" C 
sin (360° - y) = J5''' 

The lines BO, B' 0', B'' 0\ £'" (7, however, represent only the 
numerical values of the sines, and are here equal. But the results 
above obtained from our formulae enable us to distinguish between 
them by means of their algebraic signs. Thus, by (64), (67), (76), 

sin (180° ^ y) == sin y 
sin (180° + y) = — sin y 
sin(360°-y) = -siny 

80 that the sines from 0° to 180° are positive, while those from 180° 
to 360° are negative ; or the sines which are above the diameter 
A A are positive, while those which are below this diameter are 
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negative ; or still more generally, the sines that have opposite di- 
rectionSj with reference to the fixed diameter from which they are 
measured, have opposite signs. 

2d. The cosine being, by Art. 21, the distance from the center to 
the foot of the sine, we have 

cos 1/ = (7 

cos (180° - 2/) = (7' 

cos(180°+y) = O(7' 

cos (360° - y) = (7 

but by (64), (67); (76), 

cos. (180° — y) = — cosy 
/ cos (180° + y) = — cosy 
cos (360° — y) = cos y 

so that the cosines on the right of the diameter A' A'" are positive, 
while those on the left of this diameter are negative ; or rather the 
cosines that have opposite directions^ with reference to the diameter 
from which they are measured, have opposite signs. 

W,e have here only exhibited a well-known principle in the appli- 
cation of analysis to geometry, viz. : that all lines measured in op- 
posite directions from a fixed line have opposite signs. 

To interpret the results (56), it is only necessary to observe that 
a negative arc will be one reckoned from A towards B"\ or in the 
opposite direction to that of the positive arc, so that 

sin ^5'" = sin (- y) = £'"(7= - 5(7= - siny 
cobAB'*^^ cos( — y)= 0(7= cosy 

as in (56). 

The same principle applies to the tangents, but it will be simpler 
in practice to obtain their signs (as also those of the secants), ana- 
lytically, from those of the sine and cosine, as has been already shown. 
It will be sufficient to bear in mind the following table, which is also 
expressed by Fig. 13. 



Sine 
Cosine 


1st Quad. 


2d Quad. 


3d Quad. 


4th Quad. 


+ 
+ 


+ 


— 


* 

+ 
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fi 


/ 


■!n + 
coa — 


sin + 

COS + 


\ 


' 


C 


C 


^ 


I 







i 


v 


sin- 

COB — 


sin- 

COS + 


J 


. B'f 




__^^ 


B'" 



A*** 



^?^- 48, The particular values of the sine and 

cosine at -4., A!^ A!\ &c., or sin. and cos. of 
0^, 90°, 180°, &c., may also be found by 
Fig. 13, upon the same principles ; but this 
we leave to the student. 

49. General Remark. — In the demon- 
stration of the fundamental formulae for 
sin (aJzbi/), and cos {x-±:y\ Art. 31, the 
angles a;, y and x-±zy "^^^re all taken less than 90° and positive. 
In this chapter these formulae have been applied to angles of any 
magnitude, and the resulting functions have been shown to take 
opposite signs when the lines representing them talce opposite direc- 
tions. It follows that, in deducing trigonometric formulae from 
geometrical figures, we need not embarrass our demonstrations with 
the consideration of the various cases of the problem, or of the 
various values of the angles of the figure. The formula deduced 
from any supposed position of the lines of the figure will be of 
general application, provided in the practical application of this for- 
mula to the particular cases, we observe those values and signs of the 
trigonometric functions which have now been determined. 



^ 



50. The results of this chapter may he expressed by a few general foiteulse. 
From (79) it appears that all the trigonometric functions return to the same values 
after one or more complete revolutions of 860°. If we represent the semi-circum- 
ference, or two right angles, by tt (Art. 11), and let n as any whole number or zero, 
we shall have 



jr 



sin 4 n -^ =ss 



COB 4 n -^ s= 1 



(81) 



Bm(4n + l)^ = l 



cos(4«+l) — =0 



(82) 



, Bin(4n + 2)-5- = 



cos (4 n -I- 2) — as — 1 



(88) 



»• 



whence 



8in(4«+8)--« — 1 



tan 4 n — = 

A 



cos (4 n 4- 8) -^ ss 



tan (4 n + 1) y = oo 



(84) 



tan(4n + 2)-^«=0 



tan(4n+8) ^-^oo 



or the tan. of the even multiples of ~ = 0, and of the odd multiples s=co » so that 

A 

.we may write more simply 



tan 2 n •-- sss 
A 



tan (2fl+ 1)^ = 00 



(85) 



FUNCTIONS OF ANGULAR MAGNITUDE. 29 

In these formulas we have only to give n one of the values 0, 1, 2, 8, 4, &c., to 
obtain the functions of any given multiple of the right angle. Thus, we find 

sin 4i0° = sin 5 — = sin (4 + 1) — - = 1 by making n ^ 1, in (82). 

Since the. subtraction of 8 n -~- from the ar(^ will not change the functions, the 

above formulae are also true when n is a negative whole number. 
51. In a similar manner we obtain 

sin I 4 n -- + y I = sin y cos T 4 n — + y 1 = cos y (86; 

sin r (4 n + 1) — + y I = cos y cos T (4 n + 1) o" + y | == ~ S"^ y ^^) 

sin r(4n + 2)-^ + yJ =-— siny cos ^(4 n + 2) |^ + yj = — cosy (88) 

sinr(4n+3)~ + y] = — cosy cos [(4 n + 8) |1 + yj =siny (89) 

tan 12 n ~ -j- y I = tan y tan T (2 n + 1) -r + y | = — cot y (90) 

in which n may be any whole number, positive or negative, and y any angle, positive 
or negative. 

62. A still more concise form may be given to the formulsB of the two preceding 
articles, as follows : n being, as before, any whole number, positive or negative. 

sin 2 n -^ = cos 2 n ^ == (— 1)» (91) 

sin (2 n +. 1) ^=(— 1)* cos (2 n + 1) ~ = (92X 

sin [2 n |- + y]=(— l)»siny cos [2 n |- + y]= (— l)ncosy (93) 

8in[(2»+l)|.+y]r=(-l)«cosy C08[(2n+1) |-+y] = -(-l)»siny (94) 

and from these (85) and (90) may be directly deduced. 

53. We have seen that an angle being given, there is but one corresponding sine. 
On the other hand, a sine being given, there is an indefinite number of angles cor- 
responding ; for if a denote the given sine, and y any corresponding angle, then a is 
also the sine of all the angles 

n — y, 2 »• + y, 8 t — y, &c. 

— «• — y, — 2 a- + y> — 3 »■ — y, &c. 

or in general 

a ss sin y = sin [ n a- + ( — 1)" y] (96) 

o2 
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In like manner if a is a giren cosine, and y any corresponding angle, 

a = cos y = cos (2 n !T liz y) (96) 

and if a is a given tangent corresponding to the angle y, 

a = tan y = tan (« »■ + y) (97) 

Sine and Tangent of a Small Angle or Arc. 

54. When the angle AOB^x^ Fig. 14, is 
very small, the sine and tangent are very nearly 
equal to the arc A Bj which measures the angle, 
1^ the radius being unity ; and the cosine and secant 
are nearly equal to J. = 1 (Art. 21). There- 
fore, to find the sine or tangent of a very small 
"2^^ angle approximately, we have only to find the 

length of the arc by Art. 9 ; thus 

sin r = arc V = 0-000004848137 
log. sin r = 4.6855749 
and X being a small angle, or arc, expressed in seconds, 

sin X = tan a: = a: sin V (98) 

If X is expressed in minutes, 

sin X = tan a; = a; sin 1' (99) 

If X expresses the length of the arc, the radius being unity, 

sin X = tan x=^ x (1^^) 

The employment of these approximate values must be governed by 
the degree of accuracy required in a particular application. It is 
found, for example, that they are sufficiently accurate when the 
nearest second only is required in our results, provided the angle 
does not much exceed 1°. 

55. If X and y are any two small angles, it follows from the pre- 
ceding article "that 

sin a; : siny = a; sin V'iy sin 1" = a; : y 
that is, the sines (or tangents) of small angles are proportional to the 
angles themselves. The application of this theorem, however, like 
that of the preceding, must depend upon the accuracy required in 
the problem in which it is employed.* 

* For a full discussion of the limits under which this theorem may be employed, 
see a paper, by the author of this work, in the Astronomical Journal, (Cambridge, 
Mass.) YoL i. p. 84. 
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CHAPTER IV. 

GENERAL FORMULAE. 

56. We have already obtained four fundamental equations, (36), 
(37), (38), and (39), involving two angles, x and y. From these we 
shall now deduce a number of formulae, either 'required in the sub- 
sequent parts of this work, or of general utility in the applications 
of trigonometry. 

67. The sum and difference of the equations (36) and (37) are 

sin (a; + y) + sin (a; — y) = 2 sin x cos y (101) 

sin (a; + 2/) "~ sin (a; — y) = 2 cos x sin y (1^2) 

and the sum and difference of (38) and (39) are • 

cos{a; + y) + cos {x — y) == 2 cos x cosy (103) 

cos (a; + y) — cos (a; — y) = — 2 sin a? siny (104) 

58. If we put 

a; + y = a:' 

whence 2 a; == a/ + y', a; = J (a;' + y') 

equation (101) will become 

sin a/ + sin y' == 2 sin \ {x> + y') cos J (a;' — y') 

and (102), (103), and (104) admit of a similar transformation. But 
since x' and y' admit of all varieties of value, we may omit the 
accents and apply the formulae to any two angles x and y ; we have 
thus 

sin a? + sin y = 2 sm J (a; + y) cos ^{x^ y) (105) 

sin a: — sin y — 2 cos J (a; + y) sin \{x^y) (106) 

cos a; + cos y = 2 cos J (a; + y) cos \{x — y) (107) 

cos a; — cos y = — 2 sin \{x + y) sin ^{x — y) (108) 

Each of these equations may be enunciated as a theorem ; thus 
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(105) expresses that "the sum of the sines of any two angles is 
equal to twice the sine of half the sum of the angles multiplied by 
the cosine of half their difference." 

These formulae are of frequent use (especially in computations 
performed by logarithms), in transforming a sum or difference into 
a product. 

69. Dividing (105) by (106), we have by (14) and (15) 

sin a; + siny ^ , / , x ^ , / \ 

-. r-^ = tan J (a; + y) cot i(x—ff) 

sma;— siny ^^ ^' ^^ ^' 

or by (2) 

sin a; + siny _ tan \{x-^y) 
sin X — siny tan J (a; — y) 

and from (107) and (108) we find in the same manner 



(109) 



cosa; — cosy , , , , ^ ,^^«v 

cos^ + cosy tanH^ + y)tanJ(:r-y) (110) 

We find also 

sin a; + sin V ^ , . v /^^-x 

^- ^ = tan \(x + y) (111) 

cosa; + cosy a \ oj \ / 

sina: — siny . ,, x ,--o\ 

; = tan i (a; — • y) (112) 

cosa? + cosy a\ m \ / 

I sina; + siny , , . ,. ... 

^ = _ cot i (a; — y) (113) 

cosa;— -cosy ^\ ijj \ j 

sin a;— siny , , . x ,^-..v 

^ = - cotUa; +y) (114) 

cos a; — cosy z\ ipj \ j 

60. Divide the equations (36), (37), (38) and (39) by cos a; cos y ; 
then by (14) we have 

^h^^Ay) = tan a; + tan y (115) 

cos a; COS y ^ ^ ^ 

— ^ = tan X — tan y (116) 

cos a; cos y ^ ^ ^ 



^ 



cos ix + y) ^ , /^ ^ H-x 

^ ^ = 1 — tan a; tan y (117) 

cos a; cosy ^ ^ ^ 



%• 



^TlS'^ . cosa;cosy ^ . ^ -^ 



h^^/. 



U^ 
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61. Divide (36), (37), (38) and (39) by sin a; sin y; and by sin x 
cos y ; then 

^^^'^y) = cot y ± cot X (119) 

sm a; sm y ^ ^ ' 

. ^ . "^^ ^cotgcotyqpl (120) 

sm a; sm y ^ ^ ' 

sm a; cos y ^ ^ ' 

cos (a; =b y) ,^ ^^. 

-r-^^ ^ = cot a; =F tan y (122) 

Bma?cosy -r- ^ \ / 

62. Divide (115) by (117), and (116) by (118) ; then by (14) 

a 

by which, when the tangents of two angles are given, we may com- 
pute the tangent of their sum or difference. To find the cotangent 
of the sum or difference when the cotangents of the angles are given, 
divide (120) by (119), 

. / . \ cot V cot a; :?= 1 /ior\ 

eot(.dzy)=: Jy^ J^ (125) 

63. Dividing (115) by (116), and (117) by (118), (or from the 
equations of Art. 61), we have 

sin {x + y) ^ tan x + tan y coty + cot a? ,- q^n 

sin (a; — y) "~ tana;— tany coty — cota? 

cos(a;+y) _ 1 — tan a; tan y ^cota:coty— 1 /i2Y\ 

cos(a;— y) ~"1+ tana;tany ~cota;coty +1 

64. Formulae for secants are obtained from, those for cosines by means of (2) ; 
thus we find 

sec (x d=y) s= —=—' : — 

^ ^ cos X cosy qp Bin ar sin y 

and multiplying numerator and denominator by sec x sec y, 

, , . sec a; secy ,ioqv 

sec (a; db y) = :; 1 r^^ — (128) 

^ -*-^' Izptanxtany 
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Also since 

1 , 1 cos y db cos a? 

sec X db secy s= d= = 

cosz cosy cos z cosy 

we find by (107) and (108) 

sec . + sec y = 2 cos K^ + .v) cos H^ - .v) ^,oc,^ 

cos X cos y ^ 

2 sin i (x 4- y) sin I (z — y) 
sec a; — sec y = ^ ^ t yj 1_\ y/ /^g^x 

cos X COS y ^ ' 



In the same manner from (105) and (106)- 

2 sin J (z + y) cos i (x — y) 

cosec X + cosec y == ^-^ — r — ^ — =-^ 

' ' sin z sm y 



(181) 



2 cos i (z -4- y) sin i (x — y) 

cosec z — cosec y = Z lair. J ^ (^ ^2) 

'^ Bin z sin y ^ ' 

These formnlsB, although generally omitted in treatises on trigonometry, will be 
found useful in a subsequent part of this work. 

65. The product of (36) and (37), and of (38) and (39), are 

sin {x + y) sin (a: — y) = sin' x cos*y — cos* x Av?y 
cos {x + y) cos (a; — y) = cos* x cos* y — sin* x sin*y 

By (13) we have cos* a; = 1 — sin* x and cos* y = 1 — sin* y, 
which substituted in the preceding equations, give 

sin {x + y) sin (a; — y) = sin* x — sin*y»~ cos*y — cos* x (133) 
cos {x + y) cos (x'-y)^ cos* a; — sin*y = cos*y — sin* x (134) 

66. In (36), (38) and (123), let y = a;, we find 

sin 2 a; = 2 sin a; cos x (135) 

cos 2 a? = cos* X — sin* x (l^^) 

,1^ *• ran x .. ^^» 

*- 2 - = rzi^, (137) 

by whicfh the functions of the double angle may be found from those 
of the simple angle. 

67. To find the functions of the half angle from those of the 
whole angle, we have, from (13) and (136), 

cos* X + sin* a? == 1 

cos* X — sin* a; s= cos 2 a; 

the sum and difference of which are 

2 cos* a; = 1 + cos 2 a? 
2 sin* a; =s 1 — cos 2 a? 
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As these express the relations of an angle. 2 x and its half a;, their 
meaning will not be changed by writing x and J x instead of 2 a: 
and x ; whence 

2cos2Ja; = l+coaa: (138) 

2sin^j2; = l-cosa? (139) 

the quotient- of which is 

tan^ J a; = ^7^^'"^ (140) 

^ 1 + cos a? ^ ' 

68. The following may be proposed as exercises. 

_ 2 tan } g 2 

^ * "" 1 + tan« }x"~cot}x+tan}x ^^^^' 

_ 2 tan ^ a; 2 

1 — tan* } X cot } X — tan J « ' ' 

tan* } X -f 2 cot X tan } X — 1 as (143) 

tan* } X — 2 cosec x tan } x -{- 1 = (^^) 

1 — tan* } X ^^^^^ 

XI X 1 — cos X ., .^. 

tan * X s= cosec x — cot x ss — : (146) 

** Bin X ^ , ' 

+ 1 4- cos X 
cot X ^ — ^ (147) 

smx > ' 

- 1 + sin X — cos X ,- ,o\ 

tan } X = --^-, (148) 

1 -f- 8U1 X -|- cos X 

69. Several useful formulae result from the preceding, by intro- 
ducing 45^ or 30°. If a; = 45<^ in (36), (37), (88), and (39), we 
have, by (33), 

cosv±siny 
Bin (45° d= y) = cos (45° =f y) V2~^ ^^*^^ 

whence 

cos y it sin y 
tan(45°±2,) = cot(45»^y)-^3^|^ (160) 

in which either the upper signs must be taken throughout, or the 
lower signs throughout. 

If we divide the numerator and denominator of (150) by cos y or 
Biny, 

1 liz tan y cot y ± 1 

tan (45° db y) = . , = / , (1511 

^ "^^^ lq=tany cotyqpl 
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From this, by (57), 

tan V — 1 

70. Again, let x = 90<> ± y in (188), (139) (140), and (146), 

sin (45» =t: } y) «: cos (46o up } y) = / (^^^^^) (153) 

Un(46o±iy)=J(lf^^) ' (154) 

t«.(45«d.i,) = l^ip=^f- (155) 

From the last we find 

tan (45<> + i y) + tan (iS" - } y) = ^ = 2 sec y (156) 

tan (46« + J y) — tan (46« — } y) = -— ^ = 2 tan y (157) 

tke quotient of wliicli is 

tan(45o+}y)^tan(450-^|y) ^ 

tan (46° + J y) + tan (46° — J y) "*"* ^r V ''°) 

71. In (101), (102), (103) and (104), let a; « 30° ; then by (27) 
and (28) 

sin (30° +y) + sin (30° - y) = cos y (159) 

sin (30° +y)- sin (30° - y) = sin y ^ 3 (160) 

cos (30° + y) + cos (30° - y) = cos y ^ 3 . (161) 

cos (30° + y) - cos (30° - y) = - sin y (162) 

and in a similar manner we may introduce 60° ; but it is unneces- 
sary to extend these substitutions, as they involve no difficulty, and 
can be made as occasion demands. 

FORMULJB TOS MULTIPLE ANGLES. 

72. From (101) and (102) we have 

sin (y -}- 2c) =s 2 sin y cos x — sin (y — x) 
sin (y 4- a?) = 2 cos y sin a: + sin (y — x) 
in which let y = (w — 1) a: ; then 

sin mx = 2 sin (m — 1) x cos x — sin (»» — 2) x (168) 

sin mx = 2 cos (m — 1) x sin x + sin (m — 2) x (1^^) 

which are the general formulsB for computing the sine of any multiple mx, from the 
lower multiples (m — 1) x and (m — 2) x, and the simple angle x. 
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If we make m successiyely 1, 2, 8, 4, &c., these formulae pye , 

sin X as sin X ^ sin a; 

sin 2 X ss 2 sin a; cos z &= 2 cos x emx 

sin 8 X S3 2 sin 2 z cos x — sin x ^2 cos 2 x sin x -4- sin x 

sin 4 X as 2 sin 8 X cos X — sin 2 x =s 2 cos 8 x sin x -4- sin 2 x 
&o. &c. 

78. From (108) and (104) 

cos (y 4" *) = 2 cos y cos x — cos (y — x) 
cos (y + x) =s — 2 sin y sin X -4- cos (y — x) 

which, if we put y =s (m — 1) x, become 

cos mx Bs 2 cos (m — 1) x cos x — cos (m — 2) x (^^) 

cos fnx ss — 2 sin (m — 1) x sin x 4- cos (m — 2) x (^^) 

If m is taken sncoessiyely equal to 1, 2, 8, 4, &o. 

cos X as cos X aa COS X 

COS 2 X as 2 COS X COS X — 1 sss — 2sinx sinx-^-l 

COS 8 X as 2 COS 2 X COS X — COS X sB^2 8in2xsinx4- cos x 
cos 4 X :b 2 COS 8 X COS X — COS 2xas — 2sin8xsinx4- cos 2 x 
&c. &c. 

74. In (128) let y as (m — 1) x ; then 

tan mx = tan (m -1) x + tan x ^^^ 

1 — tan (m — 1) x tan x 
whence 

tan 2x-\- tan x 



tan X as tan x tan 8 x as 



1 — tan2 X tan x 



, „ 2tanx . . tan8x+tanx 

tan2xas ^_^^^,^ tan4x= ^_^3^^ - 

&o. 

75. If in the expression for sin 8 x, Art 72, we substitute the yalue of sin 2 x, 
we find 

sin 8 X ss 4 sin X cos^ x — sin x 

by. which we find the sine of the multiple directly from the functions of the simple 
angle. If this be substituted in the expression for sin 4 x, the latter will also be 
expressed in terms of the simple angle. By these successiye substitutions we easily 
obtain the following tables : 

sin X sa emx 

sin 2 X ^ 2 sin X cos x 

sin 8 X sa 4 sin X cps^ x — sin x 

sin 4 X := 8 sin X cos* x — 4 sin x cos « 
&c. 

76. COB X SB cos X 

cos 2x^2 cos' X — 1 

cos 8 X sa 4 COS* X — 8 cos X 

COS 4 X sa 8 COS* X — 8 COS* X -4- 1 
&C. 

D 
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77. If in these equations we snbstitnie for cos* x ^ 1 — sin* z they become 

sin X ss sin z 
sin 2 X ss 2 sin X y/ (1 — sin* x) 
sin SxsssSsinx — 4 sin* x 
Bin4xss (4sinx — 8 sin* x) ^Z (1 — sin* x) 
&c. 

78. cos X 8B ^ (1 — sin* x} 

cos 2 X SB 1 — 2 sin* x 

cos 8 X =s (1 — 4 sin* x) v^ (1 — sin* x) 

cos 4 X =s 1 — 8 sin* x -4- 8 sin* x 
&c. 

From the preceding tables it appears that the cosine of the mnltiple angle may 
always be expressed rationally in terms of the cosine of the simple angle ; but that 
the sine of only the odd multiples and the cosine of only the even multiples can be 
expressed rationally in terms of the sine of the simple angle. 

79. By sucoessiye Substitutions we find from the formula of Art. 74. 

tan X ss tan x 

2 tan X 
tan 2 X ^ 



tan 8 X =s 



tan 4 X =s 

1 — 6 tan* X + tan* x 

&c. 

80. The preceding results are but particular applications of general formulas to 
be giyen hereafter, (Chapter XV.) They are introduced here for the conyenience 
of reference in elementary applications. The powers of the sine or cosine of the 
simple angle may also be expressed in the multiples of the angle : but they are most 
readily obtained from the general formules of Chapter XV. 
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81. Let Xf y, and g be any three angles ; we haye, by (36) and (38), 

sin (x + y -4- 2) = sin (x + y) cos 2 + cos (x -4- y) sin a 

rs sin X cos y cos 2 -4- cos x sin y cos z 
-{- cos X cos y sin 2 — sin x sin y sin 2 0-^) 

cos (x + y + 2) = cos (x + y) cos 2 — sin (x + y) sin 2 

sss cos X cos y cos 2 — sin X sin y cos 2 
— sin X cos y sin 2 — cos x sin y sin 2 0-^^) 

and in the same way we may deyelop the sines and cosines of x + y — 2, x — y + «, 
&c. ; but we may find these directly from (168) and (169) by changing the sign of 2, 
y, &c., and obserying (66). 



1 — tan* X 


8 tan X — tan* x 


1 — 8 tan* X 


4 tan X — 4 tan* x 
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The quotient of (168) divided by (169) gives, after dividing the nnmerator and 
denominator by cos x cos y cos z, 

tan (x + y + z) = ^an a; + tan y + tan g — tan x tan y tan 2 

1 — tan X tan y — tan x tan z — tan y tan z ^ * 

82. Let X, y and z be any three angles, and from the equations 

sin (z — z) =: sin z cos z — cos x sin z 
sin (y — 2) s= sin y cos z — cos y sin 2 

let cos z be eliminated ; we find 

sin y sin (z — z) — sin z sin (y — 2) a= sin 2 (sin z cos y — cos z sin y) 

ss: sin 2 sin (z — y) 

If sin 2 is eliminated, we find 

cos y sin (z — 2) — cos z sin (y — 2) =3 cos 2 sin (z — y) 

These equations may be more elegantly expressed, as follows : 

sin z sin (y — z) + sin y sin (2 — aj) + sin 2 sin (z — y) ss (171) 
cos z sin (y — z) + cos y sin (2 — af) + cos 2 sin (z — y) ss (172) 

A number of similar relations may be deduced from these by substituting 90*^ dz z, 
&c., for z, &c. 

83. Let 

f» = } (z + y + 2) 

we have by (104) 

2 sin t> sin (v — z) =r cos z — cos (2 v — a^) = cos z — cos (y + 2) 
2 sin (0 — y) sin (» — 2) as cos (y — 2) — cos (2 t; — y — 2) 

a= cos (y — 2) — cos z 

the product of which is 

4 sin « sin (t> — z) sin {v — y) sin (» — 2) ss cos z [cos (y — 2) + cos (y + 2)] 

— cos* z — cos (y + 2) cos (y — 2) 

Reducing the second member by (103) and (134) ; 

4 sin v sin (v — z) sin (v — y) sin (o — 2) ss 2 cos z cos y cos 2 — cos* z 

— COS* y — cos* 2+1 (173) 

In the same manner we find 

4 cos V cos (» — z) cos (» — y) cos {y — z) ^ 2 cos z cos y cos 2 -}- cos* z 

+ cos* y + cos* 2 — 1 (174) 

84. The following may be proposed as exercises. 

sin z 4- sin y + sin 2 — sin (z+ y + z) =s 4 sin } (z + y) sin J (z+ 2) sin J (y+2) (175) 
COB z4- cosy + C0S2+ cos (aj+y +^) = ^©os } (x+y) cos J (z+ 2) cos J (y + 2) (176) 

sin (z -4- y -f- 2) 

tan z + tan y + tan 2 — tan z tan y tan 2 sr ^ — ' ~ (177) 

\^ it \^ if cos z cos y cos z ^ ' 

cos (z -fr y -f~ ^) 
cot z + cot y + cot 2 — cot z cot y cot 2 = — Bin g sin y sin 2 ^^^^' 



(179) 
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4 [sin (H"y4"^)+2 sin aj sin y sin 2]* = 4 [sin (a+y) ^^^ ^ 4" ®®* C^'' — t/) ^^ ^]* ^ 
s= [1— -COS (2 x + 2 y)] (1+ cos 22r) + [1 + cos (2 a;+2 y)] (1 — 00822) 

4- 2 (sin 2 z -|- sin 2 y) sin 2 2 

ss 2 (l-f-sin 2 z sin 2 y4-8in 2 x sin 2 2-|- sin2 y sin 2 2 — cos 2 a; cos 2 y cos 2 z) 

85. Let the sum of three angles x, y and z be a-, or a multiple of tt, that is, an even 

multiple of -^r- a condition which is expressed by the equation 

x+y+2s=2n.y (180) 

then, tan (z^ y •{- z) = 0, and the first member of (170) being thus reduced to 
zero, the numerator of the second number must be zero, or 

tan X 4- tan y -|- tan z =s tan x tan y tan z (181) 

an equation, it must be remembered, that is true only under the condition (180). 
Since x, y and z may be selected in an infinite yariety of ways so as to satisfy (180), 
it follows from (181) that there is an infinite number of solutions of the problem, 
** to find three numbers whose sum is equal to their product." 

m0 mm 

Let the sum of three angles x, y and 2 be -^ or an odd multiple of -^ ; that is, let 

x + y+z=(2n + l)^ (182) 

then, tan (x -|- y 4~ ^) = 0^* ^^^ the denominator of (170) must be zero, or 

tan X tan y -|- tan x tan z -|- tan y tan z :ss 1 

which, divided by tan x tan y tan z, giyes -^ 

cot X -}- cot y -}- cot z ss cot x cot y cot z (^3^) 

a relation that holds only under the condition (182). 

86. Let 

z + y + z=^n7r^2n^ (184) 

We have by (93) and (91) 

cos (x 4- y — 2) =*C08 (riTT — 2 z) = ( — 1)»» cos 2 z 
cos (x — y + z) = cos (n a- — 2 y) = ( — 1)" cos 2 y 
cos {y+z — x) = cos (n a- — 2 x) = ( — 1)« cos 2 z 
cos (y + z + x) =s cos n jr = ( — 1)» 

the sums of the first two and of the second two are by (103) 

2 cos X cos (y — z) = (— 1)*» (cos 2 z + cos 2 y) 
2 cos X cos {y -}- z) ss ( — 1)" (cos 2x4-1) 
and the sum and difference of these equations are 

4 cos X cos y cos z = ( — 1)" (cos 2 z 4- cos 2 y 4- cos 2 x 4- 1) 
4 cos X sin y sin z as ( — 1)" (cos 2 z 4- cos 2 y — cos 2 x — 1) 

or =b: 4 cos x cos y cos z = cos 2 x 4- cos 2 y 4- cos 2 z 4- 1 (^S^) 

db 4 cos X sin y sin z = — cos 2x4- cos 2 y 4- cos 2 z — 1 (186) 
the ^ipper sign being taken when n in (184) is even, the lower when n is odd. 
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In the same manner we obtain 

rp 4 sin a; sin y sin 2 = sin 2 x + sin 2 y + sin 2 z (187) 

z;z 4 sin a; cos y cos 2 = — sin 2 a; + sin 2 y -f- sin 2 2 (188) 

the signs being taken as aboye. 

Again, let 

a: + y+2=(2n+l)|. (189) 

we shall find by the same process 

=b 4 sin z sin y sin 2 = cos 2 z 4" <^<>s 2 y 4- cos 2 2 — 1 (1^0) 

=b 4 sin z cos y cos z = — cos 2 z -{- cos 2 y -f- cos 2 2 -{- 1 (l^^) 

=b 4 cos z cos y cos 2 ss sin 2 z -{- sin ^ y 4" sin 2 2 (1 92) 

=b 4 cos z sin y sin z ss — sin 2 z 4- sin 2 y 4- sin 2 z G^^) 

4- or — according as n in (189) is even or odd. 

Inverse Trigonometric Functions. 

87. If 

y =7 sin a? 

y is an explicit function of a;, and, since x and y are mutually de- 
pendent, X is an implicit function of y ; but to express x in the 
form of an explicit function of y, we write* 

x = sin ~* y 

which is read, "a; equal to the angle (or arc) whose sine is y," and 
X is called the inverse function of y, or of sine x. 

In like manner tan ~* y is « the angle or arc whose tangent is 
y," ka. 

88. Many of the formulse already giyen may be conveniently expressed with the 
aid of this notation. Thus, by (16), 

X =s seo~* v^ (1 4- tan* z) 

or if we put y := tan z 

tan~* y = sec""* ^(14- y*) 



* This notation was suggested by the use of the negatiye exponents in algebra. 
If we have y = nz, we also have x =s n"^ y, where y is a function of z, and z is 
the corresponding inverse function of y. The latter equation might be read *< z is 
a quantity which multiplied by n gives y." It may be necessary to caution the be-^ 

ginner against the error of supposing that sin~* y is equivalent to — -. . 

For a general view of the nature of inverse functions, see Peirce's Diff. Oalo. 

Arts. 13, et seq. 

6 s2 
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And in the same way the formulas of Art 28 give 

sin ~* y s= cosec~* — s&s cos""* v^ (1 — y') = tan~* . ,^^_ ,> 

cos-*y = sec-* — = sin-*v/(l-.y*) = tan -« ^ ^^ ^ ^'^ 

y ^ ' y 

tan""* y ass cot""* — 3= sin""* ^ , — ^r sb cos""* 



Formulas (123) and (124) may be written 

. . — tan X db tan y 

X db V 3= tan * :, ^ 

1 =p tan X tan y 

or putting ^ ^ tan z, ^ = tan.y, 

<dbf 
tan "* < =t tan"* «' == tan "* , __ (194) 



Also the formulas of Arts. 67 and 68 giye 



cos 



-. , _ » ^-. J (!^) _ . ...-. J(l±-') _ . ,„-. Jd^) 

2tan •y = Bin-'5-py. = tan 'j— -; = oos ' ( r+p) 

89. We may also employ the notation sin"* (cos z) or "the arc whose sine is 
equal to the cosine of z," i. e. "the complement of z" ; and sin (cos~~* y) or "the 
sine of the arc whose cosine is y," &c. We shall have accordingly 

sin (sin ''^ y)^s.y tan (tan""* y) sss y &c. 

sin ~* (sin x) ^ x tan ~* (tan x) ^ x &c. 

But it must be obseryed that since the same sine or tangent corresponds to an 
infinite number of angles, (Art. 68 J these last equations should be written 

sin""* (sin a:) = fi w + ( — 1)" x, tan ""* (tan z) = n jr + » 

which are equiyalent to (95) and (97). 
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CHAPTER V. 

TRIGONOMETRIC TABLES. 

90. Before proceeding to the numerical computation of triangles 
and to other applications of the preceding formulae, the student should 
make himself acquainted with the arrangement of, and the mode of 
consulting, the trigonometric tables. We shall here speak of those 
points only that are common to all tables, but it will be necessary 
to consult also the explanations that are always prefixed to a table 
in order to understand any peculiarity that may attach to it. We 
suppose also that he is acquainted with the nature and use of the 
common t^ibles of logarithms of numbers. 

There are two principal trigonometric tables;* the first, called the 
Table of Natural Sines, ^c, contains simply th& numerical values 
of the sines, tangents, &c. for each given value of the angle ; the 

* The most conyenient seyen-figure tables yet published in this country are Stau" 
ley^Sf already mentioned, p. 12. Attached to these are also five-figure tables, and a 
table of anti-logarithms. 

Computers, engaged in extensive and varied calculations, generally provide them- 
selves not only with tables of seven figures, but also with those of six, of five, and 
even of four figures — the selection and use of a particular table in any case being 
determined by the degree of precision sought for in the results. We might, indeed, 
employ seven-figure, or even ten-figure tables in all oases, and reject the final figures 
of our results, when a lower degree of approximation is thought sufficient ; but it is 
clearly a loss of time and labor to employ other figures besides those which are ne- 
cessary in arriving at the proposed degree of precision. 

The best six-figure tables are to be found in Bremiker's Nova Tabula Berolinensis, 
(Berlin. 1852,) which are distinguished for simplicity of arrangement, as well as ac- 
curacy. 

' Bowditch's fiye-figure tables, in his Epitome of Navigation, are valuable on account 
of their undoubted accuracy. 

Four-figure tables are be found in yarious collections, as for instance, in Schuma- 
cher's HUlfBtafeln, (edited by Wamstorff,) 

Of the foreign seven-figure tables we may cite, Taylor's, Button's, Babbage's, 
Shortrede's, in England ; Callet's, Bagay's, Borda's, in France. Taylor's, Shortrede's, 
and Bagay's give the log. functions to every second of the quadrant ; Borda's give 
the functions corresponding to the centesimal division of angles, (Art. 6.) 

For computations requiring more than seven figures recourse must be had to the 
ten-figure tables of Vlacq, Thesaurus Logarithmorum ComphtuSf edited by Vega, 
(Leipzig, 1794). 
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second, called the Table of Logarithmic Sines, ^c.y contains the lo- 
garithms of the numbers in the first table. As the greater part of 
the computations of trigonometry are carried on by logarithms, the 
latter table is by far the most useful. 

Table op Natural Sines, &c. 

91. The arrangement of this table will be understood from a sim- 
ple inspection. It contains the sines, &c. of angles between zero 
and 90°, generally for every minute, and the functions of angles 
consisting of a number of degrees, minutes, and seconds, have to be 
found by interpolations similar in their nature to those that are re- 
quired in using tables of logarithms of numbers. This interpolation 
is based upon the supposition that the differences of the sines, &c., 
are proportional to the differences of the angles; and this propor- 
tion, though theoretically inexact, gives, in general, a suflScient ap- 
proximation, provided the differences of the angles of the table are 
suflSciently small. When the greatest accuracy is desired, the tables 
should give the angles to every second, or at least to every 10'', and 
the sines, &c., should be given to at least seven decimal places. 

92. As every angle between 45° and 90° is the complement of 
another between 45° and 0°, every sine of an angle less than 45° 
is the cosine of another greater than 45° ; every tangent is a cotan- 
gent, &c. ; hence the angles at the top of the tables generally extend 
only to 45°, and the same functions answer for the remaining 45°, 
by giving them at the bottom of the table the names of the comple- 
mental functions. 

93. As the sines, &c., pass through all their possible numerical 
values, while the angle varies from 0° to 90°, the tables are not ex- 
tended beyond 90° ; but we easily deduce the functions of all other 
angles by the principles of Chap. III. 

For the functions of an angle between 90° and 180°, we may take 
tiie same functions of its supplement, observing to prefix the proper 
algebraic sign. Art. 39. Thus, from Button's Tables we find 

sin 140° 16' = sin 39° 44' = 0-6392153 
cos 140° 16' = - cos 39° 44' = - 0-7690278 
tan 140° 16' = - tan 39° 44' = - 0-8311992 
cot 140° 16' = - cot 39° 44' = - 1-2030810 
sec 140° 16' = - sec 39° 44' = - 1-3003431 
cosec 140° 16' =- cosec 39° 44' = 1-5644181 
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remembering that in the 2d quadrant all the functions are negative 
except the sine, and its reciprocal, the cosecant. 

X!)r, we may (Art. 38) deduct 90° from the given angle and take 
from the table the complemental functions of the remainder, prefix- 
ing the signs as before ; thus 

sin 140° 16' = cos 50° 16' = &c. 
• cos 140° 16'*=* - sin 50° 16' = &c. 

which is the better practical method, as the subtraction of 90° may 
be performed mentally. 

94. For angles between 180° and 270°, we deduct 180° and take 
the same functions of the remainder, prefixing the signs that belong 
to the 3d quadrant. Art. 41 ; thus 

sin 220° 26' = - sin 40° 26' 
cos 220° 26' = - cos 40° 26' 
tan 220° 26' = + tan 40° 26' &c. 

95. For angles between 270° and 360°, we may deduct 270° and 
take the complemental functions of the remainder, prefixing the signs 
that belong to the 4th quadrant. Art. 43; thus 

sin 331° 27' = - cos 61° 27' 
cos 331° 27' = + sin 61° 27' 
tan 331° 27' = - cot 61° 27' &c. 

Or we may take the same functions of the difference between the 
angle and 360°, Art. 44, observing the signs. 

96. Above 360° we deduct 360°, and take the same functions 
with their signs. Art. 45 ; and if the angle exceeds 720°, 1080°, &c., 
we deduct 720°, 1080°, &c. ; thus 

cos 840° 45' = cos 120° 45° = - sin 30° 45' 
* tan 1372° 13' = tan 292° 13' = - cot 22° 13' 

Table oJ" Logarithmic Sines, &c. 

97. In this table we find the logarithms of the numbers in the 
Table of Natural Sines arranged in precisely the same manner ; it 
will therefore require but little additional explanation. 

As the sines and cosines are all less than unity (being by their 
definitions proper fractions), their logarithms properly have negative 
indices ; but these are avoided in the usual manner by increasing the 
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index by 10, so that we find the index 9 instead of — 1, 8 instead 
of — 2, &c. The tangents under 46° being also less than unity, 
the indices of their logs, are also increased by 10. • 

In some tables, to preserve uniformity, the indices of the logs, of 
all the functions are increased by 10, so that the log. secants and 
cosecants are always greater than 10. In using these tables, we have 
the general rule that for each log. function added in forming a sum 
we must deduct 10 from that sum. 

98. Since 

. 1 

sec A == 



cos -4. ' 

we have log sec J. = — log cos A 

or since the tabular log. cos. is increased by 10, 

log sec J. = 10 — log cos A 

that is, the log. secant is the arithmetical complement of the tabular 
log. cosine. For a like reason log. cosec. is the ar. co. of the log. 
sin. ; and log. cot. is the ar. co. of the log. tan. 
Also since 

. sin J. 

tan A = T 

cos-d 

log tan A = log sin A — log cos A 

by which property, together with the preceding, we may obtain by 
subtraction oply, the log. tan. cot. sec. and cosec. from a 'table con- 
taining only the log. sin. and cos. 

99. When the natural sines, &c. are negative, we shall in this 
work indicate it by prefixing the negative sign also to their logar- 
ithms ;* thus we shall write 

cos 140° 16' = - 0-7690278 

and log cos 140° 16' = - 9-8859420 

* Strictly speaking, negative numbers haye no logarithms, but in practice, tbe 
multiplication, division, &c. of numbers is performed without reference to their signs, 
i. e. as if they were all positive, and the sign of the result is then deduced from the 
signs of the factors according to the rules of algebra. We employ logarithms sim- 
ply to effect the first of these operations, i. e. the multiplication, division, &c. of 
the numbers considered as positive ; and to facilitate the second operation, or the 
determination of the sign, we prefix to the logs, the signs which are prefixed to the 
numbers to which they belong. 
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As the logs, of all the trig, functions are positive (being rendered 
so by the addition of 10 ^here necessary), it will easily be remem- 
beted that the sign in the latter case is not that of the logarithm/ 
but of the number to which it belongs. 

Elementary Method of Constructing the Trigonometric 

Table. 

100. By dividing tc = 3'1415926 by the number of seconds in 
180°, we found (Art. 9) the length of the arc 1", and (Art. 54), the 
tine of V\ which is sensibly equal to the arc. In the same manner 
we find, by dividing by 10800, 

sin V = 0.0002908882 
and by (7) 

cos 1' « ^ (1 - sin» 10 = %/ [(1 + sin 10 (1 - sin 10] 

c= y/ (1.0002908882 x -9997091118) 

or performing the arithmetical operations 

cos r = 0.9999999577 

Then by (101) and (103) 

sin (a; + y) = 2 sin x cos y — sin (a; — y) 
cos (a? + y) = 2 cos x cos y •— cos {x — y) 

in which we can suppose y to be constantly equal to V and x to be- 
come successively 1', 2', 8', &c. Thus, first substituting y = 1', 

sin (a; + 10 == 2 sin x cos 1' — sin {x — 10 
cos (a; + 10 = 2 cos x cos 1' — cos (a? — 10 

then if a; = 1', 2', 3', &c., we find for the sines 

sin 2' = 2 cos V sin 1' - sin 0' = 0-0005817764 
sin 3' =: 2 cos V sin 2' - sin V = 0.0008726646 
sin 4' = 2 cos V sin 3' - sin 2' « 0.0011635526 
sin 5' = 2 cos 1' sin 4' - sin 3' = 0-0014544407 
&c. &c. 

and for the cosines 

cos 2' =« 2 cos V cos 1' — cos 0' = 0.9999998308 
cos 3' = 2 cos r cos 2' — cos V = 0-9999996193 
cos 4' = 2 cos r cos 3' - cos 2' = 0-9999993232 
cos 5'= 2 cos 1' cos 4' — cos 3' = 0-9999989425 
&c. &c. 
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The whole difiScuIty in this operation consists in the multiplication 
of each successive sine or cosine by 2 cos 1' = 1'9999999154 ; but 
this multiplication is much shortened by observing that 

2 cos r = 1.9999999154 =^ 2 - -0000000846 

so that if we put 

m = .0000000846 
we have 2 cos 1' = 2 — m and therefore 

sin 2' = 2 sin 1' — sin 0' — wi sin V 

sin 8' = 2 sin 2' - sin V-m sin 2' 

siji 4' = 2 sin 8' - sin 2' - wi sin 3' 
&c. 

cos 2' = 2 cos V — cos 0' — m cos 1' 

cos 8' = 2 cos 2' — cos 1' — w cos 2' 

cos 4' = 2 cos 8' — cos 2' — w cos 8' 
&c. 

which are computed with great facility. 

^ 101. It is not necessary, however, to continue this process beyond 
80° ; for by (159) and (162) we have 

sin (80° + y) == cos y - sin (80° - y) 
cos (30° + y) = cos (30° — y) - sin y 

BO that the table is continued above 30° by the simple subtraction 
of the sines and cosines under 80° previously found. Thus, making 
y successively 1', 2', 8', &c. 

sin 80° V = cos 1' - sin 29° 59' 
sin 80° 2' = cos 2' ~ sin 29° 58' 

sin 80° 8' = cos 8' - sin 29° 57' 

&c. 
cos 80° V = cos 29° 59' - sin V 
cos 30° 2' = cos 29° 58' - sin 2' 

cos 80° 8' = cos 29° 57' - sin 3' 
&c. 

This last process requires to be continued only to 45° since the 
sines and cosines of the angles above 45° will be respectively the 
cosines and sines of their complements below 45°. 



CONSTRUCTION OP TRIGONOMETRIC TABLES. 49 

102. The tangents and cotangents may be found from the sines 
and cosines bj the formulae 

sin X cos X 

tan X = cot X = -: — 

cos X smx 

and the secants and cosecants by the formulae 

1 1 

sec X = cosec a; = -r 



cos X . sm a; 

103. In so extended a computation as the construction of the en- 
tire table, it is necessary to verify the accuracy of the work from 
time to time, by separate and independent calculations. By means 
of (138) and (139) we can find from the cosine of an angle the sine 
and cosine of its half; hence from the cos. 45^ » \/ } we can find 
sin. and cos. of 22^ 30', and from these the sin. and cos. of 11° 15' 
by the same formulae ; and from cos. 30° » ^ %/ 3 we can find sin. 
and COS. of 15°, 7° 30', and 3° 45'. If these agree with those found 
by the first process, the whole work may be considered as correct. 

104. There are yarions other angles whose functions can be expressed under finite 
forms more or less simple, and may therefore be employed for the purpose of Terifi- 
cation. 

Let X sBs 18® ; then 8 x 4. 2 z sss 90® and cos 8 x s= sin 2 z, whence, by Art 76, 

4 cos' z — 8 cos X Bs cos 8 X ^ 2 sin X cos X 
4 cos* X — 8 ss 2 sin X 

4(1— sin«x)^8s2sinx 
sin* z-\- iainz ^ }■ 

which equation of the 2d degree being resolved, gives sin x as 

sin 18® » cos 72® = vi^Jzl 

4 

irhence oos 18' - sin TZ" = V^ 00 + 2%^ 6) 

4 

From these by (188) and (189), we find the sine and cosine of 9® and 86®; then 
by (87) and (89) those of 86® — 30® » 6®, whence those of 8® ; after which it 
will be easy to form a table of the exact values of the sines and cosines for every 
8® of the quadrant* These expressions, however, are not of much use, directly, 
in the construction of tables, as we have much better methods; but they lead to a 
formula of verification which is of some importance. We find 

4 



* A table of this kind is given by Cagnoli in his Tr^onomeirie, 
7 E 
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And by (102) 

Bin (72° + y) — sin (72o — y) = 2 cos 72« sin y = ^^-""^ sin y 

sin (86<» + y) — sin (86<» — y) =: 2 oos 36« sin y = ^^,"^^ sin y 

the difference of these equations gives 

sin (86« + y) — sin (36« — y) = sin (72« + y) — sin (72« — y) + sin y 

which is Buler* 9 formula of verifieatwm ■ By giving y any valne at pleasure, the cor- 
rectness of five sines of the tables is examined. By substituting 90° — y for y in 
this formula it is easily reduced to the following 

sin (90° —y) + sin (18° + y) + sin (18° — y) = sin (54°+y)+ sin (64° — y) 

which is known as Legendre's formula, though not essentially different from Euler's. 
105. The method that has here been given for computing the trigonometric table, 
though simple in principle is nevertheless sufficiently operose. The method by in- 
finite series, to be given hereafter, will be found to be much more rapid and simple 
in practice. «* 
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CHAPTER VI. 

SOLUTION OF PLANE BIGHT TRIANGLES. 

106. In order to solve a plane right triangle, two parts in addition 
to the right angle must be given, one of which must be a side. 
The solution is effected directly by means of our 
definitions of sine, &c., which^ are expressed by 
the equations (1). As three of the six functions 
are only the reciprocals of the other three, we 
shall base the solutions upon the following three ; 
(Fig. 15) : 

b 



Fig. 15. 




Bin -4. == — 





cos J. = — 



tan J. = -j- 





Since each of these equations expresses a relation between three 
parts — an angle and two sides — it follows that in order to apply them, 
or in order to solve the triangle trigonometricallyy there must be 
given two of these parts ; and that of the three parts considered, 
one must be an angle while the other two are sides. Thus, if an 
angle and side are given, the third part sought must be a side; but 
if two sides are given, the third part sought must be an angle. 

In every instance the choice of the proper equatio^n will be deter- 
mined by the precept, — employ that trigonometric function of the 
angle which is equal to the ratio of the two sides considered. 

107. Case. I. Given the hypotenuse and one angle, or c and/J.. 

To find a. We consider a, c and A\ and since the ratio of a and 
c is given by the sine, we have 



sin J. = — whence a = (? sin J. 
e 



(195) 



To find 5. Considering 5, c and J., we have the ratio of h and 
expressed by the cosine, or 



cos J. ^ — whence 6 = c cos ^ 
c 



(196) 



To find B. We have 5 = 90° — A. 
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The required quantities a and h being equal to the product of two 
factors, the computation is conveniently performed by the addition 
of the logarithms of these factors. 

!E!XAMPLES. 

1. Given c = 672.3412, A « 35° 16' 25"; to find the other parts. 

By (195) By (196) 

e = 672.3412 log 2-8275897 log 2.8275897 

A = 85° 16' 25" log sin 9-7615382 log cos 9-9119049 

a = 388.2647 log* 2-5891279 h = 548.9018 log* 2-7394946 

An%. a = 388.2647 
I = 548.9018 
B = 54° 43' 35" 

2. Given c = 42567-2, B = 87° 49' 10"; find the other parts. 

Am. a = 1619-626 
^ h = 42536-37 
J. = 2° 10' 50" 

108. Case n. Q^iventhe hypotenuse and one side, or c and J. 
To solve this case trigonometrically, we must first find an angle. 
To find A. We have 

cos ^ = - (197) 

To find a. , We have, by the preceding case, 

BmJ. = — a=«csmJ. (198) 

But a may be found by geometry from the equation 

a* +J* = c* whence a* = c* — 6* 
o = ^/ (c» - 6«) = -/ [(<? + J) (c - 6)] (199) 

Examples. 

1. Given c = 672-3412, h = 548-9018; find A and a. 

By (197) By (198) 

h = 548-9018 log 2-7394946 
e = 672-3412 log 2-8275897 log 2-8275897 

A = 35° 16' 25" log cos 9-9119049 log sin 9-7615382 

a = 388-2647 log 2-5891279 

"* Ten is rejected from each of these indices because the logarithms of the sine 
and cosine in the table are ten too great. Art. 97. 
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By (199) 

c= 672.8412 

5= 548.9018 
c + b = 1221.2430 log 3.0868021 
c - 6 == 1234394 log 2.0914538 

2)5.1782559 

a = 388.2647 log 2.5891279 

Ans.A = 35° 16' 25" 
5 = 54°43'35'' 
, a = 388-2647 
2. Given c = -092357, b = -058018 ; find a. 

Ans. a = .071859 

109. Casb m. Gf-iven an angle and its adjacent %idey or A and 5. 
To find a. We have 

tan J. =a -T- whence a = 6 tan A. (200) 

To find c. We have 

; cos -4. = — whence, by (2), c = 7 = 6 sec J. (201) 

C cos ^x 

or directly from the secant 

sec J. = -T- whence c = 6 sec J. 


Examples. 

1. Given A = 88° 59', I = 2-234875 ; find the other parts. 

Ans. a = 125-9365 
c = 125-9663 

2. Given 5 = 60°, a =» 10 ; find <?. (See Art. 29). 

Ans. tf = 20. , 

110. Case IY. Given an angle and its opposite side^ or A and a. 
To find c. We have 

sin J. = — <? = - — 7 = a cosec ^ (202) 

c sm -a ^ ' 

To ^ni I. We have 

tan ^ « -I 5 = -r^ = a cot ^ (203^ 

6 tan^ ^ 

i2 
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Examples. 

1. Given A « 25° 18' 48", a = -085623 ; find 6. 

An%. h = .1810278 

2. Given B = 39° 17' 5", 6 = -01 ; find c. 

Ans. e = .0157934 

111. Case Y. Given the two sideSy or a and b. 
To find A and B. We have 

tan^ ='cot5 =«|- (204). 

To find c. We have 

sin -4. s= — c = -: — 7 = a cosec J. (205) 

c Bin -4. ^ '' 

We may also find c directly by geometry, from 

i? ^ a^ + h^ whence « = %/(«* + 6*) 

but this is not readily computed by logarithms. 

Examples. 

1. Given a = 30, J »= 40 ; find <?. Ans. c = 50 

2. Given a = 8-678912, 6 = 2463878; find A and c. 

Ans. A = 74° 9' 4".l 
c = 9.021875 

Additional FoftMXjLJB fob Right Triangles. 

112. By inspecting the tables it will be seen that when the angles are yery small, 
the cosines differ very little from each other ; consequently a small angle cannot be. 
found with very great accuracy from its cosine. For a similar reason an angle that 
is nearly 90® cannot be accurately computed from its sine. It is therefore desirable, 
when a required angle is small, to find it by its sine, and when near 90® by its co- 
sine, or in either case by its tangent or cotangent ; and for this purpose special for- 
mulas are sometimes necessary. We shall deduce several such formulas, from which 
one adapted to a particular case may be selected. 

113. From (197) we find, by (139) 

1 — cos ^ =s 2 sin* i A =sl := 



c c^ 



•^i^-JCi?) ^"^^ 



which may be used instead of (197), when A is small, that ia when b is nearly equal 
to c. It giyes also 

c — 6 = 2 c sin* } ^ (207) 

by which c — b may be accurately found when A is smaU. 
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* 

Also from (197), by (140) 

-M=jG-f-i^)=j(:-^,)-'-^ ^^^> 

114. From the equation 

e 
we deduce by (153) and (154) 

Nn (450 d= } ^) = J (^") (209) 

cos (45« ± M) = J (-^) (210) 

tan (46» d= M) = J (10) (211) 

and from tan -4 = -^ we find by (151), 

tan (450 =fc ^) = ^^-5 (212) 

115. By (186) we bare 

h* a* 

I cos 2 ^ =s COB* A — sin* A = — - — 

c* 

which, since 2 ^ = ^ + 90° — 5 = 90® — (5 — A), gives 

sin (i? - ^) = M^^Ci^:^ ' (213) 

By (185) 

co8.(5 — ^) «i8in2^ = 28in^oo8^ « ?4^ (214) 

c 

and fh>m (218) and (214) 

tan(i?-^) = (i + |H|ri±) (216) 

by which B — il is found with great accuracy when b and a are nearly eqnaL 
ExAiCPLB. Given c s 4602-836, b » 4602-21059 to find A. 

By (206). 
c _ fr = 62541 log 9*7961648 

2 c r= 9205-672 log 3-9640555 

2) 6-8321098 
} ^ s 28' 20''-18 log sin } ^ s 7-9160547 
A = 56' 40"-36 

The ordinary process (^ves log cos A ss 9-9999410, whence A a= 56' 40". These 
results are obtained by Stanley's Tables, in which the log. sines, &c., are given for 
every 10" for the first 15". A greater discrepancy between the two results would be 
found by tables in which the functions were given only for each minute. 

A slight error remains in the value of } ^ as 28' 20" -18, on account of the large 
differences of the log. sines in this part of the table, or rather on account of the 
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rapid change of these differences. We aYoid the use of these large differences, and 
gain somewhat in accuracy, by employing the approximate yalue of sin. } A given 
by (98), whence 

Bin}^«}^8inl", }^=:!1^*j1 

' ' sm 1" 

Thos we have fonnd abore log sin } ^ sa 7*9160547 

Art. 54, log sin 1'' » 4*6855749 

iA^ 1700"-12 s 28' 20"-12 log } A =¥-2804798 

But to obtain } A with the utmost precision, recourse must be had to the follow- 
ing process, which is constantly employed in obserratories, and whereyer small angles 
are to be computed with extreme accuracy. Special tables are prepared containing 
for every minute from 0^ to 2® the logarithms of 

sin z , , tan x , 
ss h and =B k 



which do not rary rapidly, and may therefore be taken with accuracy from the 
tables. Then we have 

Bin« . 

Bin z ^ a; . ss z. A 

X 

tanz 
tan z as z . ss x,k 

X 

A table of this kind will be found on page 156 of Stanley's Tables, where the 
notation used is 

q = log sin z, n = log z 

and therefore in the column marked q — n we find the log -^ — . Thus in the aboYe 

example we have found log nni A ss q ^ 7*9160547 

and from the table ;— n s= 4*6865700 

i ^ = 1700''*14 = 28' 20"*14 log } ^ = n s= 3*2304847 

which is the true value of } ^ within 0"*01. 
Stanley's Table contains also the values of * 

log ^ q — n (; s= log tan z, n ss log z) 

z ' 

log -; — =3^4"^ (s' := log cosec z, n s: log x) 

log jj^ = ? + « (? = log cot z, n 8= log z) 
the use of which may easily be inferred from the example just given. 



z 




sm z 




A 






tanz 


X 


^^^ 












k 



FORMULA FOR OBLIQUE TRIANGLES. 



67 



CHAPTER Vn, 




FORMULA FOR THE SOLUTION* OF PLANE OBLIQUE TRIANGLES. 

116. As every oblique triangle may be resolved into two right 
triangles by a perpendicular from one of tke angles upon the 
opposite side, we are enabled to deduce all the formulae for their so- 
lution from those of the preceding chapter. 

117. The sides of a plane triangle are proportional to the sines 
of their opposite angles. 

Denote the angles of the triangle ABOy '^•^^ 

Fig. 16, by A^ B and (7, and the sides oppo- 
site these angles respectively by a, ( and c. 
From O draw OP perp. to AB and put ^ 
OP = p. Then in the right triangles A OPy B OPj we have, 
by (195) 

p^hAnAj p ^ a BiaB 

whence b sia A =s a sinB 

which, converted into a proportion, gives 

aib^BiaAismB (216) 

and in the same way we may prove that 

a : c ^ sin A : sin O 
J> : <? = sin -B : sin (7 

and these three proportions may be written as one, thus t 



or thus, 



a : b : c ^ sxn A : sin B : sin 

b c 



a 



sin A sin B sin O 



(217) 
(218) 



When the perpendicular falls without tha 
triangle, Fig. 17, the angle OBP is the sup- 
plement of By but by Art. 39, it has the same 
sine, so that the triangle OBP gives a 

p ^ asin OB P ^^ asin B. 
8 



ng.i7, 
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the same as was found from Fig. 16. The proposition is therefore 
general in its application.'*' 

118. The sum of any two sides of a plane triangle is to their dif- 
ference as the tangent of half the sum of the opposite angles is to 
the tangent of half their difference. 

For, by the preceding article, 

a : ( s= sin J. : sin jS 
whence, by composition and division, 

a + J : a — 6 = sin J. + sin 5 : sin J. — sin B 
Bat from (109) if a; = J., y = -B we obtain the proportion 
sin J. + sin jB : sin J. — sin B = tan J (-4. + B) : tan J (-4. — jB) 
which, compared with the above, gives 

a + 6 : a - 5 = tan J (:A + B) : tan J {A - B) (219) 

This may also be written 

a + b ^ tan i{A + B) 
• a — 6 ^ tan J (J. — J5) 



(220) 



Fig. 18. 



and we may infer the same relation between 5, c, jB, (7. and a, c, 
A, O. 

119. 77ie square of any side of a triangle is equal to the sum of 
the squares of the other two sides diminished by twice the rectangle 
of these sides multiplied by the cosine of their included angle. ' 

In the triangle A B (7, Figff, 16 and 17,* 
we have either 

BP = c-AP otBP^AP^c 

Fig. 17. but in both cases 

c 

BP^^AP^+i^'-^2cxAP 

Adding CP^ to both meinbers, we find 

a2 = j2 + c^-2(?XulP 

But the triaflagle A CP gives by (196) 

AP = 6 cos -4. 





. "^ The consideration «f Fig. 17 was not strictly necessary according to the prin- 
ciple stated in Art. 49. It may, howeyer, be useful for the student to verify that 
principle when oonveiti^nt. 
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"whicli substituted in the preceding equation gives 

a2 = 62 + c^ — 2 Jc cos J. 

as was to be proved. We have in the same way 

ja = a^ + c^ ~ 2 ac cos B 
c» = a» + 6« — 2 a6 cos Ci 
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(221) 

(222) 
(223) 

120. The same result is obtained from the foUowing equatiozis (which are evident 
from Fig. 16, where c = -4 P + PB) 

a ^ b cos C-\- e cos S 

bs=t ecoBA + acoB C ■ (224) 

c ss a COB JB -^^ b COB A 

From the first of these 

e cos ^ as a — ft cos (7 
whence c* cos* B =ss a* — 2 oft cos C-\- b* cos* O 

and from (218), <^ sin* ^ » b* sin* G 

the sum of which two equations is, bj (18), 

«■ = a* — 2 oft cos C7+ 6* 

121. From (221) we find 

6« + c* - a* 



cos A =s 



2 be 



(225) 



by which an angle is found when the three sides are given ; but to 
adapt it for convenient computation by logarithms, the following 
transformations are necessary : 

Subtract both members from unity ; then 

^-<^osA^ ^^ —^^ 

But, by (139), making a; = J., we have 

1 — cos 4 = 2 sin* J A 

Also, the numerator of the second member being the difference of 
two squares may be resolved. into two factors, viz. : the sum and the 
difference of a and 6 — c ; thus, 

a»-(6-(?)«-[a~(6-c)]x[a+(6-c)] = (a-6 + c)(a + J-c) 
Substituting these values in the above equation and dividing by 2 



sin 



M j^ ^ (^ - ^ + g) (g + ^ - g) 



(226) 
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This may be simplified by representing the half sum of the three 
sides by «, or by putting 

a + b + 0^28 
whence 

a+6 — c — a + J + c — 2c = 2« — 2(?«2(« — c) 
which substituted in (226) give 

In the same manner we should find from (222) and (223) 

Bin. J 5 = (l^l^iiZll), sin.i(7- ^--H'-^) (228) 

122. Add both members of (225) to unity ; then 

^ . , 26c + 6* + (?*-a* (b + cY-a* 
l + ,osA 2j^ = 2bc 

But by (138) 

1 + cos -4. = 2 cos^ J A 

Also, {b+cy-a^^{b+c + a){b + e-a) 

therefore 

..fl-1^ {h+o + a){b+e-a) 
cos i^a- 4j^ 

Substituting « in the numerator as in the preceding article 

cos4 ^ = --^^^=^ (229) 

and therefore also 

coa*J5=ii^, co9.}(7-i^?^> (230) 

123, Pividing (227) by (229), we have, by (14) 

-■M-^^^^^ (281) 

and in the same manner 

t^^iB^ ^'-f^'-'l tan*i(7= ^'-^)('-^> (232) 

* « (« — 6) * 8{8 — C) ^ ' 
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124. The preceding formulas are sufficient for the resolution of all the nsual oases 
of plane triangles ; but there are others that are occasionally useful. From (218) 
ire find, by (106), (106) and (185), 

a 4" * sin -4 + sin 5 sin } (^ -f" -^) ®08 } (-^ — ■^) 
e sin C7 sin ^ (7 cos J C 

a — b sin ^ — sin 5 cos ^ (A-^B) smi (A — S) 
c "^ sin C sin } C7 cos } (7 

But since A + B+ C=: 180®, , 

^ + 5 = 180» — C, } (^ + 5) s= 90® — } C 

sin } (^ + ^) » cos i C, cos i {A + B) ss Bini O 

by means of which we find 



a+ b __ cos i(A — B) cos i(A-'B) 

c sin} C7 cos } (-4 + ^) 

g— ft _ sin i(A — B) _ sin } (^ — ^) 

c ^ cos } C7 "^ sin } (-4 + ^) 



(288) 



(284) 



The quotient of (238) diyided by (284) gives (220). 

125. Adding unity to both members of (238), or subtracting it, we hare, by 
(108) and (104) 

a^b+e _^ cos ^{A + B) + cos } (^ — -g) ^ 2 cos } ^ cos \ B 
e cos } (-4 + -fi) sin } C7 

g+ft — c - cos \{A--B)— cos \{A + B) _^ 2 8in}^Bin}^ 
e *** co8}(-4 + -ff) ^ tin} (7 

Similarly from (234) we find 

c 4. a ^ 6 _ sin } (^ + ^) + sin { (-^ — -g) 2 sin }^ cos }^ 
c "^ sin } (-4 + -fi) cos } C 

c — a-f. h ^ sin } (A + B) — sin j (A-^B) 2 cos } ^ sin } ^ 
c ■" sin} (-4 + ^) "" cos}(7- 



Substituting « SB I (a -f- ^ -h ^)» these equations become 

J_ cos jA cos I ^ 

e sin } C7 

9 — e sin } il sin } ^ 

e sin } C7 

9 — b sin } il cos } B 

e ^" COS } 

• — g cos } ^ sin } -g 
c cos i 

F 



(285) 



(236) 



(237) 



(288) 
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From iheie equations we can deduce inunediatelj (227) &e. ; for example, ex- 
ciian^g c for ( in (286), we have 

9 — h fiin}^ Bin}(7 

b 8in i B 

wMcli, multiplied by (286) gives (227). 
126. Four times the product of (227) and (229) is bj (185) 

4 

Bin« ^ =: j5^ . « (« — a) (« — 6) (« — c) 

whence 

sm^ = ^^[«(«- <.)(.- J) (.-c)] (289) 

Exehang^g A for B and sacoesdvely, this (^ves also 

Bin 2» - -^^[« (* -«)(•- 8) (• - «)] (240) 

8in<?=.^^[.(«-a)(.-i)(*-e)] (241) 

In these equations put* 

jr=: ^ [»(« — a) (« — 6) (« — e)] (242) 



then 



sin -4 SB -=— rin -B ss sin C = — 5- (248) 

6c ac ao ^ ' 



The quotient of the first of these diyided bj the second is 

sin ^ oc a 
sin JS he h 

which brings us back to the theorem of Art. 117. 

127. !the sum of ^, ^ and (7 being 180°, and the sum of\A,\B and \ C being 
90°, we haye, by Arts. 85 and 86, the following relations among the angles of a plane 
triangle. 

tan A 4- tan B + tan C sss tan A tan B tan C 

cot } ^ + cot } ^ + cot j| (7=s cot iAcoUBcoiiO 

sin ^ -f" sin ^ •{- sin (7 ss 4 cos } ^ cos } ^ cos } C 

8in^4~ sinjS — sin(7=s4sin}^sin}^oos}C7 

oos^4"COS^4~cos(7 — 1 =s4sin}^sin}^sin}C7 

coaA-i' COB B — cos C7 4- 1 ss 4 cos } ^ cos } ^ nn } C7 

in the last of which we may interchange A, B and C, These relations may be sub- 
stituted in the equations of Art. 125. 

* iT is the area of the triangle. See Art. 148. 



FORMULA FOR OBLIQUE TRIANGLES. 63 

128. The following equations are added as exercises. 



tan 


iA 9 — b 


tan^^tanj^sei 


— e 


tan 


s 




Bin (A — B) 
sin {A-irB)^ 


(a+b)(a--b) 






tan } -1 tan J -8 cot J C7 =3 ^' ~ *'^' 






m m M m ^ m ^m. m 


. , ^ «• 





cot } ^ + cot } j9 + cot } Cs -r; 

8in}^8in}^Bin)^C7 



cos } AeoB^ B coB^ C^i 



aba 

Ki 
abe 



K 
tan}Xtan}jStan}(7=s-7 
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CHAPTER Vm. 



Vlg. 18. 




SOLUTION OP PLANE OBLIQUE TRIANGLES. 

129. Case I. Q-iven two angles and one 
side, or A, B and a. Fig. 18. 
To find the third angle. We have 

(7= 180° -(^ + 5) 

To find I and c, "We apply the theorem of Art. 117, and state 
the proportions thus : the sine of the angle opposite the given side is 
to the sine of the angle opposite the required side, as the given side 
is to the required side. Thus we have 



whence 



and 



whence 



AnAimiB^aih 

asin-B . . 

= — : — T = a Sin -o cosec A 
Bin A 

sin J.: sin 0=^a:c 



(244) 



a sin (7 
sin J. 



= a sin (7 cosec A 



(245) 



Examples. 

1. Given ul = 50° 38' 52", B « 60° V 25'' and a = 412-6708, 
to find (7, ( and c. 

A + B^ 110° 46' 17" 

(7= 69° 13' 43" 



By (244). 
^ = 50° 38' 52" log cosec 0.1116730 



5 = 60° 7' 25" 
O = 69° 13' 43" 
a = 412.6708 



log sin 9.9380702 



log 2.6156037 

log 6 2.6653469 

b = 462.7505 



By (245). 
log cosec 0-1116730 

log sin 9.9708129 

log 2.6156037 

log c 2.6980896 

(? = 498.9875 
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2. Given A * 100° 16' 35", B 
find a and c. 



25° 16' 13", and 5 = 29-167, 

Ana. a = 67-22857 
c = 55.59178 



180. Case L Given A,JB and a. Second solution. Wo find C7 =: 180® — (^ + jB) ; 
then, by (233) and (284) 

cos } (5 — C^ 



6+c 



( — ess a 



cos i{B+C) 

Binj (B—C) 
8ini(iB+ q 



cos} (jg— C) 
sin } ^ 

sin} (^—(7) 
cos } ^ 



(246) 



(247) 



which give the snm and difference of the required sides ; adding half the difference 
to half the sum, we find the greater side, and sabtracting half the difference from 
half the sum', we find the less side. 

131. Case I. Given ^, jSand a. Third Solution, When A and B are nearly equal, 
and great accuracy is desired, we may compute the difference between a and b ; for 
We have, from (244), 



a sin B 

a — b s± a : — J- == a 

sin A 



nin A — sin .g 

sin^ 



or 



_. 2 a cos } (^ + B) sin } (^ — B) 

smA 



(248) 



log 2 0-8010800 


0-80103 


log cos 9-9098720 


9-90987 


log sin 6-5423088 


6-54280 


log 4-4190788 


4-41908 


log 1-4066288 


1-40652 



/Example. Given A » 86® 40^ 12"-8, B s= 85® 87' 48"-6, and a sm 26246-948. 

^ s 85® 40' 12"-8 log coseo 0-2342442 0-23424 

B s 36® 87' 48"-6 
} (^ + 5) =3 35® 89' 0"-5 
} (^ — 5) = 0® 1' ll"-9 
a » 26246-948 

a — 6 = 25-499 
b SB 26221-449 

One of the advantages of this process is, that a — ( may be found with sufficient 
accuracy with five-figure tables, as in the second column of logarithms above. If a 
had been j^ven to ten figures instead of eight, we should still have been able with 
the seven-figure logs, to find a — & to seven figures, and therefore b to ten figures, 
which could not be done by the ordinary methods without ten-figure tables. 

132. Case XL GUven two sides and an angle opposite one of 
themj or a, b and A. 

To find B. To find the angle opposite the other given side, we 
apply Art. 117, and state the proportion thus : the side opposite the 
given angle is to the side opposite the required angle as the sine of 
the given angle is to the sine of the required angle. Thus, with the 
present data, we have 



a : ( » sin ul : sin jS whence sin B » 

9 r2 



( sin J. 



a 
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» 

To find a We have (7= 180° -{A + B) 
To find c. Having found (7, we now have the data of Case I. : 
therefore, by (246) 

• <? = a sin (7 cosec A (250) 

133. It is shown in geometry that when two ^«-^*- 
sides and an angle opposite one of them are 
given, there may be constructed two triangles, 
as in Fig. 19, whenever the given angle is ^ 
acute and the given side opposite to it is less 
than the other given side. In one of them, the required angle B is 
acute, and in the other it is obtuse, and the two values are supple- 
ments of each other ; for 

These two values of B are given in the trigonometric solution by 
the consideration that sin-B found by (249) is at once the sine of an 
acute angle, and the sine of its supplement, Art. 39. , 

In general, when an angle is determined rig.20. 

only by its sine, it admits of two values, supple- I 
ments of each other, unless the conditions of \ 
the problem are such as to exclude one of these 
values. In the present case, the obtuse value 
of B is excluded when a is greater than J, and 
there is but one triangle whether ui is acute or 
obtuse, as in Fig. 20. 

134. If the given parts were such that 

a = 5 sin J. 

a would be equal to the perpendicular from {7 upon the side c, and we 
Should have but one solution, namely, a right triangle, B and its 
suj)plement both being 90°. 

135. If the given parts were such that 

a < 6 sin J. 

a would be less than the perpendicular from and the problem 
would be impossible. It would also be impossible if a < 6 while 
A > 90^. 

136. When there are two solutions, represent the two values of B 
by B' and B^, then the two values of will be 

(7' = 180° - (^ + £' ) = 180° ^B' -A=^B''-A (251) 
C' = 180° - (A + B") = 180° -B^'^A^-B' -A (252) 




SOLUTION OF OBLIQUE TELINGLES. 

and the two values of c will l!»e 
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c' = a sin (7' cosec A d' ^a sin C" cosec A (253) 

Examples. 

1. Given a = 81.23879, h = 49.00117 and A = 82° 18'; find 5, C 
and (?• 



a = 31.23879 


ar. 


. 60. log 8-5053058 




J = 49.00117 




log 1-6902064 




/I = 82° 18' 




log Bin 9-7278277 




^= 66°56'56".3 




log sin 9-9233399 




JB" = 123'' 3' 8"-7 








C"= 90" 45' 3".7 




log sin 9-9999627 




(7"= 24''88'56".3 






log sin 9-6201962 


log 


cosec A 0-2721723 


0-2721723 






log a 1-4946942 


1-4946942 






log c' 1-7668292 


log c" 1-3870627 






</ - 58-45601 


<r" - 24-88163 



Ant. B = 56° 56' 56"-3 ^ r 5 = 123° 8' 8"-7 

C=90°45' 3"-7 I or J C== 24°88'56"-3 

c= 58-45601 J t c- 24-38168 

2. Given a - -051234, h - .042356, ^ = 55° ; find B, O and e. 

Ant. B = 42° 87' 32''.7 
a=-82°22'27"-3 
C-. -06199202 



8. Given a = .042356, h =» .051234, J. = 55° ; find J?, O and e. 
Ana. B = 82° 14' 35"-7 ^ r 5 = 97° 45' 24"-3 
(7 = 42° 45' 24"-3 .or^ C = 27° 14' 85"-7 
c= -03510331 c- -02366998 



4. Given a - 40, 6 - 50, A = 58° 7'48".4; find B. 

An$. B — 90°. 

5. Given a =■ 40, 5 =» 50, J. — 60° ; solve the triangle. 

Ana. Impossible. 

6. Given J — 40, c — 50, 5 — 100° ; solve 'the triangle. 

An9, Impossible. 
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Kg- 21. _. 137. Case II. Given a, ft and A Second Solutwn. We 

may solye, separately, the two right triangles APCy BPC, 
Pig. 21, which is a conyenient method when there are 
two solutions. We first find B by (249) ; then we have 

^P = 6cos^, ^PsacosJS 

and cs=^P+iBP 

The ooBone of the obtnseyalne of B is negative, (Art. 89), so that J?P is then nega- 
tive, and we have the two values of c from the formula 

e^APdzBP 
There will be but one solution, if B P> A P, for e cannot be negative. 

138. Case III. Criven two sides and the included anghy or a, b and (7. 
To find A and B. We have first 

A + B = 180° - C 

from which we next find the half difference of A and B by the 
theorem of Art. 118, which gives 

a + J : a — 6 == tan J (^ + 5) : tan J (ul — J8) 
tanH^-5)=^jtanH^ + ^) = ^cotJ(7 (264) 

The half difference added to the half sum gives the greater 
angle, (opposite to the greater given side), and the half difference 
subtracted from the half sum gives the less angle. 

To find c. We have the data of Case I., and therefore 

c = a sin (7 cosec J. = 6 sin (7 cosec B (255) 

Examples. 

1. Given a = -062387, b = -023475, and = 110^82'; find J, B 
and c, 

ul + J5=180°-(7=69°28' 

ar. CO. log 1.0661990 

log 8.5900836 

log tan 9.8409174 

log tan 9.4972000 

log cosec 0.5269189 

log sin 9.9714931 

log 8.3706056 

log 8-8690176 

Ans. A = 52° 10' 33" 
5 = 17° 17' 27" 
c = .0739635 



a + J = 


•085862 


a-6=. 


•038912 


i(^ + 5) = 


34»44' 


H^--B) = 


17° 26' 33" 


A^ 


52° 10' 33" 


B=' 


17° 17' 27" 


= 


110° 32' 


6 = 


.023475 


C =B 


.0789685 
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2. Given a - 31-0005, h = 15.1101, C = 10° 15'; find A and B. 

J5 = 90 27'46".3 

. 3. Given a = 2463878, h =- 9-021875 and (7 = 74° 9'4".2 ; find 
A and ^. 

^JM. ^ = 15°60'55".8 
5 a 90° 0' 0" 

4. Given h = 15-1101, c= 31-0006, A = 10° 15'; find 5 and C. 

Am. 5 =» 9° 27' 46"-S 
= 160° 17' 13"-7 

139. Haying found A and B m above, the molt oonTenient mode of flndiog e is by 
(233) or (234), whioh pre 

,_/'-. J- AN coa } (-^ + -B) ,,--» 

% 
/ rx Wn } M + -B) ^«r.v 

%-= (« - *) riH-jiz^^) (257) 

for we have, from the process of finding A and B^ the log. of a '\' h^ or ot a — 5, 

and the yalues of } (il -|~ ^) ^^'^ h {^ — -^)» ^^ ^^^ ^® ^^"^^ ^^7 ^'^^ ^®^ ^^S^- ^ 
£nd, which are taken out at the same opening of the tables with the tangents of 
} (^ + 5) and} (-4— 5). 

140. Case III. Given a, h and O. Second Solution, When a 
and h are given by their logarithms, which occurs when they are 
deduced by a logarithmic process from other data (as, for example, 
in the computation of a series of triangles in a surv^), we proceed 
as follows. Let x be an auxiliary angle, such that 

tan ar === y (268) 

an assumption always admissible, since a tangent may have any 
value from to oo • 
We deduce 

tan a; — 1 a — 6 
tan x + l a + h 

or by (152) tan (a: - 45°) = ^ 

which substituted in (254) gives 

tan J (Jl - J5) « tan (a;- 45^) tan J {A + B) (259) 



^ 
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, We find X from (258) and employ its value in (259). As this 
method does not require the preparation of a + 6 and a — 6, it is 
quite as short in practice as (254). 

Example. 

Given log a = 8-7950941, log J = 8-3706056, and (7« 110° 32'. 
(Same as Ex. 1. Art. 138.) 

log a = 8-7950941 

log h ^ 8-3706056 

X = 69° 22' 46"-8 log tan 0-4244885 

a: - 45° = 24° 22' 46"-8 log tan 9-6562825 

J (A + 5) = 34° 44' log tan 9-8409174 

J (A - £) = 17° 26' 32"-9 log tan 9-4971999 

141. Casb III. Cfiyen a, b, and C. Third Solution, To express A ox B direotly 
in terms of the data, we haye, from (218) and (224) 

e sin ^ ^ a sin C * 

e cos A^ b — a cos C 

the quotient of wMcIi is 

tan ^ Bs -r ^ (260) 

b — a cos C ^ ' , 

and in the same manner 

. r» b sin C /o/»t* 

tan jB SB =^ j^ (261) 

a — 6 cos (7 ^ ' 

142. Casb III. Given a, b and C. Fourth Solution, To find e directlj from the 
data, we haye, bj (228) 

d* sss a* + i^ — 2 a5 cos (7 

which, howeyer, is not adapted for logarithmic computation. It may be adapted as 
follows. Substitute bj (139) 

cos (7 s 1 — 2 sin* } (7 

fchen ^ as a* 4- 6*— 2 a5 4- 4 a5 sin* } C7 

-3 (a — . 6)« 4. 4 ab sin* } C 



c«(a-i)J(^l + -^^33^) 
Let X be an auxiliary Itngle, such that 



(262) 



^ - 4 flJ sin* \ C 

{a-^b)^ 



or tan z s ^f^f v^«* (268) 
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then the radical in the aboye equation becomes ^(1 -{- tan' z) as sec x ; therefore, 

c s=a (a — 6) sec z (261) 

143. Wo may also adapt (223) for logarithmic computation by means of (138), 
which giyes 



cos (7 ss — 1 4- 2 cos* i O 



whence 



<i* sw a* + 6* + 2 a4 — 4 04 cos* } C 

*=C- + »)J(l-i^^^,J.-0 ^ (265) 



Let 



2 COB } (7 .—J- ,nea\ 

Buxxss -*-_ ^ ab (266) 

a + 6 ^ ' 

then the radical becomes ^^ (1 — sin* z) ^ cos x ; therefore, 

esss (a+b) cos x (267) 

144. It is to be observed, that the supposition (263) is always possible, since a 
tangent may haye any yalue between and oo , and therefore an angle z may al- 
ways be found haying any giyen number as its tangent. As the greatest yalue of a 
sine is unity, it is not so obyious that the supposition (266) is always possible ; but 
whatever the values of a and b 

(a— 6)«>0 
therefore (a + *)•> 4 ab 

whence — iT**^ 1 

a -\- 

therefore the second member of (266) is always < 1. 

Example. 
Given a s -062387, b » -023475, C a 110» 32'; (same as Ex. 1, Art. 188) 

By (266) and (267). 
a » -062387 log 8-79&0941 

b s -028475 log 8-3706056 

2)7-1656997 

log v^a6 as 8-5828499 
a+b^ -085862 ar. co. log 1 0661990 log 8-9338010 
} C7 =SB 55® 16' L cos 9-7556902 

log 2 0-3010300 
I. sin X 9-7057691 L cos x 9-9352161 

c ss -07896844 log 8-8690171 
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145. Case IV. (}iven the three aideSy or a, b and e. 
To find A, B and C. We have from (227) and (228), 



^j^.j((i^M^) 



<miB-U 



(« — a) (« — c) 



ac 



') 



^i 0-1(^1=^)^) 



or by (229) and (230) 



C09 



M-J(i^) 



COS 



_ //«(«-^) 



i^=J( 



ac 



) 



•-*<'= J (^^) 



or by (231) and (232) 






(268) 



. (269) 



> (270) 



In these formulae s ^ ^ (a + b + e). Either of these three 
methods may, in general, be employed, but (268) is to be preferred 
-when the half angle is less than 45°, and (269) when the half angle 
is more than 45°.* When all the angles are required, (270) will be 
the simplest, as it requires but four different logsr to be taken from 
the tables. It is accurate for all values of the angle. 



* See Art. 112. 
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Examples. 
1. Given a =« 10, 6 = 12, <? = 14 ; find the angles. 

By (268). 

= 10 ar col 9-0000000 ar col 9-0000000 

J - 12 ar col 8-9208188 ar co 1 8-9208188 

<. = 14 ar CO 1 8-8538720 arcol 8-8538720 
2 » =• 86 
«»18 

log 0-9030900 

log 0-7781513 

log 0-6020600 log 0-6020600 



« — a= 8 
«-6= 6 
»— c= 4 



log 0-9030900 
log 0-7781513 



2)9-1549021 2)9-8590220 2)9-6020601 

log sines J A 9-5774510 J 5 9-6795110 J (7 9-8010300 
J ^ = 220 12' 27".6 J5=»28033' 39".0 J C = 39<' 13' 53"-5 
J.=.44°24'55"-2 5 =-57° 7'18".0 C=4» 78° 27'47"-0 



Verifieation. 



A + B+0^\m° 



, » 



2. Given a = -8706, 6 = -0916, c « 



•7902 ; find the angles. 

^rw. J. = 149° 49' 0".4 

J5« 3° V66".2 

(7= 27° 9' 3".4 

8. Given a = .5123864, J « -3538971, c = -3090507 ; find C. 

An%. C « 36° 1810''.2 

146. The computation by (270), when all the angles are required, will be much 
facilitated by the introduction of an auxiliary quantity* 



-J( 



{,-a){t-b){»-c) 



) 



(271) 



from which we find by (270) 



tan \A=z r-> 



tan 1 ^ as r, tan J C sas - 



(272) 



* This quantity r is the radius of the inscribed circle. See (289). 
10 G 



« — a a: 2548-5 
a — b=s 4519-5 
< — c ss 1533-5 
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Example. Given a = 6058, b s= 4082, e a 7068. We find 

« as 8601-5 lu:. CO. log 6-0654258 

log 3-4062846 
log 3-6550904 
log 3-1856838 

2)6-3124846 
logr a 8.1562423 

}^ = 29<»20'54"-47 log tan J ^ = log -^ = 9-7499577 

t — a 

} -B « 17» 35' 81"-70 log tan } 5 « log j^ « 9-5011519 

}C=:43<» 3'38".83 log tan } (7 = log -L- ^ 9-9706585 

' s — c 

Verification. 90*> O' 0"-00 

^^' ^ /y ^^'^* "^^^ ®*^® where the three sides are given is some- 

times solved as follows. From C, Fig. 22, draw CF 
perp. to c. Then 

-^ ^B AC*=sAP»+CF*, BC*=:BF*+CP* 

the difference of which is 

AC'' — BC*=zAP^--BP* 
or (AC+'BC) (AC—BC) » (AF+BP) (AF—BF) 

and if AF — BF = d, this equation gives 

Then, since -4P + i?P = c, and ^ P — BF s=s d,we have 

^P=}(c+rf), jBP«}(c — c?) (274) 

and in the right triangles A CF, BCF 

A -4^ ^ BF 
cos -4 SB -^, cos jB as (275) 

80 that (273), (274) and (275) solve the problem. When d>c, BF is negative, 
cos B is negative, and B is an obtuse angle, (Art. 39). 

Area of a Planx Tbiangle. 

148. Representing the area by iT, and the perpendicular CP, Fig. 22, hyp, we 
have, by geometry, 

K^icp (276) 

In the triangle A CF, we have^ ss b sin'^, whence 

Kss^besmA (277) 

by which the area is computed from two sides and the included angle. 
Substituting in (277) the value of sin A from (239), 

^= ^[*(«- «) («- i) («- c)] (278) 

by which the area is computed from the three sides. 
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MISCELLANEOUS PROBLEMS RELATING TO PLANE TRIANGLES. 

149. In a given plane triangle^ to find the perpendicular from one of the anglee upon 
the opposite aide, 

Jtetp be the perpendicalar from C upon e. We haye 

p:=2bBmA (279) 

or by (289) and (278), 

/, = A^[*(,-a)(,~6)(,-c)]=^ (280) 

the expression forp in terms of the three sides, where e ^ ^ (a-\- b -{- c) and JTis 
the area of the triangle. 

^ a 

If we substitute in (279) sin ^ ss — sin C, it becomes 

/> = - sin (7 (281) 

or, if we substitute the value ot b sa c -. — -p, 

Binc7 

sin A sin B sin A sin B /noox 

When the triangle is right-angled at C, (282) becomes 

p ^ cbIrA cos A ss -^ sin 2 ^ 

the expression for the perpendicular upon the hypotenuse. 

160. If p', p"t p"\ denote the perpendiculars upon the sides a, 6, c respeotiyelj, 
we have from (280) 

i+ i + 1 =.^±l±f = J- (288) 



76 



PLANE TRIGONOMETRY. 



151. To find the radiut of the circle circumecribed about a plane triangle. 



Fig. 23. 




The center of the circle, Fig. 23, lies in the perpen- 
dicular erected from the middle point of one of the sides, 
as A B, Let the radius as 22. We haye, bj geometry, 

AOD:=:^\AOB^ C 

and in the triangle AOD, 

'Ann ' n ^^ * 

sin^0/> = sinC7 = ^=^ 



whence 



R^ 



2 8in C7 



(284) 



Substituting the value of sin C from (241), 



R^ 



abc 



abe 



4\/[«(«— «) («—*) («— c)] 4 j: 



From (229) and (230), we easily find 



COB i A COB^ B COB } (7 =5 



abc 



(286) 



which combined with (285) gives 



R=z 



4 cos J ^ cos i B ooa i 



* 152. To find the radius of the circle inscribed in a plane triangle. 



(286) 



Fig. 21. 




The required center 0, Fig. 24, is in the in- 
tersection of the three lines bisecting the angles, 
and each of the perpendiculars i>, JS, OF, is 
equal to the required radius = r. The value of 
OF in terms of AB ^z c, OAB « } ^, and 
^ OjB^=s}jBisby (282) 



sin } ^ sin } ^ sin } ^ sin } ^ 

^'^^' BinJ(^ + ^) —^ cosT^ 

This is reduced bj means of (236) to 

r SB (« — c) tan i O 

Substituting the value of tan i (7, 



(287) 



(28.8) 



/ / (e^)(e^b)(,^c) \K 



(289) 



This is reduced by means of (231) and (232) to 

f ss « tan } A tan ^ B tan } 



(290) 
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153. Besides the inscribed circle, atrictlj so called, there are three other circles 
that touch the three sides, (or sides produced), and are exterior to the triangle, as 
in Fig. 26. These haye been named eaeribed circles. Their centers are found 

Fig. 25. 




geometrically, by bisecting the exterior angles BCC\ CBB*, 9te, Designate th< 
centers of the circles lying within the angles A, B^ and (7 respectiyely, by Cy, 0", 
and (y'\ and their radii by r', r'', r"'. We find the perpendiculars from (^, &c., 
upon B C, &o. by (282) to be 



f^'sft 



jn 



COS \ B eo^\ C 
"siny ("^ + ^' ) 

COS } A cos } O 
sin i (^ + C) 

cos } A cos \ B 



SB a 



s h 



COS ^ B eon^ O 



sin } (^ + ^) 

By means of (285) we reduce those Talues to 

r' ss « tan } J, r" rs 9 tan \ B, 
Substituting the yalues of tan } ^, &c. 





COS 


M 


cos 


M 


COS i C 




COS 


iS 


cos 


iA 


COS i B 



' (291) 



COS i C 



r''' a « tan } (7 



(292) 



^^ f / *(* — g)(* — \ K 



r 



(293) 



g2 
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Also, by means of (236) applied saooessivelj to a, 5 and e, we may reduce (291) 
to the following: 

r' as (« — a) tan jt ^ oot jt ^ cot } (7 
r'' ss: (« — 5) cot } ^ tan } ^ cot } C 

¥'* as (« — e) cot } ^ cot } ^ tan } (7 

154. Relations between the radii of the cireumterUted, inecribed^ and three eecribed circles 
of the preceding ar^icUf and the three perpendiculars from the angles upon the opposite 
sides. 



1 



(294) 



The four equations of (289) and (292) give 



rf'f'W 



'/ -»// 



s{s — a) {s — b) {s — c) 
Dividing this successiyely by r', r**, &c. 



r 
r" 






(*-«)• 



(2961 



= (,-6)« 






(296) 



Again, we haye, (Art. 127), 

tan } ^ tan jt ^ 4- tan jt ^ tan } (7 + tan } ^ tan } (7 s 1 
and substituting in this the yalue of the tangents from (292) 

^ r" +y r"' + i'' i'" = «• =5 — 



^ T ^, T ^„ ^ 



(297) 



From (292) we find 

tan}^ 
tanj"fi 



r'' tan } u4 s f' tan } ^ 



from which it follows that in Fig. 25, the distances A D and Biy, are equal (D, ly 
being the points of contact of the circles O', (X' with A B produced), and therefore 
BD=zAiy, Other curious geometrical properties may be traced with the aid of 
our equations. 
From (284), 

4 sin i^ ^ COS i^ ^ 4 sin j^ ^ cos j^ J9 4 sin ^ C7 cos i^ C7 

which combined with (287) and (291) give, by Art. 127, 



-=r- SB 4 sin } it sin } ^ sin } (7 =s con A -^^ cos B -^^ cos C — 1 



R 
R 



4 sin } ^ cos } j9 cos j^ (7 SB — cos A'\- cos B-^- cos 0-^-1 



^ ai 4 cos } ^ sin J j9 cos } (7 as cos A — cos B-\- cos C '\-\ 



^ as 4 cos } ^ cos } B sin J (7 



cos A'\' cos B — cosC-\-\ 



(298) 
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Changing the signs of the first of these equations, the sum of the four is 



R 



b4, 22 = l(f'+r" + r'" — r) (299) 




Finally, if p\ p*% p'" denote the tliree perpendiculars from the angles upon the 
sides a, b, c respectiyelj, we haye by (283), (289) and (297) the following relation : 

•y"T"p>+y?7 ^TT + pJ + p;?™"^ (299 ) 

155. To find the dittanee between the center 9 of the circumscribed and inacribed circlet,* 

Let P, Fig. 26, be the center of the circumscribed, 3^ie* 26. 

and 0, that of the inscribed circle. Put PO sst D. 
By Arts. 151 and 152, 

/'^5=i9(y»— C, OAB^\A 

whence 

P^O = 90« — (7— J^=s}(^— C) 

and by (221) 

P 0* as PA" + OA* -'2PA. OAcobPAO 

or jy^jg*! "^ 2RrcoBi(B^C) 

* sin* J -4 sin ^ J. 

Br r298^ »* _ 4 gr Bin t i? sin } g 

therefor, i^ „ 5. _ 2±^^JL(^+£) 

Sin ^ ul 

or /)• =s iP — 2 iZr (800) 

156. Let PO' =: ly. Fig. 26, 0' being the center of the escribed circle lying 
within the angle A, If r' = radius of this circle, we haye, as in the preceding 
article 

■ 

r** 4 i?/ cos } P cos J (7 



sin* i -4 "" sin J 4 

/>'* ==P*+2Pr' 

/>"• =1 P* + 2 Pr" ). (301) 

iy"* = P* + 2 Pr'" 



J 



* Hymers* Trig. Appendix, Art. 68. 
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the expressions for the distances of the centers of the three escribed circles from 
that of the circumscribed circle. 

The sum of (800) and (301) giyes by (299) 

2>« + J9'* +/>"•+ i^"* =s 12 ^ (802) 

157. Given two sidu of a plane triangle and the difference of their opposite angles^ (or 
a, h, and A — B)^ to solve the triangle. 

We haye ^ (A -]- B) directly from (220), which also solves the case where two 
angles and the sum or difference of two sides are giyen. 

158. Given the angles and the sum of the sides, (or A, B, (7, and a -]- b -{- e ss 2 s). 
By (286) 

sin iC 



C ss « . 



cos i^ ^ cos } ^ 



and a and b are found by similar formulae. 

159. Given one angle, the opposite side, and the sum of the squares of the other two 
sides, (or C, c, and a* + i* =a «■). 
In the identical equations 

(a + 6)« = «• + 2 aJ, (a — &)• = «• — 2 oA 

substitute the value of 2 ab given by (228), namely, 



2ab 



cos C 



wefind (a+6)««ei + ^_i' (a — 6)* = «» — f^ — ^ 

' ' ' cos C7' ^ ' cos (7 

which determine a -{- 5, and a — b, and therefore a and b, \ 

To compute these equations by logarithms, let 

«• — (^ (e+c) (e—e) ,^^^, 

/ s ^ =s n ' (808) 

^ cos coa C ^ ' 

then {a + b)*=z^ + g*, {a -^ b)* ^ ^ ^ g* 

that is a -{- ^ is the hypotenuse of a right triangle whose sides are e and g ; and 
a — 5 is one side of a right triangle whose other side is g, and whose hypotenuse is e. 
Let the angle opposite g be denoted by z in the first triangle and by z' in the second, 
then by the formulae of right triangles 



a 

tan zas~ a-\- b ss esecx 



a 
sinz'ss — a — b ^ e cos x' 



(804) 



so that the problem is solved by logarithms by finding log g from (808) and em- 
ploying its value in (304). 

The above may serve as an example of a geometrical method of introducing the 
auxiliary quantities, which is occasionally useful. The analytical process in the 
present instance is similar to that of Art. 148 ; thus 

a+i = .J(l+J) a-*-.J(l-f) 
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therefore if tan a; ^ — we have / ( ^ + ^) ^^ 



sees 



»nd if sin a/ ss — we have / f 1 — ^ ) ss 008 a/ 

whence the same formnlsD as before. 

160. (riven an angUf iU oppoiiie nde, and the difference of the tquares of (he other two 
eidee, (or (7, c, and a* — b* = /•). 

We haye bj multiplying (233) bj (234) 

sin {A — B) o* — 5» /« 
sin C "" c* "" q* 

sin (^ — J9) =s ^ sin C 

whence A — B, and since A-\- B =* 180^ — C, the angles are determined. There 
will be two solutions giyen bj sin (^ — B) except where the obtose value of A — B 
is greater than A -\- B, 

161. Given the three perpendiculars from the three anglee upon the oppoeiie eidee. 
Denote the perps. upon a, b and e respectiyelj bj a', b' and ef, and let 

a" SB ■- , b" as — , C" asB i 

»=^, *'«^,» *'^c' 

If A; as 2 area of the triangle 

aa' zsxbb' ^ce :B,h 

and therefore 

a » t^k, b = 5'' it, e » e^'ib 

Substituting these yalues of a, 5 and e in (225), (227,) &c. 

cos ^ = — ^ViV^ . sin« M = ^ ^.^i^ -% &c. 

in which 2 «" = a" + ft" + c^. 

162. (rtven /As ra<ftt of the circumscribed and inscribed eireleSf and the perpendicular 
from one of the angles upon the opposite side^ to solve the triangle. 

Let e be the side to which the perpendicular (p) is drawn. We have found for jB, r 
and/> the expressions 



Rz=z 



2 sin C7 ~ 2 sin (4 + i^) — 4 sin J (-4 + jB) cos } (il + -B) 

sin j^ il sin } J? 



rsB e . 



sini{A+ B) 
sin A sin B 



€ . 



Bin{A+B) 
11 
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Eliminating e, we have 



~^ a-a sin A sin Zf 



im) 



R 



3si^coa\{_A-\- B)Aa.\AmJi\B 



(«) * 



from which two equations A /and B are to be found. Developing cos ^{A •\' B)^ 
(n) becomes 

-T- ass 4 sin j^ ^ cos j^ it sin } j9 cos } if — 4 sin* \ A sin* } B 

^z am A sin B — 4 sin* } ^ sin* } B 
which subtracted from (m) gives 



p—2r 
2B 



s 4 sin* i ^ sin* i B 



W 



Diyiding the square of (m) by (o), we find 



2R{p — 2r) 



:s 4 COS* i A COS* i B 



whence 



smM8iniiJ = Jp-^') = 



j» — 2r 



2v/[2 2J(/>-2r)] 



COS } it COS } B as 



2^[2i2(/i-2r)] 
The difference and sum of these twY> equations give 

cos } (-4 + -B) 



cos } (^ ~ ^) as 



^[2i2(;>~2r)] 



(305) 



which determine \{A-\' B) and } (^ — B) and therefore ^ and B. The sides 
are then found by the formula 

« s= 2 JR sin C7 



Pig. 27. 




163. In a given plane triangle ARC, Fig. 27, to find a 
point 2r ^uh that the three lines dr^twn frcm this point to the 
angles A, B and C shall make pioen angles toith each other. 

Let the given cugles be ^P (7 ss « ^ and APC ss ^ 
and the required angles PAC^^z P BC ^ss y 

The sum of the angles of the quadrilateral A CBP is 



tvrhence 



a; + y+A + ^+ C=360° 
J(a; + y) = l«0O-.}(* + ^+O 



(306) 
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In the triangleB APC, BPC,yfe have 

& sin X a sin y sin x 



PC^ 



sin/g 



Bin jc 



amy 



sin fit 



m 



from which 



Bin X 4" 8in y tan } (x + y) w+ 1 

sin a; — sin y tan J (x — y) "" to — 1 

TO ~~ X 

tan } (x — y) =5 _ , ^ tan } (x + y) 



TO+1 

To compute this equation bj logarithms, let 

a sin /8 



tan }. ss TO ss 



6sini 



then by (162), tan } (x ~ y) s= tan (> — 46*>) tan } (* + y) 

80 that the angles x and y are found by (306) and (307). 
164. The following problems are proposed as exercises. 
In a plane triangle ABC — 
1. Giyen e, the perp. upon e ^ p and a'\-b sBfn. 

4;?* 



Bin'X sas 



(to + c) (to — c) 



tan} (7 as 



a — 5 ss e 008 X 



2pc 



(to +*')(** — ^) 
2. Giyen e, the perp. upon c ssp, and a — & s=s n. 

4jp» 



tan*x 



(c + n) (c — n) 



a 4-5 as c sees 






8. Given C, e, and oi as g*. 

25^ 

tan X as — 



cos i C 



a^ b ss eseex 



2 a 
Bin x' = — ^ sin } (7 
c 



a — 



4. Given C7, the perp. from C ss p, and a 4* * 



m 



tan X ss — tan J (7 



6 SB e cos x' 

t TO. 

I TO tan }x 



6. Given (7, the perp. from C ssp, and a — b ^ n. 



tan X 



cot} C7 



e ss fi cot } X 



. 6. Given c, C, and a 4- & »» *"• 

TO 

<,os}(^ — .B)sB-sin}C 

c 



a — 6 



sin H^ — ^) 
cos } C7 



. (307) 
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7. Given e. A, and a'\- b ss m, 

HI — c 
tan } ^ =3 — - — cot I A 
in + c ' 

8. Given a + '^ as m, the perp. upon c :s ^, and the difference of the segments 
of ess d. 



= -J0-;^) 



' ^ ^ ■* -J L(i»*— <*•) K — <i» — 4jf)J 

.tan } (>! - -B) = -^^, 
or with an anziliary angle 

tan J (-4 + -5) = 2~ ""^ * **^ * ^^'^ i ("^ — '^) =* 9~ *"^* * 

9. Given the perimeter =3 2 «, C7, and the perp. from C :xs p» 

p 

tan* z as t;— cot i C c ss t cos* z 

2 « * 

10. Given «, a -j- & bb m and the radius of the inscribed circle ^ r. 

sin Z ass / ( ■ I a — 6 sas C COS z 

e N \»i — ej 

tan i C ^ 

m — c 

11. Given e, a — 6 := n, and the radius of the inscribed circle sss r. 

tanz = (^ + ")^(^""') a + 5 = ccot (z-45«) 

12. Given the radii r^, r", /", of the three escribed circles. (Arts. 158, 154). 



tan* } ui aar 



r'r"+r'T'" + r"r"' 



165. (?tvm Me sidet of a quadrilateral inscribed in a circle, to find its angles and area. 
ng.28. In Fig. 28, let^^rasa, BC^ b, CDssc, DA sas d. 

Let 2 s sss a'{- b-\- c+d and K aa area of ABC J>; then 
from the triangles ABC, ADC, observing that B as 180®— i> 
\ we find 

(« — c) (« -J- d) 
£ = ^H*-a){*-l-)(,-e){*-d)} (808) 
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CHAPTER X. 

SOLUTION OF CERTAIN TRIGONOMETRIC EQUATIONS AND OF NU- 
MERICAL EQUATIONS OF THE SECOND AND THIRD DEGREES. 

166. The solution of a problem in which the unknown quantity 
is an angle, often depends upon that of one or more equations, in- 
volving different functions of the angle, which cannot be reduced bj 
merely algebraic transformations. We shall select a few simple ex- 
amples of such equations from among those that most frequently 
occur in astronomy. 

167. To find zfrom the equation 

sin (flft + 2) = wi sin z (309) 

in which « and m are given. We have, by (119), 

sin ( ^ + 2) = sin a, sin z (cot z + cot«) 
which becomes identical with (309) by taking 

sin A (cot 2 + cot *) = m 
whence the required solution 

vn 

cot Z = -: cot A (310) 

sinaft ^ ' 

If the proposed equation were 

sin (^ — 2) = m sin 2 (311) 



we should find 



AM 

C0t2=i-r— + C0tfl6 (312) 



smofr 



Unless z is limited by the nature of the problem in which these 
equations are employed, there will be an indefinite number of solu- 
tions ; for all the angles z, z + 180°, z + 360°, z + 540°, &c., in 
general ^11 the angles z + n tc have the same cotangent. [See 
(68), (79).] In most cases, however, we consider only the first two 
of these solutions, taking the values of z always less than 360°. 

H 
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Similar remarks apply in all cases where an angle is determined 
by a single trigonometric function ; but if the problem is such as to 
give the values of two functions of the required angle, as the sine and 
cosine, the solution is entirely determinate under 360°, since there 
cannot be two different angles less than 360° that have the same 
sine and cosine. 

168. The solution of the preceding article requires the use of a 
table of natural cotangents ; to obtain a formula adapted for logar- 
ithmic computation entirely, we deduce from (309) the following 

sin (tf& + g) + sing _ m + 1 
sin (flt + 2) — sin 2 w — 1 

But by (109), if a; =s ^ + g, y s= g, we have 

sin (fit + 2) + sin z _ tan {z + \») 
sin (flft + 2) — sin z tan J a, 

which substituted above, gives 

tan (2 + i fit) = =- tan i « 

which determines z + ^ ch whence z is found by deducting J «. 

The computation of this equation is facilitated in most cases by 
introducing an auxiliary angle, such that 

tan ^ ss ?7i 

an assumption always admissible, since while the angle varies from 
to 90° the tangent varies from to 00 , so that an angle ^ may 
always be found having any given number as its tangent. 
We have then by (152), 

m + 1 tan(p + l ^, .-o. 

=- = - — ^ — =- = cot Up — 45°) 

m^L tan ^ — 1 ^^ ^ 

and the preceding solution becomes 

tan (p = ?n, tan (2 + J «) = cot ((J — 45°) tan J « (^13) 

The logarithmic solution of (311) is found in the same manner 
to be 

tan <{> =s ?w, tan (2 — | c*) = cot (cp + 45°) tan J <» (314) 
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169. To find zfrom the equation 

tan (^ + 2) = wi tan z (315) 

We deduce 

tan (fl6 + 2) + tan z ^ m +1 
tan (06 + 2) — tan z w — 1 

80 that bj (126) and (152) the solution is 

tan (p = wi, sin (^ + 2 2) = cot (<{> — 45°) sin <x, (316) 

170. To find z from the equation 

tan {a + 2) tan 2 = m (317) 

We deduce 

1 + tan {oL + 2) tan z ^ 1 + m 
1 — tan {ct + 2) tan 2 "" 1 — w 

so that by (127) and (151) the solution is 

tan ^ = m, cos (<» + 2 2) = tan (45° — (p) cos «& (318) 

171. To find z from the eqtuUion 

sin ( A =1=2) 81112 =s III (319) 

By (108) we find 

cos A — cos (« db 2 2) s: =b 2 sin (« d= 2) sin 2 SB d= 2 m 
whence cos (« ib 2 2) ss cos « =p 2 m (319*) 

whicli determines a db 2 2, and hence 2 2. 

From (319*) we haye four yalues of a db 2 2 between 0^ and 720^ ; therefore, four 
Talues of 2 2 between the same limits, and four yalues of 2 between 0° and 360°. 

In general, we shaU have four solutions under 360° in all cases where the double 
angle is determined by a tingle function. 

The logarithmic solution of (319) yaries with the signs of m and 2. Thus, if the 
equation is 

sin (« 4- 2) sin 2 =: III 

m being essentially positiye, we have by (133) 

cos* } A — cos*' (2 -f- } «) :s sin (a -f- 2) sin 2 s: m 

cos* (2-4- } ct) sa COS* } A — m 

and by (133) again this is solved by 

cos* ^ =r »», cos* (2 4- } *) 5= sin (0 + J a) sin (^ — J a) 

and the other cases are solred by similar methods. 
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172. The preceding examples will suffice to indicate the method to be followed 
with all the equations of the following table. The solutions of the equations inyoly- 
ing cosines may be obtained from those involving sines, by exchanging z for 90° =b z^ 
or <L for 90<* db «. 

Logarithmic solutions of the first four will be obtained by imitating the process of 
Art. 171. 



Equations. 



1. sin (et 

2. cos(de 
8. 8in(fli : 

4. cos (fli 

5. sin (dt : 

6. cos («t : 

7. sin (* : 



: 2;) sin 2 ss f» 
: z) cos 2 = m 
:z) cos 2^^ m 
: 2) sin z zs m 
: 2) =: m sin 2 
\z) =s m cos 2 
z) •ss:.m cos 2 



8. cos (« db 2) ^ m sin 2 

9. tan («t db 2) tan2 s=s m 
10. tan (« db 2) s=: m tan 2 



Solutions. 



cos (:( d= 2 2) SBB cos A qp 2 m 

cos ( A d= 2 2) ss 2 m — cos a 

sin (at d= 2 2) ss 2 m — sin « 

sin («t db 2 2) s= sin « db2 m 
tan ass m, tan (2 dr } «) s=r cot (^ qp 45°) tan J a 
tan^ ass my tan (} «t db 2) ^ tan (45° — 0) cot J a 
tan0 ^ m, 

tan (45° — } « =p 2) = tan (45° — ^) tan (45° + } *) 
tan ss m, 

tan (45° — } a zp 2) = tan (45° zp 0) tan (} « — 46°) 
tan ass ffl, cos (i£ db 2 2) ^ tan (45° qp 0) cos « 
tan sss m, sin (2 2 dz «) ss cot (^ qp 45°) sin « 



In the numerical solutions the signs of the angles and their functions must be 
carefully observed. The signs of the functions should be prefixed to their logar- 
ithms, according to Art. 99. 

The auxiliary angle may be taken numerically less than 90° in all cases, but 
positive or negative according to the sign of its tangent. It can easily be shown 
that we shftU thus obtain the same values of 2 as by taking ^ in the 2d quadrant 
when its tangent is negative, or in the 3d quadrant when its tangent is positive. 

Example. 

' Find 2 from (817) when « = 65° and m = 1-5196154. By (318) 
*' log tan ss log «i* + 0-1817387 

56° 89' 9" 

45° — —11° 89' 9" 

log tan (45° — 0) — 9-8143426 

log cos « -f 9-6259483 

log tan (45° — 0) cos a s log cos (« + 2 2) — 8-9402909 

« + 2 2 . 95° or 265° or 455° or 625° 

« 65° 

2 2 80° or 200° or 890° or 560° 
2 16° or 100° or 195° or 280° 

* It must be remembered that in this employment of the signs -j" and — , these 
signs belong to the natural numbers ; and when the logs, are added or subtracted, the 
sign of the result is to be determined according to the rules of muUipUeation and 
divixion in algebra. 
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173. To find zjrom the equation 

sin (a-{- 2) ss m sin (0 -{- 2), 

Pat ^ ^ ^-\- Zy a' SB A — ^, then this equation becomes 

sin («' -\- z^) ssi m %m ^ 

which is of the form (309) and may be solved by (809*) or (311) ; then 2 = a' — ^. 
In the same manner equations of this form, inyolying cosines or tangents, may be 
reduced to thoisi^ of the preceding table. 

174. To find k and zfrom the equations 

k sin z =^ m 



I. r (320) 



We have, by division, 



m 

tan 2 = — 
n 



which gives two values of «, one less, the other greater than 180°; 
whence, also, two values of k from either of the equations 



-771 n 

k =s 



sin z cos z 

The solution becomes entirely determinate {z not exceeding 360°) 
as follows : 

1st. When the sign of k is given. For if k is positive, sin z has 
the sign of m, and cos z the sign of n, and z must be taken in the 
quadrant denojted by these signs. If k is negative, the signs of sin z 
and cos a are the opposite to those of m and n, and z must be taken 
accordingly. 

2d. When z is restricted hy either the condition z < 180°, or 
z > 180°. For under either of these conditions the tangent gives 
but one solution. If 2 < 180°, k has the sign of m ; and if 2 > 180° 
k has the opposite sign to that of m« 

3d. When z is restricted to acute values^ positive or negative. For 
under this condition a positive tangent will give z between 0° and 
+ 90° ; and a negative tangent, between 0° and — 90° ; and k will 
always have the sign of n. 

It follows that m and n being any given numbers whatever, we 
may always satisfy the conditions expressed by (320), 1st, by a posi- 
tive number k and an angle z between 0° and 360° ; 2d, by a num- 
ber k (unrestricted as to sign) and an angle z < 180° ; 3d, by a 
number k (unrestricted as to sign) and an angle z > 180° ; and 4th, 

by a number ky and an angle z in the 1st or 4th quadrant. 
12 h2 
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Example. 

To find k and z from (320), {h being a positive number), when 
m = - 0.3076258, w = + 04278735. 

* sin 2 — 0.3076258 

* cos 2 + 0.4278735 
(a) log * sin 2 — 9-4880228 
(6) log * cos z + 9.631314T 
(a) - (J) log tan z — 9.8567081 

z 324° 17' 6".6 

((?) , log sin z - 9-7662280 

(a) - {e) log A + 9.7217948 

h + 0.5269808 

Upon this problem and the deductions we have made from it, rests 
the method of introducing the auxiliary angles required in solving 
many of the formulae of spherical trigonometry. It is applicable 
to any equation that can be reduced to the form of that solved in 
the following article. 

175. To solve the equation 

wi cos 2 + w sin 2 = J (321) 

iTij n and q being given. 

The first member will be reduced to the form k sm {<p + z) by as- 
suming k and ^ such that 



k sin (p ==.»i, A: cos $ = n (322) 



whence 



k sin Q0% z + k cos <() sin 2; » g 

* 

sin (^ + 2) = -| (328) 

Therefore, if k and (p be found from (322) by the preceding ar- 
ticle, {k being limited to positive values), we can then find by (323) 
the value ^ + z and therefore of a. There will be two solutions 
from the two values oi ^ + z given by (323). 
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If we restrict (p to values less than 180°, (as we may do accord- 
ing to the last article), we may find it by the equation 



and then 



m 
tan ^ = — 



sin ((p + 2) = ~ sin (p = ~ cos $ 



. (324) 



and in this form it will be unnecessary to find A.* 

Example. 

To find z from (321) when w = - 1-0498332, w = + 0.7466898, 
and J = — 04316893. 



By (322) and (323). 

log m = log * sin <{> —0.0211203 

log w = log A cos (p + 9-8731402 

log tan (p —0.1479801 

<p 805° 25' 20" 

log sin (p —9.9111059 

log * + 0.1100144 

log J -9.6351713 

log sin (<p + 2) — 9-5251569 

, f 199° 34' 40" 

^ I or340°25'20" 

f -105° 50' 40" 

I or 85° 0' 0' 



By (324). 

logTw -0.0211203 

logw +9.8731402 

log tan (p -0.1479801 

(p 125° 25' 20" 

log sin (p +9.9111059 

log^ -9.6351713 

ar CO logw —9.9788797 

log sin ((p + 2) +9.5251569 

. f 19° 34' 40" 

^"*"^ tor 160° 25' 20" 



{ 



- 105° 50'40" 
or 35° 0' 0" 



To avoid the negative value of Zj in the first of these solutions, 
we may take Tor the first value of 

(p + 2, 860° + 199° 34' 40" = 559° 84' 40" 

whence z = 559° 84' 40" - 305° 25' 20" = 254° 9' 20". The se- 
cond^olution gives a like result. 

If we suppose ^ in (324) to be limited to acute values positive or 
negative, we take(p = - 54° 34'40", which gives (p + 2= 199° 34' 40," 
or 340° 25' 20", whence the same values of z as before. 

We may repeat the latter part of the work with cos ^ for verifi- 
cation. 



* The solution is, by (323), impossible when -^ is greater than unity; and by 

adding the squares of (322), A;* ss m* + n* ; therefore the solution is impossible when 
J* > »»» + n\ 
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• 176. To solve the equation 

a sin (x-\- z) -{• b sin (0 -{- z) -{- c am (y-{' z) •{- &c. := q (326) 

Deyeloping by (36) and putting 

a Bin it -{^ b Bin -{• e Bin y -{• &c. ^ m 
a cos A-{' b cos -{' e cos y 4~ &o> = ** 

this becomes 

f» cos z 4" '^ B^ ^ ^ ? 

* 

which is solyed in the preceding article. The same process applies if any or all of 
the terms contain cosines. 

177. To find k and z/rom the equations 

k sin {a-{-z) ssm 
k sin (/?+ «) = » 

The sum and difference of these equations are, by (105) and (106), 

2 * sin [} (o 4- /?) + z] cos } (a — /J) a-a m + n 
2 A cos [} (a + /?) + z] sin } (a — /J) =s in — » 
whence 



} 



(326) 



2 k sin [} {a + 0)+ z-] 



m 4" « 



cos J (o — 0) 



2 k cos [}(« + ^) + «] == - 



m — ft 



sin jt (a — 0) 



(327) 



from which 2 k and } (« 4" /^) 4" ' ^® determined by Art. 174. 'The logs, of the 
second members of these equations should be computed separately, for the purpose 
of readily discoyering the signs of the sine and cosine in the first members. The 
solution is determinate (according to Art. 174) when the sign of k is giyen* 
From (327) we find, by diyision, 



tan [} (« + /^) + 2] == ?-i^ tan}(« — iff) 



m — n 



(828) 



which requires a less number of logs, than the separate computation of (827), but 
we are obliged to refer to (327) to determine (by an inspection of the second mem- 
bers) the signs of the sine and cosine. 
If we assume 



tan ^ ^ — 
m 



we may compute (328) by the formula 

tan [} (a 4- /?) 4- 2] =5 tan (46® + ^) tan J (a — /?) 



(329) 



SOLUTION OP TRIGONOMETRIC EQUATIONS. 93 

Example. 

In (326) given a = 200o, yg ==; 140^ »» = — 0-42345 and n == — 0-20123, to 
find z and A;, h being positive. 

By (327). 

TO -f- n — 0-62468 

m — n —0-22222 

} (a + ^) 170O 

}(«-iS) 80O 

log (m + n) —9-7956576 

log cos } (fl — iS) + 9-9376306 

(a) log2*8in[J(a+/e) + 2] -9-8581270 

log (to — n) —9-3467831 

log sin } (a — i0) +9-6989700 

(ft) log 2 A cos [} (a 4- ^) + 2] — 9-6478131 

(a) — (6) log tan [} (a + yS) + 2] + 0-2103140 

j(a-f-^ + 2) 238«2r38"-6 

2 68° 21' 38"-6 

(c) log sin [} (a + /3) 4- a] —9-9301171 

{p) — {c) ' log 2 A +9-9280099 

2 A 0-8472467 

ft 0-4286234 

178. A more general solution of (326) is the following.* Let y be any angle as- 
sumed at pleasure^ and in (171) let 

a;s=sa + 2, yaayg + ar, 2'=s^+2 

(distinguishing the z of (171) by an accent) ; then we shall find 

sin (a — ;8) sin (^ + 2) = sin (a — y) sin (;3 + 2) — sin (/8 — >) sin (a + 2) 
In this let y (whose value is arbitrary) be exchanged for y + 90° ; then 
sin (a — yg) cos ()/ + 2) =s — cos (a — y) sin (/3 + 2) + cos (/8 — >) sin (a + 2) 
Multiplying these equations by k and substituting tn and n from (826) 
A: sin (« — yg) sin (>. + 2) =: m sin (^ — /8) — n sin (> — o) 
ft sin (a — yg) cos (>, + 2) == m cos (>. — yg) — n cos (}. — «) 

which (}, being assumed at pleasure), determine ft and > + sr. 
If we take 7^ ss 0, we find 

— m sin /g + n sin a 

tan 2 =s ;r^— -! 

m cos /g — n cos a 

If T' s=s a, 

ft sin (a + 2) SB m 

tcos(.+ .) =. """''/• -^>-" }■ (^3^> 

^ ' -^ sm (a — /3) 

If ^ =s /?, we have a similar result. 

If )/ ^ } (a + /9) we obtain the solution of the preceding article. 
If ft is required,^ without first finding 2, we have, by adding the squares of (330) 
ft sin (a — /?) — ^ [f»»+ n* — 2 f»n cos (a — /g)] (332) 

* Gauss. Theoria Motut Corporum CcsUtiium, Art. 78. 



} 



(330) 
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179. To find k and zfrom the equattom 



k cos (a-{- 2)ss m 

k cos (P-f-^) =B ^ 



} 



(383) 



These are reduced to the form (826) by sabstitatlng 90^ + a and 90^ + /? for a and /?. 
We find, howeyer, by a process similar to that of Art. 177, 



n — m 



2 * rin [}(.+/») + »] - inrr(.---/») 

n + w 



2A;cos[}(a + ^) + 2] 



cos i (a — /if) 



(334) 



or 



m 

tan0 sas — 

fi 



(836) 
cot [} (a + ^) -{- «] = ton (46® + ^) tan J (a — ^) 

Example. In (888) given a « 2S(P 16', s 200<' KV, m =i — 0-62342, and 
n sss 0*69725, find z and k, k being positiye. 

Ana. z » 2070 5' 84''-4 k » 1 0273643 

180. The more general solution of (833) may be found directly from (172), but 
it will be simpler to obtain it from (330) by substituting 90<» + a for a, and 90» + ^ 
for ^, whence 



k sin (« — $) sin (y + 2) =a — 
k sin (a — /?) cos (y + ^) 

y being arbitrary as before. 
If y SB 0, we find 

— m eos /3 + n cos « 
tani ^s ; — T-^ : 



meos(y-^+nco8(y-.) 1 

sas in sm (y — i8) — n sin (y — a) J ^ ' 



Ify 



A sin (a 4- 2) =s 



— m cos (« — iff) + « 



. (337) 



sin (a — ^) 
A; cos {a-{-z) SB m 

[f y =: } (a 4" P)i ^® obtain the solution (834). 

If £ is required directly, the sum of the squares of (836) giyes 

A sin (a — iff) s=5 v^ [»»*+ n» ~ 2 mn cos (a— iff)] 

te in Art. 178. 

181. The solutions of the preceding articles tnay be appUed to a single equation 
ot the form 

n sin (a 4" ^) ss m sin (/ff 4" ^) 
which is a more general form of (809). For if we assume 

' A; sin (a 4- 2) = m 

we haye k wa {0 -{- z) ss n 

whence k and z are found by Arts. 177, 178. 
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182. In like manner^ if the proposed equation is 

n cos (a-^- z) ssz m cos (0 -{• z) 
we assume 

■ k cos (a -|- 2) SB m 

irlience k cos (0 -{• z) ss n 

and k and z are found by Arts. 179, 180. As the sign of k (in this and the precede 
ing article) may be arbitrarily assumed, there will be two solutions. 

Numerical Equations of the Secoio) and Thibd Degress. 

183. To solve the equation 

x* + jfx+g^O (838) 

when q is eeeeniiaU^ poaitivej and p either positive or negative. 
We haye from (144), exchanging x for 0, 

tan* H — 2 <^080<> 0tan}04-l=BO (839) 

and (888) may be reduced to this form by substituting 

in which we may take the radical only with the positiye sign, since we may assume 
X and € to have the same sign. We thus reduce (388) to 

which compared with (339) gives 

p 
— 2 cosec * =1 -T— » « = tan J 

OP sin ^ =a — i^l-?, xs=v^7tann {^^) 

which gives two values of less than 360® and consequently two values of x. If 
Q be the least of these two values of f less than 360® (as 2 t), all the values of <p which 
h^ive the same sine are 

e, jr — fl, 2r+(>, 8t— P, &c. 
and all the values of tan } are 

tan \ e, cot i By tan } 9, cot \ B, &c. 
Hence the two roots of (338) are found by the formulae 

sin 9 = — ?-3^, z, = v^ytan } fl, z, = v'T^"* 5 - C^^-) 

in which B may be always taken < 90® with the sigi: of its sine, and ^ ^ is to be re- 
garded as a positive quantity. 

As long as 2 ^ ^ is not greater than p, this solution is possible, but when 2^q >p, 
sin B is not possible, and both roots are imaginary ; which agrees with what is shown 
in algebra. 
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184. To solve the equation 

T^ + px—q^zO (342) 

tchen — q is essentially negative^ p being either positive or negative. 
We have, by (143) 

tan* } 4- 2 cot tan } — 1 s= 

and (342) is reduced to this form by substituting 

z ^ z\/q 

whence a? A — v- ^ — 1^0 



The required solution is therefore 



p 
2 cot ^ s: -^) 2 s=s tan \ 



2s/q — 

or tan ^ = ^ , % ^sz y/ q tan J (348) 

If is the least yalue of 0, all the yalues of ^ which have the same tangent are 

fl, JT + 0, 2 jr + fl, 3 jr + fl, &c. 

and all the yalues of tan \ <p are 

tan } e, — cot i $f tan } 9, — cot } 9, &c. 
Therefore the two roots of (842) are found by the formulaa 

2 y a — — 

tan =s ^ ^ , a;, s= <y/ gr tan J 9, «, = — v'' ? ^^^t } 9 (344) 

in which, as before, the radical is to be taken as positiye, and B < 90° with the sign 
of its tangent. 

In this case both roots are real, since tan e is always possible. 

185. To solve a numerical equation of the third degree. It is shown in algebra that 
any equation of the third degree may be reduced to one in which the 2d term is 
wanting; we need consider therefore only the form 

aj» 4. ax 4- J -. (346) 

To resolve this, put 

X =s y + 2 

we find (3 y 2 4. a) (y + «) 4. y» 4. 2» + 6 =- 

Now X may be decomposed into two parts, y and z, in an infinite variety of ways, 
and we may therefore suppose that y and 2 are such as to satisfy the condition 

3yz4-a=s0 

which reduces the first term of the preceding equation to 0, and gives the two con- 
ditions 

y2=r— -|, y"4-a»=r — 6 
Put y' s=s ^„ 2' = ^ ; then we have 



a* 



<i ^ = — 27' ^1 4- '• =» — * 
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BO that, by the theoxy of equations, t^ and ^ are the two roots of an equation of the 



a» 



second degree in which the absolute term is — -^ and the coefficient of the second 
term is b ; that is, they are the roots of the equation 

If then we find the two roots t^ and ^ of (m) by the preceding methods we shall 
hare 

fl:=»y + « = ^<, + ^e, (n) 

It will be necessary to consider the sign of a in the equation (m). 
1st. When a it positive, (m) comes under the form (842) and the solution by (8i4) 
gives 

tana = ~J 27' '' == J 2f' **^ * ^' ^ = -42f ^°*i* 

and by (n) ♦ 

«« J-|(^tan}fl-^cot}fl) 

and if we assume 

tan } as ^ tan } 9 
this becomes, by (142) 

Collecting these results we haye, for the solution of (845), when a itpoeiiivef 

2 /I?" 
tane^j^^, tan}#»i^tan}fl 



— 2 Jjcot* 



(846) 



in which the radicals / ^ ^'^^J -^ are to be considered positire, and 9 is to b« 

taken < 90^ with the sign of the tangent. But two of the three yalues of -^ tan ) I 
being imaginary, the giyen equation has but one real root* 

* If r represent the real Talue of -^ tan } 0, and «„ a, the two imaginary roots of 
unity, the real yalue of x is 

and thct imag^ary yalues are 
or since a« a, as 1 

"^ =* J f (••«•- t) '• = J f ( "^ - f) 

18 I 
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2d. When a it negatw€ and — 4 a* < 27 h\ Equation (m) beoomes 

''+''+(-w) = ° 

and ia of the form (§88) ; its roots are therefore found by (841) which pres 



2 / a' / 4o' 



cot }0 



ana by (n) « = / — -|- (^tan } 0+ ^cot }o) 

or if ire put, as before, tan } =3 ^ tan } 0, the solution of (845), when a u negative, is 



Bin0 = — y / — ^ tanj^aa^tan}^ 



= 2j-f 



cosec^ 



- (847) 



which gives one real root, (the other two being imaginary, as aboye), when sin ia 
possible, i. e. when — 4 a" < 27 &*.* 



Substituting the yalues of a^ and a. 



flx = 2 *• ■" 2 

and also r =s tan ^ ^ — ss cot } ^ 

we find «a as / -5- (cot — coseo ^^ — 3) 

a;, ^ / ^ (cot <p + coseo^ v'' — 8) 
or finally, z^ being the real root, the imaginary roots are 

2^.=: — "2 ^seo0v^— 1 

a:. = — -^ + — |— sec v^ — 1 

* Th« two imaginary roots will be found, by a process similar to that employed 
'in the preceding note, to be 

^i ^1 s/ 3 . ^ « 

«, = — -2" + — ^ cos# ^— 1 
in which z^ is Che real root found by (347), 
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3d. When a ia negative and — 4 a' > 27 b*. In this case sin 0, in (847), is impossible 
and the preceding solution falls. This is the irreducible ease of Cardan's rule, the 
roots appearing under imaginary forms, although it is known that they are all three 
reaL It is, howeyer, readily solved trigonometrioally. 

In Art. 77, putting ^ for z, we have 

Bin' ^ — } sin + } sin 8 ^ ss (m') 

and (345) may be reduced to this form by substituting 

X sss kz 

BO that we must have 



i_'-f „ ._2j-| 



in which the radical is to be taken positiye, so that x and z shall have the same sign. 
Comparing (m') and (n') we have also 



, . o * . o ft / 27 I 27b* 

}8m8#=:p- or Bm8# = -J— ^ «J— jy 

which is a possible sine in the present case. We may therefore take 

2 sss sin^ 
and the solution is 



ft / 27 la 

sin3#=a-J — -^ x==2sin^ / — -g. (348) 

which gives three real roots by the different values of 8 ^, which have the same sine. 
If is the least of these values, all the values of 8 ^ are expressed by 

2nir+9 and (2fi+l)r — 9 

n being any integer or ; and all the values of ^ are expressed by 

Now all integers are included in the forms 8 m, 8 m -f- 1 ftud 8 m •— 1. 
If n ^ 8 m, the above values of ^ are 

0sss2mr4-}9, ' ^ as 2m jr-|- } sr — } 
whence 

sin :s sin } 0, ' sin ^ as sin } («■ — 9) 
If ft SB 8 m 4- 1» we find in the same way 

sin ^ SI sin } (t — 0), sin ^ =b } 

the same as before. 
If n =s 8 m — 1, we find both values to be 

Sin ss — sin } (t + 0) 



*« 
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80 that there are bni three different yalues of sin <p. Substituting these in (848), 
the three roots- of (846), when a m negative and — 4 a* > 27 h\ are found by 



• fl 4/27 
..=2j-fsi 



8ini0 



x.= 2 /— |- 8inJ(5r — 0)= 2\ — ^fAiL{pXy^^ 
«.= — 2 / — ■|-sinj(5r4.e)=.— 2 /— -| si 



i^) 



(849) 



sin (60°+ J 5) 

in which B < 90° with the sign of its sine, and the radicals are taken with the pod- 
tive sign. 

Examples. 
1. SoIto (345) when a = — 6-101315, i = — 5-766578. We find 

•002661* 



2. / a* 



which being greater than any log. sine, we take its arithmetical complement and 
proceed by (349). Then 

log sin ^ — 9-9974349 
e=B — 83°46'44" 



Jfl — 27°56'34"-7 
log sin —9-6705671 



log 2 



'J-i 



0-4651811 



log a:. —0-1267382 
X, = — 1-336790 



60°— J0 87°66'34"-7 
9-9997166 

0-4651811 

logx. 0-4548966 
x,r=s 2-860339 



— (60° + J «) — 82°4' 25"-3 
— 9-7251024 

0-4551811 

log a:, — 0-1802836 
iE,= — 1-514549 



2. Solye (345) when a = — 7, and i = 7. 

Ans, X, = 1-856896, x, s 1-692021, jr, = — 8-048917. 
8. Solye (845) when a = 1-5, and 6 = — 45. 

Ans, The real root s 8*4163975. 

It may be obserVed that the algebraic sum of the three roots is always zero, in 
consequence of the absence of the term in x* from the giyen equation. This is easily 
shown from (349) where there are three real roots, and from the forms in the notes 
p. 98, where there are imaginary roots. This principle furnishes a simple yerifica- 
tion of the yalues found by (349). 



* The sign — here belongs to the number of which this is the logarithm. 
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CHAPTER XL 

DIFFERENCES AND DIFFERENTIALS OF THE TRIGONOMETRIC 

FUNCTIONS. 

186. In the applications of trigonometry, it is often required to 
compate a function of one angle from that of an angle which differs 
from the first by a small quantity. In such cases it is generally 
most convenient to compute the difference of the two functions, 
which may be applied to either to obtain the other. 

187. To find the increment of the sine or cosine of an angUj corre- 
sponding to a given increment of the angle. 

Let the angle x be increased by A rr, (this notation signifying dif-> 
ference^ or increment of x\ and let the corresponding difference or 
increment of the sine be expressed by A sin x and of the cosine by 
A cos 2; ; we have, by this notation, 

A sina; » sin(a? + Arc) — sin » 
A cos a; = cos (a? + Arc) — cos x 

and by (106) and (108) 

A sin a; = 2 cos (a? + J A x) sin J A a? (850) 

Acosa:= — 2sin(a; + i Aaj) sin jAaj (361) 

which are the required formulae. 

We here consider the difference always as an increment^ i. e. an 
increase, and give it the positive (algebraic) sign ; its essential sign 
may, however, be negative, and it will then be ii^ fact a decrement. 
Thus, in (351) the second member will be negative so long as 
X < 180°, and therefore the increment of the cosine is negative ; 
that is, from 0° to 180° the cosine decreases as the angle increases. 
In like manner A sin a; is negative when x > 90°, and < 270°. 

188. To find the increment of the tangent and cotangent. We have 

A tan X = tan (a: + A a;) — tan x 
A cot X « cot (a? + A a?) — cot x 

and by (116) and (119) 

A tan a: = 7 — , , ^ =* sec(a;+ Aa?) seca? sinAa? (352) 

cos (a? + Aa?) cos a: ^ ' ^ ^ 



""~* Sin A X 
Acota? «■ -r-7 — . , X . — = — cosec (a? + A a?) cosec a: sin A a? (353) 
sin (a; + Aa;) sin a? ^ ' ^ ^ 
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189. To find the ineremmt of the .secant and cosecant We have 

A seo a; =s sec (z -f- A z) — sec z 
A coseo X = coseo (z -f- a z) — cosec z 

or by (180) and (132) 

2 sin (z4- } Az) sin } A z ,«,r^v 

A seo z s= ^ , , { . (854) 

COB (Z -[- A Z) COS £ ^ ' 
2 COS (Z -4- A A Z) sin A A Z ,oee\ 

A coseo X =z . \ , — r-^^ = (855) 

sin (z 4- ^ 3;) sm z ^ ' 

190. To find the increments of the squares of the trigonometric functions eorrespondtng 
to a given increment of the angle. 

We haye 

A sin* X s= sin* (z + a z) — sin' x < 

as cos' X — cos' (z 4" A Jc) 

whence by (138) 

' Asin'^zss — Acos'z ss sin (2 z+ Az) sin AX (856) 

From (116), (116), and (119) ve deduce 

cos' z cos' y 

-— sin (z + y ) sin (z — y ) 

cot* z — cot' y =ss \ I ' ^ ' 

sin' z sin' y 

whence 

^ - sin (2 z + Az) sin Az ,„.^. 

A tan' z =s \, \ ^ \ ^ (357) 

cos' (z -[- A z) cos' z ^ ^ 

Bin' (z + A z) sin' z ^ ' 

From (16) we haye 

sec' (z + A z) == tan' (z + a z) -[- 1 

sec' z SB tan' z + 1 , ^ 

the difference of which ^yes 

A sec' z = A tan' z (359) 

and in the same maimer, from (17), 

A cosec' z = A cot' z (860) 

and the yalues of A tan' z, a cot' z, may be substituted in (859) and (860). 

• 

191. When the increment of an angle, or arc, is infinitely smallj 
it is called the differential of the angle, or arc ; and the correspond- 
ing increments of the trigonometric functions are the differentials of 
these functions. 

The differential of a; is denoted by dx ; of sin xhj d sin x^ &c. 
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192. To find the differentiaU of the trigonometric functions from 
the differential of the angle. 

Let the angle x and its increment Az be expressed in the unit of 
Art. 11 ; or, which is equivalent, let x and Ax be the arcs which 
measure the angle and its increment in the circle whose radius » 1. 
It is evident that the less the arc, the more nearly does it coincide 
with its sine or tangent ; therefore, when Ax is infinitely small, or 
becomes dxy 

sin dx ^dx sm^ dx ^ ^ dx 

This may be demonstrated more rigorously thus. When dx is 
infinitely small, we have cos dx = 1, whence 

sin dx , ^ 

7 — T- =■ cos aa; = 1 
tan ax 

sin dx » tan dx 

but the arc cannot be less than the sine, nor greater than the tan- 
gent, and therefore 

{2r = sin dfx » tan dx 

Again, when Ax is infinitely small, or becomes dx, we must, ac- 
cording to the principles of the differential calculus^ reject it when 
connected with finite quantities by the signs + or — ; thus we must 
substitute a? for a: + dxy or for x+ ^dx. 

Upon these principles we find the differentials directly from the 
finite differences (350), (351), (352), (353), (354) and (355) as follows ; 

df sin a; as cos rr dx (^6^) 

cZ cos a; = — sin a: ia: • (362) 

, dtfin X = sec' xdx=^{l + tan* x) dx ^ (363) 

ci cot a: = — cosec' a: dfa? = — (1 + cot* x) dx (364) 

dsecx^ tan x sec x dx (365) 

d cosec a: = — cot a; cosec x dx (366) 

193. In the same manner the equations (856), (857), (358), (359) and (360) giye 

(7 sin* X s=s — i COB* xssBm2zdz (867) 

sin 2 X 
d tan* X = tf sec* X Bs — dx (368) 

COB* X ^ ' 

„ 2dn£ ^ ^ 2_Unx ^ 

COB* X COB* X ~ ^ ' 

* O 

- . (7cot*xs= d cosec* X s=s — ^-r dz (3V0) 

' Bin* X ^ ' 

— 2cosx, — 2cotx , „„. 

SB — r-i — dx =B — ;-» dz (371) 

Bin'x flin*x ^ ' 
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194. Although the equations (361), (362), (363), (364), (365) and 
(366), are rigorously true only when dx is infinitely small, they may 
be used when (2a; is a finite difference, instead of the equations, (350), 
(351), (362), (353), (354) and (355), provided dx is sufficiently smaU 
to be considered equi^ to its sine without sensible error, and is also 
very small in comparison with x. This is very frequently the case in 
practice, and the differential equastions are then preferred on account 
of their simplicity. It is only necessary to observe that dx must 
be expressed in arc^ i. e. in terms of the unit radius ; if it is given 
in seconds, it may be reduced to arc by Art. 9. ' 

195. To find the differential of an angle from the differentials of 

its functions. 

From (361) we have 

f 

dx - f^^ (372) 

cosa; ' ' 

but it is convenient in this case to employ the notation of inverse 
functions. Art. 87. Thus, if y = sin a;, rr = sin ~^y, and the preced- 
ing equation becomes ' 

rfsm->y= ^^f_^,^ (373) 

In the same manner from (362), &c., we find 

<fco8-V=. ^~j;^,^ (374) 

I 

dtan-y = 3^ " (375) 

'^cot-'y-f^ (376) 

d8eo-'y = y^g_^) (377) 

d cosec-' y - y ^'"(y' - 1) ^^'^^^ 
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CHAPTER XIL 

DIFFERENCES AND DIFFERENTLiLS OF PLANE TRIANGLES. 

196. In trigonometrical investigations it is 
often necessary to determine the effect of a 
small change in one of the data, upon the com- 
puted parts. Thus, Fig. 29, ii A^ AB and 
A (7, of the plane triangle ABOy are the data, "^ 
and JL (7 is subject to an error of C C\ the required parts will be 
subject to errors which are respectively, the differences between 
A OB and AC'B, A B (7 and ABC'.BC and B Q'. In the same 
figure, the data may be supposed to be J., J. £ and AB (7, and the 
angle ABC may be regarded as subject to the error C B C which 
produces the corresponding errors in the remaining parts. In the same 
manner, the data may be JL, A -B, and AC By A CB being variable ; 
or, Ay A By and BCyBC being variable. In all these instances, A 
and A B are con%tanty while the remaining four parts are variabley and 
may be considered as receiving, simultaneously, certain increments 
which are related to each other. We propose, then, to solve the 
general problem : 

In a plane trianghy any two parts being constanty and the rest 
variabhy to determine the relations between thf increments of the 
variable parts. 

It is evident that the solution of this problem resolves itself into 
an investigation of the differences of two triangles which have two 
parts in common. We shall consider the several cases successively ; 
distinguishing the triangle formed from the given one by the appli* 
cation of the increments, as the derived triangle. 

197. Case I. A and c constant. The six parts of the given triangle, 
A B Cy Fig. 29, being -4, JB, (7, a, 6, c, those of the derived triangle 
f(flrmed by varying all but A and c, are -4., -B + A-B, (7 + A (7, 
a + Aa, b + a5, and c. In these two triangles we have 

^ + £ + (7=180^ 

A + B + aB+0+aO^ 180<^ 

whence a5 + A(7=0, aB^-aO (379) 

14 
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Also in the tTvX) triangles we have 

a = c sin A cosec (m) 

a + Aa = c sin JL cosec {0 + A(7) (n) 

the half diiEFerence of which by (355) is 



sin sin {0 + aO) 



tan 



6 — <7C0SJ. 

whence 

i — ^cos A = c sin -4. cot O 
• , J + A6 — ccos JL«csinJLcot{(7 + A(7) 

the difference of which by (353) is 

, c8in-4. sin A(7 

sin(7sin((7+A(7) 

therefore 

A( a( a 



ip) 



sinjA^ sinjA(7 ~ sin((7+A(7) ^^^^ 

The half sum of (m) and (n) by (131) is 

• , 1 . g sin ^ siri {C+l aO) cosjaC 

■^^ sin(7sin((7+A(7) 

which combined with (p) gives 

tanjA^ tanjAC' tan ((7 + J A(7) ^ { 

From (262) we have 

c sin A 



sin Afi sin A(7 sin {0 + Ad) 



(382) 
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This equation gives by (135) 

i Ab a 

sin J AC cos J A(7 ■" sin {0 + AC) 

and dividing (380) by this 

Aa_ cos((7+jA(7) 



a6 cos J a(7 



' (383) 



It is to be observed that the increments (or half increments) of 
the angles must be deduced from their sines or tangents, since it is 
only by these functions that a small angle can be accurately deter- 
mined. Moreover, a small arc being nearly equal to its sine or tan- 
gent, the equations (380), (381) and (382) express very nearly the 
ratios of the increments of the sides to the increments of the angles, 
or rather to those increments reduced to arc by Art. 9, or Art. 64. 

198. Case II. A and a constant We have as in the preceding 
case A-B = — A (7; and in the two triangles 

b Bin A=^ a sin B 
{b + a6) BinA^a sin {B ,+ aB) 

the difference and sum of which give 

J Aft sin JL «. a cos (5 + J aB) sin J aB (p) 

{b + i Ab) sin -4 = a sin {B + J a5) cos J aB 
whence by division 



jAb ^ _ ^a6 i -HjAft 

tan J Afi *" tan J aO ^ tan {B + J aB) 



(384) 



In the same way 



tanjAC tanjAS tan (C + J aC) ^ ' 

From the equations 

c sin -4. = a sin (7 

{o + Ac) sin JL =s a sin {0 + aO) 

we find J Acsin J. = acos ((7 + J aO) sin J A(7 (?) 
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which combined with the equation (p) gives, since sin JA(7=— sin JAjB, 

A6 cos (B+^aB) .Qgg. 

AC ^ cos ((7 + J aO) ^ ^ 



From (p) we also have 

jAb J aJ 5 cos (Jg + 1 AS) 



(387) 



sinjAJS BiajA(7 sinJ? 

which, when A 5 is to be found from aB^ is more convenient than 
(384). In the same way from (j) 

sin J A(7 "^ sin J a5 sin C ^ ^ 

199. Case in. i and c constant We have 

g sin -B = 6 sin 
€ sin {B + a5) = 6 sin ((7 + AC) 

the sum and difference of which give 

g sin (5 + J a5) cos J a5 - 6 sin ((7+ i A(7)cos J A(7 {p) 
gcos (5 + J a5) sin J a5 = 6 cos {0 + J A(7) sin J A(7 (9) 

the quotient of these gives 

tan I aB _ tan {B + ^ AjS) ,«^q. 

tanjA(7'"tan((7+ JA(7) . ^ ^ 

By (224) we have 

a =s 6 cos (7 + g cos -B 
a+ Aa = bco8 {0+ AC) + c cob{B + aB) 

the sum and difference of which give 

a + jAa = 6cos((7+ jA(7)cos jA(7+gcos(5 + J a5) cos J a5 

-i'Aa«6sin((7+jA(7)sinjA(7+ g sin (5 + J AS) sin J AS 

These expressions are reduced by (p) and (q) to 

a + jAa=gcos(S + JaS)cos jAScot jA(7(tanjAS +tan JA(7) (r) 
— iAa=gsin(S + jAB)cosjAS(tanjAJ5 + tanjA(7) («) 

and by division 

_|Aa__^ g+|Ag .oQ^v 

tan J A (7 " cot (S + J aS) ^ ^ 
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In the same way we have 



i^a __ a + jAa 

tan^AJ? "" cot ((7 + J A(7) 

Since the sum of the three angles is constant, 

A-4 + AS + A(7=iO 
i (a£^ + A(7) = - J aA 
therefore by (115) 

X , T^ . X , /^ sini(AjB + aC) 

tan i AjB + tan i A(7 = Ad , >4 

^ ^ cos J a5 cos J A(7 

sin} aJ. 



cos| a£cos|A(7 
which substituted in (s) gives 

}Ag c sin (J8 + } A Jg) 

» sin } A^ cos } a6^ 

and in the same manner 

■|Aa ^ &8in((7+}A(7) 
sinjAJT cos } aJ5 

Substituting (t) in (r) we find 

sin | A(7 _ cco3(jB + |AjB) 
sin J A-4. a + i A a 



} Aa J^ sin (-4. + } aA) 

sin i A-4. "* a + iAa 

K I 



(391) 



(0 



(392) 



(393) 



(894) 



whence also ^^ ^ • B 00.^0 + 1 AC) 

Bmr^AA a + iAa ^ ' 

Sy differencing the equation * 

, a* = i* + (?* — 2 ic cos Jl 

we find instead of (392) and (393) 



(896) 
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200. Case IV. A and B constant. We have 



- sm-B 
= -: — ra 



6 + Aft = -; — V (a + Aa) 

9 
• 

, _ sin -B 

whence Ao = -: — r Aa 

smJ. t 

In this case the third angle is also constant and there are bat 
three variables related by the equation . 

Aa Ab Ac 

This case is not strictly included in the general problem as stated 
in Art. 196, since the two triangles have not two parts in common. 

201. The second members of the equations (380), (381), (382), 
(383), (384), (385), (386), (387), (388), (389), (390), (391), (392), 
(393), (394), (396), (396), involve the increments themselves, which 
are the quantities sought. It is therefore necessary, in many cases, 
to solve these equations by successive approximations. 

For a first approximation we consider the increments in the second 
member to be = 0, employing -B for -B + J a5, &c., and taking 
cos J aB = 1, &c. This will evidently produce but a slight error 
so long as the increments are small as compared with the entire 
parts of the triangle. We then obtain & second approximation, by 
recomputing the equation in its complete form, employing in the 
second members the approximate values of the increments. With 
these second values we may, in the same way, obtain a third approxi- 
mation, &c. Theoretically, it requires an ijifinite number of such 
approximations to arrive at a perfect result ; but in practice, the 
tenths or hundredths of seconds being the limits of accuracy, it is 
rare that more than a second approximation is necessary. 

It is also to be observed that in computing the values of small 
quantities such as the increments in question, we may employ logar- 
ithms of only four or five decimal places and take the angles to the 
nearest minute. This is in fact one of the chief advantages of com- 
puting by differential formulae, rather than by the direct formulae 
applied to each of the two triangles successively. 
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Example. 

In a plane triangle whose parts are 

^ = 58° 41' 48".9 JB-35°11' 3".4 (7= 86° I'T'-I 
a » 6053 b >- 4082 e » 7068 

let A and a be constant while b is diminished by 50-5 ; to find the 
change in the, angle B. 

We have in ihis case a6 = — 50-5 ; and by (387) 

Bin i aB = I — .p ■ 1 . px 
* 6 cos (5 + J aB) 





1st Appbox. 


2d Appeox. 


JA6 


- 25-25 




b 


4082 




B 


85° 11' 


35° 11' 


iAB 





-15' 


B+^AB 


85° 11' 


34° 56' 


log J A J 


- 1-4023 


^ 


ar. CO. log. ( 


6-3891 


I - 7-5520 


log sin B 


9-7606 


i 


ar. CO. 1. cos (5 + J aB) 


0-0876 


0-0863 


log. sin i lB 


- 7-6396 

• 


- 7-6383 


|a5 


- 15' 0" 


- 14' 56"-8 



It is evident that changing the angle B + ^ aB by only three seconds 
-would not affect the fourth place of its cosine ; a third approxima- 
tion is therefore unnecessary, and we have finally aB = — 29'63''«6. 
As the log. sines of small angles do not vary proportionally with the 
angles, it will conduce to accuracy to employ the methods explained 
in Art. 115. 



Differential Variations of Plane Triangles. 

202. The equations (380), (381), (382), (383), (384), (385), (386), 
(387), (388), (389), (390), (391), (392), (393), (394), (396), (396) and 
(397) become differential by making the increments infinitely small, 
that is, by omitting the increments when connected with finite quanti- 
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ties by the signs + or rr, and substituting the increment itself for its 
sine or tangent, and unity for its cosine, (Art. 192.) The character 
. d must also be substituted for A. These' changes being made, we 
easily deduce the following differential relations. 

Case I. A and c constant 

dB^-dO 



da da „ 





dh 


dh 


a 




dB 


~ dO 


sin (7 






da 
•dh~ 


cos 


Case II. 


A and a constant. 








d5- 


-dC 




dh 
dB 


dh 

~ dO 


bcotB 




dc 
dO 


• dc 
~ dB~ 


e cot Q 






dh 


coaB 






dc ~ 

• 


cos (7 


Care III. 


m 

h and c constant. 






dA + dB + dO' 


= 






dB tan 5 





dO tan (7 



da 

'da 



= — a tan JB, 



da 
iB 



= — atan 



da 
lA 



==• c sin JB = 5 sin (7 



dO 
dA' 



cos B. 

a ' 



dB 
dA 



cos (7 

a 



(398) 



(399) 



(400). 
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Case IV. The anglesj Ay B^ (7, constant. 

da dh dc 

sin A sin B sin (7 



(401) 



203. These differential relations are often employed when the in- 
crements are very small, instead of the equations of finite differences. 
We have already seen that the equation of differences often requires 
to be solved by successive approximations, the first approximation 
being in fact obtained by employing the corresponding differential 
equation. In all cases therefore where a second approximation in the 
use of finite differences could not alter the result of the first, it is 
plain that the differential equation is sufficiently accurate. 

The increments of the angles must generally be expressed in arc. 
Thus if dB is given in seconds we must divide it by B/' = 206264"'8, 
or substitute dB sin 1" for dB. 

But in such fractions as --=-^, this substitution is evidently unne- 
cessary provided the two increments are always expressed in the 
same unity as minutes, seconds, &c. 

Example. 

In a plane triangle whose parts are 

^ = 68°4r48".9 5«85^ir3M (7«86^ V 7"-7 
a = 6053 h « 4082 c « 7068 

suppose 5 and c to be constant and the angle A to receive the incre- 
ment dA = 20''.6 ; find da and dO. 
From (400) we have 

da =» dA sinl" e sin B 





dO^ 


— dA cos JB 
a 




log dA 


1.8189 


log (- dA) - 


- 1-3139 


log sin 1* 


4-6856 


logc 


8-8498 


logo 


3-8498 


log COS B 


9-9124 


log sin B 


9-7606 


ar. CO. log a 


6-2180 


log da 


9-6094 


Jog dO - 


- 1-2986 


da 


0-407 


dO - 


- 19"-7 



15 k2 
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204. The error of employing the differentials in any case may be determined ap- 
proximately by developing the equation of finite differences and comparing it with 
the corresponding differential equation. , We shall select a simple example. 

We have from (387) and its corresponding differential equation in (899) 

_ . 6 cos (J5 + } Aff) . . -, 
^ sm j8 t 

6h = b cot BaBqulV 
the first of which when deyeloped giyes 

} a6 = 5 cot 5 sin } a5 — 2ftBin(^+iAP) gj^ j ^ gj^ j ^ 

■* * gin £ * « . 

or -substituting sin } a5 s= J a5 sin 1", sin J aB = J Ajff sin 1", and also B to)p 
j3 -f- } a5 in the second term, which will affect so small a term but slightly, 

a6 rsi 6 cot JB a5 sin 1" — ^ (Afl sin 1")* 

Comparing this with the differential equation aboye, the error of employing the 
latter.is appi'osim$ktely 

-i.(A5sinl'r 

which for a5 = !<> is — -000015 6. 

It appears from this example that the error is expressed by a term inyolying the 
square of the increment ; and if we develop all the equations of finite differences we 
shall find that they differ from the corresponding differential equations by terms in- 
volving the squares and higher powers of the increment. Hence, employing the dtf- 
ferentials irutead of the finite differences amounts to neglecting the terms involving the squares 
and h^fher powers of the increments, 

205. The differential relations above obtained could have been deduced more di- 
rectly from the ibrmulsB of plane triangles by differentiation, employing, the values 
of the differentials given in Art. 192. Thus in Casb I, A and e being constant, if 
we.differentiate..tkeequatiDa 

a = « sin ^ cosee C 
we have da ^ c sinA d coseo O 

^ — e sin ul cot C cosec C dC 
s= — a cot C dC 
as in (398). 

The student may exercise himself by deducing the other irelations of (398), (899), 
iftnd (400) in a similar manner. / 
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CHAPTER XIII. 

TRIGONOMETRIC SERIES. DEVELOPMENTS OF THE FUNCTIONS OF AN 
ARC IN TERMS OF THE ARC, AND RECIPROCALLY.* 

206. The investigation of trigonometrio series is most readily, 
carried on with the aid of a few elementary principles of the Differ^ 
ential Calculus. All that will be required here will be no more than 
is generally given in the first chapter of a treatise on that subject, 
namely, the differentiation of simple algebraic functions, and Taylor's 
Theorem. We shall employ the following expression of this theorem : 

/(y+A)-/y + -^--Y + ^^-j;:2 + -^'i:2^ (402) 

in which fy denotes what f{y + h) becomes when A = and 

-^, X , &c., are the successive differential coefficients, or de- 
dy dy* 

rivatives of fy. 

207. To develop sin a: and cos a? in terms of x. 

We shall first develop sin {y + a;) and cos (y + a;) by (402). By 
(361) and (362), if 

fy « sin y 

9 

- U-.J V » Dill W 

we have —4^ «- — -^-^ «- cos y 



d'fy ^ 


d siny 


dy 


dy 


d^.fy_ 
dy* 


dcosy 
dy 


^•fy_ 

dy» 


d siny 
"" dy 


d*fy 


deos y 



— smy 



« — cos y 



dy* dy 



amy 



* The leading results of tliis Chapter being of yery general utility and oonstaat 
application are printed in the larger type, but as they are not referred to in the sub- 
sequent large print of this work, and moreover require a limited acquaintance with 
the Differential Calculus, the student can omit them at tho first perusal, and pass 
directly to Part IL • 
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80 that the values of the coefficients of the series (402) recur in the 
order + siny, + cosy, — siny, — cosy, and therefore /(y + x)^ 

fiin(y + a;) = siny + cosy-^^ siny-j-^ cos y j^g^g + &c. (403) 

If we commence with 

/y = cosy 

the coefficients will recur in the order +cosy, — siny, —cosy, 
+ siny, and (402) will give 

cos (y + a;) = cosy — siny -^1^ cosy-j^ + sin y j^ — &c. (404) 

. If now we put y = in (403) and (404), sin y =s 0, cos y = 1, the 
alternate terms of the series vanish, and we have 

X m^ x^ x^ 

sin a: = y - jTgig + 1,2.3.4.5 " 1.2-3-4-6-6-7 ■•" *^*'' ^^^^^ 

COS 2: = 1 - 3:2^ + jTg^gTj - 1.2.3.4-5-6 + *^^- (*^^) 

It may be observed that (406) can be deduced from (405) by dif- 
ferentiation. 

208. The series (405) and (406) i^re directly available for the con- 
struction of the trigonometric table. For this purpose x in the series 
must be expressed in arc, since (361) and (362), upon which the pre- 
ceding demonstration rests, require x to be in arc. Art. 9. 

Example. 

Find COS. 10°. Reducing 10° to arc, by Art. 9, we have 

a; = 10 X .01745329 = .1746329 
and computing separately the positive and negative terms of (406), 

7? 



1 = !• 


r-g- = — .uio:i9U80 


, 5l . - .00003866 
1.2.3.4 


- =-^ = - .00000004 


1.00003866 


- .01623090 


- .01523090 





COS 10°= .98480776 

agreeing with the tables, which give .9848078. The student may, 
for practice, verify any other sine or cosine of his table. 
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209. 7b develop tan x m temu ofz. 

Representing the coefficients in the series (406) and (406) bj letters, we hate 



tanx 



in which 



1 — fl, x' 4" ^4** — «• *■ 4" &<*• 

1 1_ 

T2 **•"" 1-2-8 



(407) 



&c. 



If we perform the division ef the numerator by the denominator, we perceive that 
the resnlt will be a series containing only odd powers of x, and commencing with the 
term x. But as the taw for the snccessiye formation of the coefficients is not easily 
shown in this way, we shall resort to the following process. Assume the series to be 



tan X SB ei X 4- ^B 3:* 4" ^a ^' 4" ^^'' 
and differentiate it; we find, by (868), after diyiding by <2z, 

1 4- tan* X s=s c, 4" ^ ^» ** + S «• ** 4" &<>• 
or, since from the division of (407) we know that c^ ^ 1, 

tan* x^8e^a^4~^^i^4'7ctX"4-d^^4'^^ 
The square of (m) is 

tan* X as Ca Ct z^ 4" ^a ^t 

4.(5,C, 



(m) 



(•) 



X* 4- c, c, 

4- <?,<?, 



which compared with (n) gives 



X«4-C,Ct 

+ «•<?• 
+ «.<?• 



x'4-&o. 
4-&C. 

4- &c. 
4-&C. 



(^ SBi •^ C| 0g 



C. ssi y (C» Cb 4- Cb C.) 

c, a« y (<?4 e. 4- Cb cb 4- e. c.) 

«t = J («i «i 4- «a C, 4- «• «■ + «i ««) 

^ &c« &c. 

where the law of derivation is obvious. We have preserved the factor c„ although 
it is equal to unity, in order to render this law more apparent 
. Since the first and last terms of these expressions are equal, as also the terms 
equally distant from them, we may write them as follows : 

c,= 1 

*■ "■ T (*^* *'^ 
e.= --(2c,c.) 



C,a«y (2<j.e,4.cb(5,) 
<^-a — (2 c, <j»4-2c,cb) 






&0. 
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in which form any eoeffioient c^n + t ^^^ n is even, is expressed by ~ terms all of 

»4- 1 

whose coefficients are =s 2 ; and wJ^en n is odd, by — ^— terms all of whose coeffi- 

- . " 

dents are 2 except the last, which is 1.* 

If we now substitute the yalue of e^ &= 1, and cleduce the numerical Talues of the 

eoef^cients successiyely, we shall find 

, a:» , 2x' , 17 x^ . 62x' , 1382 x» , ^^ 
tan X = X +f + TT + -y^ST + 1^^57^ + S'-5*-7-9 «li + ^^' ^^^^ 

210. To develop cot z in terms of x. 
If we invert (407) we have , ^ 

cot X as ^ T "4* ^ ^^9% 

X — a,x*4-^»*' — »C' 
and the first term of the actual diyision is — , the second term — (cr, — a,) z, and 
the succeeding terms^eyidently inyolye only the odd powers of x. Therefore let 

cot X =s d.z — dl x" — d.z* — &o. (o) 

X , . ^ ' 

The coefficients cannot be determined by the method of the preceding article in 
consequence of the negatiye exponent in the first term ; but they are directly de- 
ducible from those of the series for tan x. We haye by (142) 

tan X = cot X — 2 cot 2 x (p) 

Now the series (o) being true for any yalue of x will give cot 2 x by substituting 2 x 
for z, whence 

2 cot 2 X =s i — 2* £/» X — 2* £f, x» — 2« (f, x» — &o. 

X 

Subtracting this from (o) we haye by (p) 

tan X = (2» — 1) £f»x 4- (2* — 1) d,x* + (2« — 1) rf, x» + &c. 
Designating the coefficients of (408) by e^, c^, e„ &c. we haye also 

tan X = Cj X 4" ^J* ** 4" ^i^* "{• &c. 

and the comparison of these two yalues of tan x giyes 

../.... . • . .... ., 



c c c 

^~l =" (2 — 1)\2+1) =• TE 



"• 2*— 1 



c* 



(2«— 1)C2«+1>) . 3-6 



d — ^* ^ *^i — _5l 

• "■ 2« — 1 "* (2"— 1) (2"+ 1) *" 7-9 

&c. &c. 



2»+«— 1 



* Euler, and after him Gagnoli and others, make these coefficients depend upon 
those of the series sin x and cos z, but the number of giyen quantities by which 
each coefficient is expressed is double the number required in the method of the text. 
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Substitating the yalues from (408) 

and reducing tlie coefficients to their simplest forms, we find the series (o) to be 

'"* ' = T - T - FT ~ ylr - yW ~ 8'-6-7-9-ii ~ ^- ^*^^^ 

211. By a process similar to that of Art. 209, but which we leave to the student, 
we find 

, . *• 5z* , 61a:- .277V ..„. 

And from (408) and (410) by means of the formula 

o6sec X tm i (cot } X -f- tan } z) 
we find 

1 , ir •7a:* , 81 jr» , 127 x' , . „,^, 

^^«««*-T + TF + 2*^8^+ 2^^:6T + 2^^8*^P^ (412) 

212. 'To develop sin~*y in terms of y. (See Art. 87). 
Let X = 8in~' y (or sin « = y) ; then by (373) 

dy^ s^i^-f)^^ ^^ 
Developing the second member bj the Binomial Theorem, ' 

As this contains only evdn powers of y, the series from which it 
would be obtained by differentiation must contain only ddd powers 
of y ; therefore, let 

a? =» «iy + a^ + «8y' + ^y* + ^^* (^) 

There will be no term independent of y if We limit x to values be- 
tween and db 90°, for then when y = we must also have x = 0.* 
Differentiating, we have 

^ - Oi + 8 «,y« + 5 ay + 7 a,y« + &o. 

irhicli compared with (m) gives 

' „ 1 r 1'3 ,r l'3-5. 

* The series (418) obtained under this limitation expresses but one of the Talues 
of 8in~*y, but if we denote the series by «, we shall have by (95) the following ex- 
pression, including aU the values, 

sin"* y =s n »• + ( — 1)"# 
n being an integer, positiye or negatiye, or zero. 



X 



120 PLANE TRIGONOMETRT. 

therefore (w) becomes 

. 1 y3 . 1-3 V* 1-3-5 y'' 

It IS unnecessary to develop cos~^y since we have 

COS y == -"o — s^^ y 

213. To develop tair^y. Let a: = tan-*y, then by (375) 

^ = (i + y')-* = i-2^* + y^-y«+&c. , (m) 

from which we infer, as in the preceding problem, that the required 
series contains only odd powers of y ; therefore let 

a?= a^y + agy' + a^y* + o^y^ + &c. • (n) 

(ix 
.then dt/ ~ ^1 "^ ^ ^^^ "^ ^ ^«^^ "^ '^ ^^^ "^ *^^* 

which, compared with (?w), gives 

^1 = 1 8^3 = — 1 5a4 = l 7ay« — l&c. 
so that the series is 

a; = tan-*y = y — Jy5 + iy* — 4y^ + &c. (414) 

214. JR? compute the ratio (= w) of the circumference of a circle 
to its diameter. 

We have heretofore assumed this ratio to be known from geometry, 
where it is found by means of circumscribed and inscribed polygons * 
which are made to differ from the circle by as small a quantity as we 
please ; but (414) enables us to express its value in a series. We 

have tan— = 1, therefore if we make y = 1 in (414) we have 

But this series converges too slowly to be of any use. To obtain a 
rapidly converging series ymust be a small fraction. We might em- 

TT 1 

ploy tan — == -— ^ (Art. 29), but in consequence of the radical, it is 
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simpler to resolve -j- into two or more arcs whose tangents are known, 

and to compute the value of each of these arcs by the series. To 
effect this let 



then by (123) 



-^ = tan-*t + tan"-* H (416) 






whence i! = ^-r— ■ (417) 

1 + 5 ^ ' 

from which, assuming any value of t at pleasure, the corresponding 
value of if is found. 
If we take f = J, we find t' ^\\ therefore by (416) and (414) 

— «tan-4 + tan-*J 
4 

- jl -r(T)'+ t(4)'- *«•} 

+ {T-i(4)'+T(T)'-*«-} (««) 

A few terms of these series give 

— « 4636476 + -3217606 = -7853982 
4 

Tc = 3.14159 
more accurately it « 3-14159. 26535 89793 

1 3 

If we take < =* -j, we find f = -^, but the above supposition is 

evidently the best adapted for rendering both series sufficiently con- 
vergent.* 

215. To resolve sin x and cos x into faetort. 

The series (406) shows that z is a factor of sin z, and ^ves 

* See Note at the end of this chapter, p. 124. 
16 L 
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and the factors of the series witliin the parenthesis must evidently be of the form 



A being a constant, but having a di£ferent value in each factor. The required factors 
must be such as to reduce the second member of (p) to zero whenever the first 
member is zero. Now sin x is zero for the value z := 0, whence z is a factor as al- 
ready seen, and also for z s= ztznir^h, being any integer ; therefore the general 
value of {^) is 

A 

whence A^sst^ti^ 

.1 



which, substituted in (^), gives as the general factor 

z* 
1 — 

Making n successively ss 1, 2, 3, &c., the equation (p) becomes therefore 

am« = «(l-j^)(l_^)(l-3^)... (419) 

The factors of cos z in (406) must also be of the form {q) ; but cos z is zero for 
z=db(2n4-l) -q') ^ being any integer or zero, and the general value of (9) is 

(2n+l)2^_ 

whence A s=s ^- "^^ ^ — 

which, substituted in (q), nves the general factor 

2* z* 
^'~(2» +!)•»* 

Making n successively = 0, 1, 2, 3, &c., we have 

-'==(i-K)0-K)0-?$)--- (*20) 

216. Logarithmic sines and cosines. By means of (419) Qnd (420) the logarithmic 
sines and cosines of the tables are readily computed. 

Put z ss m Yt t^wi 

JT m «• /, i»'\ /- wt'X /- f»»\ 
.in^_.==_-^l-.^j(^l_-j(^l--j.:. 

. co8«f-(l-5)0-?)(l-¥)"- 
and taking the logarithms 

log sin -^ = logy + log w+ log (l — ^) + log (^1 — ~) + . . - 
logoos^ =:log ^1 — ~) + log ^1-^,) + log ^1 — ^,) + ... 
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Peveloping these logs, by the known formula 

log(l — n) =— Jf(»+}»*4- J»»+&o.) 

(in which M as modulus of common logs.) and arranging according to the powers of 
III, we have 

log sin -^ s= log — 4- log m 

""**-f(T* + T + i* + *^-) 

— &0. 
log CM -^ = - «•. ^(^y, + -^, + P + 4o. j 

• If / 1 , 1 , 1 , . \ 
— "*-f(T' + T' + ^ + **-) 

— &c. 
By summing the constant numerical series, and substituting the Talue of the mO' 



sr 



dulus M s=s -48429 44819 and also of -5-, these formulsB become 



log sin 



tnr 



1019611 98770 4. log m 



— . m* X 0-17869 64471 

— TO* X 001468 89690 

— «i« X 0-00230 11796 

— m' X 000042 68460 

— to" X 000008 49076 



— TO« X 0-00001 76768 

— to" X 0-00000 37870 

— TO" X 0-00000 08284 

— to" X 000000 01841 

— &o. 



(421) 



log COS 



mft 



10 



— TO* X 0-68578 98412 
~ TO« X 0-22038 46860 

— TO« X 0-14497 48181 

— TO" X 0-10859 04688 

— to" X 0-0868608766 



— to" X 0-07288 25502 
--to"X 0*0620420818 

— to" X 0-06428 68116 

— to" X 0-04826 49426 

— &o. 



(422) 



In these expressions 10 is added to render the logarithms positiTe, as is usual in 
the tables.* ^ 

* See the preface to CaUet's Tables, for the coefficients of these series carried to 
20 decimal places, and for other forms giyen them by which they are rendered still 
more conyenient. 
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' Example. 

Compute log sin 9°. We haye 

1 

m X 90^ s=s 9^ m = -- log m as — 1 

and therefore by (421) 

log sin 9» = 10-19611 98770 — 1- 

— 000178 69646 

— 0-00000 14689 

— 0-00000 00023 



« 1019611 98770 — 1-00178 74867 
log8in9»= 9-19438 24418 



\217. If in (419) we put a; s=r — , we haye 



Bin 



jr /2^--l\ /^--1\ / 6'~\1 \ 

""2 \¥^) \~^^) \^^) ••• 



^T (2-l)(2+l)(4-l)(4 + l)(6-l)(6 + l):.. 
2 2. 2.4.4.G.6.... 

jr 2 2 4 4 6 6 ,^^^, 

whence -.«^ .-.-.-.._.-. .. (423) 

which is WaVif^i expression of »-. 

Note to page 121. Computation of n; Many other series besides those of Art. 
214, may be given for computing n-. One method of obtaining them is to resolve 
tan~~^ t and tan~*^ f into two others, and thus make ^ »* to depend upon three or more 
axes. From (194) we easily deduce 

tan""' — = tan"~* — ^— — -i- tan""' (a) 

m m-\-n i»*+ *** '*~hl 

11 n 

tan""* — s=s tan""* tan~"* — « r- =- (b) 

m m — n *» — mn-f-l ^ ^ 

in which m being given, n may be assumed at pleasure. The numerators of the 
fractions in the last terms will reduce to unity when m* 4~ ^ ^^ divisible by n ; if 
therefore we assume n and^ so as to satisfy the condition 

np ss m*-^-l (c) 

we shall have 

(<0 



w 



tan-* 

• 

Un-* 


1 

m 

1 
m 


^^m 


tan"" 
tan" 


1 ^^ 

m 

t' 


1 
+ » 

1 . 


+ 


tan-* 
tan-« 


1 


m+p 

1 


m 


— n 


P — m 
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For example, let m ss 8 ; then m* -f. 1 s= 10 ss 1 x ^0 as 2 x &t so that we may 
take » B= 1, /» as 10 ; or n ss 2, ^7 SB 5, wlienoe by (d) and (e) 

tan""* — =» tan""' — -4- tan~' — 

=s tan""' — — tan""* -=- 
2 7 

= tan- ~ + tan-* j 



Substituting in (418) 



^ = tan-^ + tan-l + tan-*i 
s= 2 tan-* --- — tan-* y 
«2tan-*i+ tan-*l (/) 



8 ^ 7 



tan-* — + tan—* -r- + tan"* -g- 



(y) 



The equation (/) was employed by Glausbh of Germany, in computing r to 200 
decimal places, and (y) was employed by Dase, also of Germany, in computing »* to 
the same number of figures. These computations were carried on independently of 
each other, and the results when communicated to Schuicachbb, (who giyes them in 
the Astronomische Nachrichten, No. 689), were found to agree to the last figure. 
They prove the Talue prcTiously found by Mr. Rutherford to be erroneous beyond 
the 150th figure. 

By means of the formulos (a), (6), (e), (d) and (e) we may again subdiTide th^ 
arcs as often as we please. Thus, it is easy to deduce 

1 . . . 1 . ^ . - 1 



^ = 2 tan-* J + tan-* ^ + 2 tan-* ^ 



2 tan-* i + tan- i + tan- j + tan-* ^ 

4tan-i-tan-*i + tan-*i+tan-*-^ 

18 1 

4 tan—* — — tan"^ . . ~L. tan—* — — 
6 879 ^ 268 



4 tan-* -=- — tan—* 



6 239 

which last is known as MaehifCt formula. In deducing it we hare reduced the dif- 
fermce of two arcs to a single arc by means of formula (a). 
Another method is, to find by trial, or otherwise, an arc a multiple of which is 

mm 

nearly equal to -j, and whose cotangent is* a whole number; and then deduce the 

l2 
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difference between this multiple and -j. Thus it is known (from the trigbnometiio 
tables) that cot 11® 15' as 5 nearly ; therefore by the last formula of Art. 79, putting 



tan X BB -7-, 
o 



4 tan-' 4- 
o 



tan-* 



120 
119 



and by (194) 



tan-' -^^ — I. = tan-' -j^ — tan-» 1 = tan- 



1 
239 



therefore 



— = 4 tan—* — — tan—* . 
4 6 289 



as was found aboye. 



If, we resolve tan—* -^r^ by means of (e), (d) and (e), we have m ss 289, 

m* + 1 = 57122 s= 2 '13* =s np, which offers seyeral suppositions for n and^; if 
we take n » 18* = 169 and/» = 2-18'' s 838, we find by (e) 

C7- ^ 4 tanT* -— — tan—* 1- tan—* — 

T 5 70 ^ 99 

which was employed by Rutherford. 
If we take n = 1, i> = 57^22, we find by (rf) 

^ = 4 tan-* 1 - tan-* Jg. - tan-* -gij 
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CHAPTER XIV. 

EXPONENTUL FORMULA, TRINOMIAL OR QUADRATIC FACTORS. 

218. To demonstrate Ealer's formuloe 

cos rr « } {e *»^-* + «-•*'-*) (424) 



sm z 



1 



■ ^e^^y-^-e — y-^) (425) 



2v/ 
in whieh e it the Naperian hate of logarithmt^ or. 

It IB shown in the theory of logarithms that 

(1)=-1 (2) =-1.2 (3) - 1.2.3, &c. 

We have by (405) and (406), employing the above notation, 

^*^ ^"^ ^Jr^ 

cosx-l-p-^ + ^-^ + fcc. 
, a? a^ a;* a;^ . 

the terms of which are the same asr those of (426), bnt with alternate 
signs. If the signs in these two series were all positive, the sum of 
the two would be equal to (426) ; and it is evident that we shall make 
them positive by substituting 

a^asxs— 2« or a;«2\/ — 1 
which gives 

C08a:-l + ^ + ^ + ^+&c. 
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whence 

cosa; + — - — ^ sina; = 1 + rrr.+ ton + tqT + &c. =V 
V— 1 (1) {^) (rf; 

But 

=5— %/ — 1, «= -^ — ^ = — a?%/— 1 



therefore 

cos a? — %/ —1 sin a; = g-'i'-i (427) 

If in this equation we substitute — x for a:, we have, by (56), 

cos a; + ^/ — 1 sin a; = e""^-^ (428; 

The sum and difference of these equations are 

2 cos a? = e * ^'-i + «-* »^-i (429) 

2 %/ — 1 sin a; = e*»^-i — «-«i^-i. (430) 

whence (424) and (425). 

219. The quotient of (480) divided by (429) is 

^•"^^^°^'= ,^i^-x + .-^i^-x - ,s,,^i + l (431) 

220. If we put 

y » e*^"^ =s COS a; + %/ — 1 sin a? (432) 

we have y^ = e~* ^ ~* =« cos a; — %/ — 1 sin x (433) 

and (429) and (430) become 

2 cos a? = y + y""^ (434) 

2 >/ - 1 sin a; =y - y-^ (435) 
If mx be substituted for x in these formulae, we have 

^^ ^fMV—x s=s cos Twa? + %/ — 1 sin mx (436) 

y-» = g-m« 1^-1 —. ^Qg ^2; — >/ — 1 siu mX C^^T) 

2 cos Twa; = y"* + y"~** (438) 

2 v/ - i sm 7»a: «y« -y-« (439) 



\ 



EXPONENTIAL FORMULiB. 12& 

221. Moivre'9 Formula. The value of y** from (432), compared 
with (436) gives 

(cos a; + %/ — 1 sin x)^ = cos ma; + %/ -^ 1 sin mx (440) 

which is Moivre's Formula. It shows that the involution of the ex* 
pression cos a; + \/ — 1 sin a; is effected by the multiplication of 
the angle. 
Again, if we multiply (432) by 

cos aZ-f %/ — 1 sina;' = e*'*'-^ 
we have 

(cos a: + V — 1 sin a:) (cos a?' + %/ — 1 sina:') = e<***^»'-* 

* cos (a: + a;') + %/ — 1 sin (a? + a?') 

which shows that factors of this form are multiplied by the addition 
of the angles. 
We have also 

(cosa?+ %/— 1 sin a?) (cosa?— %/— 1 sin a?)«*=scos*a?+sin*a:=»e®=» 1 (441) 

222. OeruTal fwrm of MowrtU Formula. As long as m is an integer, both members 
of (440) can bare but one value ; bi^t if m ea ~ the first member becomes • 

(cosx+\/ — 1 8inx)7 as ^ (cosz+V^ — 1 sinx)* 

• 
which has q different taIh^* in ^onsequene^ of the racUcal of th^ degree q, wh)le 

the second member 

P P 

cos — a: + */ — 1 sin -=- « (a) 

has but one yalne. 

In order that both members may haye the same generality, as should be the case 
with every analytical expression, it is necessary to suppose that we take for the aro 
X not merely the arc less than the circumference which has the given sine and cosine, 
but also aU the arcs which haye the same sine aod cosine ; that is, t denoting the 
eircumferenoe, all th^ arc; 

Now there is an infinite number of these arcs, but only q of them eail give different 
yalues to (a) ; f or fJl th0 values of the arc iu (a) will b^ 

q S 9 2 9 9 2 

1., + Ul, Z.,4.(?-H)^^ &c &0. 

9 9 9 9 ' 

* That is q yalues rtal and Wkogiaary; thus it is Aown in algebra that ^a^ s= -f> a 

and-a; C/«'= + «, " ( ~ ^ "^Z"" ) *^ "{^=^^2^^)' 
\/a*=ss + «, — a, 4-fl\/ — 1» — «\/ — 1; &c. 
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Bat —a; -4- -^^ ss ^x4-pe has the same sign and cosine as -^ x; 
L. xA- \?-Jl — iZ_ =s ( i_a;-4- — j 4- »c the same sine and cosine as — a; +—-,&c.; 

q ^ q ^q q^ \ q q 

80 that after the first q terms of the above series, the same values of the sine and 
cosine return ad infinitum. Representing, therefore, the circumference by 2 t, 
the equation is entirely general under the form 

(cosa; + ^ — lsina;)T=cos:^(2fijr+a;}+v^— lsin^(2njr+a;) (442) 

in which n is any number of the series 0, 1, 2, 8 ..... ; — 1. 

223. Trigonometric expreanona of the real and imaginary roots of unity. 
If a; = in (442) it gives 

(l)Ta-co8-^ 2n»r+v^ — lsin^2n«' / (448) 

OP (1)"* s= cos 2 »!««•+ v^ — lsin2f»»T (444) 

m being fractional or integral. If j? = 1, (443) gives 

yi=cos— + ^/-lsin— (445) 

^ q ^ q 

Sfhich expresses the q roots of unity by making n successively 0, 1, 2, 8 ... g — 1. 
For example, let g =s 4, (445) gives for 

n==0, v^l = cosO+^ — IsinOsssl 

n = 1, v^l = cos •^+v^— Isin— =s^ — 1 

n = 2, v^l = co8jr+v^— lBinir«= — 1 
n = 3, v^l=scos-2- + \/ — Ism-^ ea— ^ — l 
as found in algebra. 
If X = ~ in (442), it gives 

/ y i\m m(4n+l)»r , . , . m(4n+ 1) y 

(v^— 1)* = cos ^ ^ ' + ^ — 1 Bin — i^ — 2 '— (446) 

which shows that an imaginary term of any degree can be reduced to a binomial of 
the form A^ B y/ —\, 
if a; s= ;r in (442) we find 

(— !)• r= cos wi (2n + 1) «•+ ^ — 1 sin wi (2fi+ 1) ir (447) 

224. To reduce an imaginary quantity of the form {a-\-h y/ — 1)"* to the form 

Let k and x be determined from the equations 

k cos X = a, ksmx sss b 

oy Art 174 ; then, by Moivre's Formula, 

(tf + 6 ^ — 1)* = ** (cos a; + ^ -^ 1 sin a;)"» 

a=s ^"» (cos wix 4" \/ — 1 sin mx) 

«nd putting A = k^ cos mx, J5 = A;* siri mx, 

(a + 6 ^ — ' 1)« = ^ + 5 ^ — 1 



\ 
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TunroMiAL os Qvadsatio Factobb. 

225. lb find the quadratic [trinorMol) factort of (he expression 2^ — 22*"C08^4*1> 
m hemg integral. 
By (438) and (484) we haye 

^ _ 2 y*" COS mz 4- 1 as ' 

y* — 2 y cos X + 1 sas 

Therefore if we put yasar, ma;ss2fifr-j-^»orx88 ^^^, we haye 

i«» — 2a«co8^+las0 (448) 

*• — 2f 008 ^"""^^ +! «0 (449) 

As these two equations exist at the same time, they haye common roots, and the 
second is therefore a diyisor or factor of the first ; but tills factor has m yalues in 

consequence of the m yalues of cos _l_z. (Art 222), found by making 

ft SB 0, 1, 2, 8 ... m — 1. Therefore the m quadratic factors of (448) are all ex- 
pressed by (449), and we haye 

1^— 2«"co8*+l ss r«» — 2f cos — + 1) 

x(*.-2.co.ii±^-tl) 
x(*'-2.co«i^±i-+l) 



x(^-2«e<,. '("'-^)'+» +l) (460) 

226. To obtain the simple factors of (448), we haye only to find the two simple 
factors of each of the quadratic factors in (450), or to find the two factors of the 
general quadratic (449). Now, by the theory of equations, if 9t i^d z^ are the two 
roots of (449), the first member is equal to 

but we haye by (482) 

2 ss y SB COS X -4- s/ — 1 sin X as cos ■ H v/ — 1 Bin —^ 

^ ' ^ TO * ^ TO 

wnich g^yes the two yalues of z by the double sign belonging to ^ — 1. Therefore 
the simple factors of (448) are all included in the form 



t 



( 2njr+^ . 2fijr+A (akw 
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r 

Examples. 

1. Find the qnadratio and simple factors of 

Here m = 2, 2 cos ^ &= 2, cos ^ = 1, ^ = ; and by (460), 

2« — 2«'+l=s(s^— 22 008 0+1) (i» 2« CO.S JT + 1) 

«(^_2« + l)(i»+2»+l') 

by (451) 
^ ^[ir— (oosO + ^ — IsinO)] 

X [« — (cos — ^ — 1 sin 0)] 

X [« — (cosir+v^ — Isin*)] 

X [2 — (cos ir—"^ — 1 sin jr)] 

= (i-l)(2-l)(i+l)(.+ l) . 

2. Find the factors of 2* + 2 i*+ 1. Here m sb2, 2cos* as— 5, ^aa jr, and 

jj«+.2«*4.1 « (i»4. 1) (i»+ 1) 

= (2-.^-l)(2+^'-l)(2-.^-l)(2.+ v^--lJ 

8, Find the factors of 2* — «» + 1. 
«« — «• + 1 s= («• — 2 « cos 30« + 1) («• + 2 2 cos 80° + X) 

= (2* — 2^8 + 1) (2* +2^3+1) 

= (,--j^3-}^-l) (2-1^3+ }^~1) 
X(2+}^8 + }^-l)(2+}^3-.}^-l) 

4. Find the factors of a^ — 22* + 1. 

a«_22«+l = (2*— 22+l)(2-+2+l)(2*+2+l) 

«(2-.l)«(2+J + iv/-3)*(2+}-}^-8)« 

227. To find the quadratic factors of 7l^ — 1 voikm m it odd. 
In (450) let SB 0, it becomes 



(2m_i)«-. (,_i)«x (i» — 2 2cos^+ 1) 

X (2* — 22C0S-^+l) 



• • • 



I 



x(i'-2,coa^(!:i=ilr + l) (462) 



J^cmm being -odd, m — 1 is even, and the nnmber of trinomial factors in^(452), 
exclusive of (2 — 1)', is even ; but 

-2(«i— 1)«- f^ 2»r\ 2t 

cos — ^ — a= COS 12 «• — — J s^ COS I 

w* \ m / m . 

I 

ao that the ^rst and last of these factors are eqnal. In the same manner it is shown 
that any two cf these factors equally distant from the first and last are equal ; 
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therefore, uniting these equal vfactors and extraoting the square rootof both mem- 
bers, we haTe, when m it odd^ 



I 

X (*• — 2sfcor-^ + l) 



X (*■ — 2«co8^^^^i^ + l) (453) 

228. jK> find Hu quadratic factors oft^-^ly yfhen m «r €oeiK 
When m is even, m — 1 is odd, the number of factors in (452), exclusiye of (2 — 1)% 
is odd, and the middle factor will not combine with any other. This factor is the 

(?) 



and contains 



2 



(!') 



008 SB COS r s« — 1 • 

m 
and is therefore equal to 

80 that vnitliig the remidn&g fkotom, and extracting the sqiuve roei> ire hare, 
hen m » tnei^ 



«_1«.(,_1)(«+1)X (^— 2»o«i^ + l) 



229. To find thefaetort ofif^+1, when m it odd. 
In (450) let ^ as r^ it giyes 

(af+ !)• « (f*^2f 008^+ 1) 

x(*'- 2*008 -^4-1) 
X • • • 
x(-»-2.,o.^^i^ + l) 

and it h easily shown, as in the preoeding articles, that the fkctors eqoalfy fistant 
from the first and last are equal, and that the middle term iB^'\-2M-\-lss^z-\- !)*• 

M 
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Hence we find, tphen m is odd, 

««+l=(2+l) X («• — 22C08~+l) 



X («• — 22fcoB— +l) 



• • • 



>^(«»-2«co8^^i:^^+l) (465) 



230. 7b find thefactort 0/2" -f* 1> ^^^ ^ ^ ^^f^ 
The same process gives 






• • • • 



x(i'-2M08^-^!^^^+l) (456) 

231. The simple factors of (453) and (454) are obtained from (451) by patting 
^ =s 0, and those of (455) and (456) by patting ^ ss ir. There will be foond pairs 
of equal factors as in the preceding articles, but all the different simple factors will 
be found by taking only the positiye sign of the radical ^ — 1. 

232. Any Amotion of the form 1^ — 2p 2^ 4* ? ^^7 ^^ ^® resolyed into quad- 
ratic factors. It is only necessary to reduce it to one of the preceding forms. By 
resolying the equation 

^^2pi^+q=s0 (457) 

we shall find from its two Talues of 2^ 

and if we put the absolute term in one of these factors =s db a*" (according to its 
sign) it becomes 

a^ db d^ = d^ r — jj- ^Ij ^ a™ («^ ±1 1) 

in which 2 v= 02^, and the factors of this last expression may be fotmd by one of 
the*preceding articles. 

If, howeyer, the values of z^ in (457) are imaginary, i. e. if j?^ < g, this method 
fails to discover the real quadratic factors, and we must proceed as follows. Put 
q as a*^, then the proposed function becomes 

in which s sss as'; and since in the present oase/y ^ ^*"> ^ ^ ^ proper fraction, 
and we may put ^ as cos ^, which reduces the £plven frmction to the form (450). 
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CHAPTER XV. 



TRIGONOMETRIC SERIES CONTINUED. MULTIPLE ANGLES. 

233. Ths true doTelopments of sin mz and cos mx in series, when m is not re- 
stricted to integral values, were first obtained by Fomtot, and form the subject of a 
memoir read by him before the French Academy of Sciences, in 1823.* The fol- 
lowing problem is the basis of these investigations. 



234. To develop (k -{- ^J^ — 1)"*, in a teriea of ateending powere of k. Let 



and assume 

« « -4. + A * + ^ A* + -4,*" . 

Differentiating (a) and putting 

z' 
we find 



• -y* dAn flJ* . • • • 






dz 

Ik 



m 



(*+^*--i)"-'x(i + -^) 



mz 



v/ (**-!) 



the square of which gives 
Differentiating this and putting 

we find, after dividing by /, 

TO* « — ib' — (A* — 1)»" = 
Again, differentiating (6) twice, we find, 

V sa.4, + 2^,*-f 8^**. . . .-f n-4„*^'. ■. . . 
2"=al.2J.+ 2.8J,A;+3.4-44**. . . -f {n — \)nAnle^ . . 

Substituting in {d) the values of 2, s', z", given by (5) and («), we have 



w 



w 



} w 



, = fnM. 



+ 1.2.4, 



-fill* A 



-f 2.8.4, 



*+fn*^ 
— 2 J, 
— 1.2^ 
+ 8.4.44 



K • • • • 



Ak^ • • • a 



• . • 



.... 



+ WI«Jn 

• • • — n .4n 

... — (»- — 1) n -4„ 

.. +(fi+l)(n + 2)J„+, 

in which each of the coefficients of the powers of k must be zero. To discover the 
law which governs these coefficients, it will suffice to examine that of the general 
term, or the coefficient of k^, which is 

(iii*-n«) J.+ (fi+ 1) (fi+ 2) An^ =0 
whence ^ 



^«+« = — 



m* — fi* 



(n + l)(n + 2) 



A. 



* See the published memoir, **Beeherehes'9ur VAndlyte det Sectiatu AnfftUaires^*' 
Paris, 1825. 
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80 that from the first coefficient, A^, we find by making n s= 0, 2, 4, 6, &c., 



TO* 



^* ShT" ^» — 1-2-8.4 ^* 

m* — 4' . m*(m>— 2«)(m« — 4^) ^ 

•■° 5-6 **" 1-2-8-4-6-6 * 

&c. 

and from the second coefficient, Att we find by making n &ss 1, 8, 6, &o. 

^. 2¥~~^' 

^* TT""**- 2^34^6 "*• 

, _ wt« — 6* (m» — 1*) (m* ~ 8«) (m^ ~ 5*) ^ 

^ 6-7 •"■ 2-3-4-6-6-7 ' 

&c« 
Therefore, if we put 

JT-l "' , m«K-2-) * m'(m'-2')(m'-4«) 
^-^~T2"*^+ ,l-2-8-4 * "^ r2^8T-6^6 ^ + *«• 

the equation {b) becomes 

2^A.S:+A,K' 

a&d it only remains to find A^ and A^, In (a), (5), (0) alu} («), put k = 0; we find 
Therefore we have, finally, 



s a (A+ v^*» — 1)« = (^ — 1)« ^5-+ (^ — 1)»^ i» JT' (468) 



^ 235, To devdcp (^ 1 — A* + A ^ — !)*• m a mtsm of (ucmcUng powert of h. We 
have 



therefore by (468), exchangiiig h for A, 



in which J7 and H' are what JT and K' become when h is pat for h. Combining 
the imaginaxy factors in the second member, obserying that 

(^/-lr X (^/-lr = (^/lr « (1)^ 
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(which mtut not be put equal to tmity, sinee m may be a fraction, and nnity has 
imaginary roots,) and also that 



(V'-l)"X (v/-l)~-- v/-l (V'-l)"^ X (v'-l)'*-' = V"-! (1) 
we haye 



(^1— A« 4. A^-.a)m -.(!)» jgr4.^_i (1) . nH' (469) 

in which 

rr/ ^ w* — !• . , (m« — !•) (m* — 8*) ^. J 

236. ^0 develop the sine and cosine of the muUyale angle in a eeries of ateending powere 
of the cosine q^ the simple angle. 
When m is an integer, this problem requires ns simply to develop sin mx and 

COS mo; in a series of powers of cos z ; but when m is a fraction &a >— , the angle m£ 

has q yalues which have the same sine and cosine, (Art. 222), if we consider x to 
represent all the angle? which have the same sine and cosine as the simple angle. 
We shall therefore employ Moivre's Formula in its general form (442), or 

(cos JC + \/ — 1 8"* 2;)** =Bs cos wi (2 fi r + «) + \/ — 1 sin m (2 n «• + x) 
Putting jfc &SS cos a; we hare by (458) and (446), 



(cosx + v^--lsina;)«=a (A: + ^A*— !)"• 
= (^ — l)*" K+ (v^— !)«-• m K' 

==cos( '"(^";+l)--).r+^.^lsin(^+i)5).ir 

^ +eos((!!Li:lK^^ 

Compa^g the real and imaginary terms of these two Talues of (cos x -{-\/ — 1 sin x)**, 
we have 

/rt l^ /w* (^ «' + 1) »-\ -^ , /(m — l)(4n' + l)«-\ 
cosf»(2fiT + x) = ooB^^ -i — 2~~^J ' '^+*^ V' 2 J'fnK' 

8min(2fifr4-«)«^ttn^--^ — ^ — i— ) . jr4- am l^ ^-^o — - ■ J^mK* 

If 9» iij a fraction sss ^, each member of these equations receiyes q yalues by 

taking successiyely for n, or n\ the numbers of the series 0, 1, 2, 8, . . . q — 1 ; but 
we are now to show what yalues of n and n' correspond to each other in the two 

members. Let x sss -^, then ft cm 0, iT as 1, JS!^' «S3 0, and'we haye, 

m(4»+l)» w(4n'+l)ir 

eoe — ^ — ^^--^^ *■ «<» ■ ^ 2 ' 

. «(4«4-l)» . m(4n'+l)sr 
Sin — ^^ — ^ — ^— «s Bin — ^ — ^ ' ■ 

18 m2 



I 
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therefore these two angles can only differ by some multiple of 2 r, or we must 
have 

2 2 +^^ ' 

whence m {n — n') =s n" 

p 
but m being a fraction ^, and n, n' numbers of the series 0, 1, 2, . . , q — 1, we 

cannot have m (n — n') equal to an integer n", unless it is zero ;* therefore 

n — n' =s 0, n ^ n' 

and the aboye developmeiits are 

coem (2 »;r+-«)=cos ( '»(^"+l)"- ). jr+ cos ( (!!L=1IJJL±1L').^' (460) 

85nm(2n.+^)=Bin( "^'"+^)' ).ir+Bin( ("-^H^^'' + l)^ ).^g, (461) 

in which 

^=l--j:^co8*a: + — A^;^^^^cos*x-.&c 

„, «i«— r . , (m* — 1«) (m* — 3«) . ' ^ 

K* =B cos « s-s — cos" a;+ ^ ^ ;; ^ , ^ cos» x — &c. 

2*3 2*3*4'5 

It hence appears tthatj in general, it requires the combination of two series to ex- 
press the cosine and sine of a multiple angle in powers of the cosine of the simple 
angle, when m is fractional. 

237. When mis an integer^ one of the terms of (460) and (461) will always become 
zero, and we shall have but a single series to express the function of the multiple 
angle. The first members become in all cases 

cos (2 mn sr 4- ^^) = cos mx 
sin (2 mn 9r -I- ''^) = ^'^^ ^"^ 
and the second members rary according to the form of m. In (460), if 

m = 4 «i', cos mz ss^ K ' 

m = 4 »i' 4" 1» cos mx = mK' 
f m ^ 4 m' -I- ^> cos mx =s . — K 
971 =s 4 m' -I- ^> cos mx = — mK' 

and since when m is even, the series K terminates, and when m is odd, the series K' 
terminates, these four equations are all finite expressions, and will glTC the equations 
of Art. 76, by making fn ss 1, 2, 8, &c. 

In (461), if 
971 = 4 m', sin mx ^ ^- mK' 

, _ w s=s 4 wi' + Ii sin 971X s= iT 

9n s= 4 m' 4- 2, sin mx = mK' 
m ^ 4 m' 4- S» sin mx = — K 



(462) 



* Since — is supposed to be reduced to its lowest terms, p and q are prime to each 

n (n. — n'\ 
other , therefore, if ^ ^ is not zero, q must diyide n — 9i' ; which is impossible, 

since the greatest yalue of either n or n' is j^^ — 1* 
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In these formolflBy lioweyer, the series do not terminate, but by differentiating 
(462) we find for 

m* — 2* ^ 

m ss im\ sin mx sss — m sin 2 (cos x ^to — oos" x 4- &c.) 

«i* — 1* 
m = 4 f»'-{- 1, sin mx ^ sin z (1 — — cos* x + &c.) 

I- (468) 
TO* — 2* ^ ' 

m sss 4. ni'4- 2, sin mx &ss m sih z (cos x — — ^.q ^ cos" x + &0') 

m* — 1* 
m = 4 m' + 8, sin mx as — sin x (1 ^^ — cos* x + &c.) 

all of which terminate and gire the equations of Art. 75. 

238. To develop the sine and came of the mt$Uiple angle in a eeriee of aeeending powere 
of the sine of the titnple angle. 

We take as before 

(cos X 4" \/ — 1 Bin x)"* =s cos m (2 na* + *)+ \/— lain m (2 nsr 4- *) 
Putting A S3 sin X, we have, by (459) and (444), 
(cos X + V' — 1 sin x)"» =a (^TZa« + A^ — 1)« 



= (!)• ir4.^— 1(1) • mJT' 

=8 COS mn'r . JJ*4- ^ — 1 sin mn'ir , H 

4- \/ — 1 cos (m — 1) fi'jr . mH' — sin (m — 1) nV .mH* 

Comparing the real and imaginary terms of these equations, 

COB m (2njr4" ^) = cos mn'ir ..JJ* — sin (m — 1) n'v . mH' 
sin m (2 n»- 4* *) ^'sin m n'lr . ^74" cos (m — 1) n'lr . mH' 

and to find what values of n and n* correspond, let x ss 0, then A= sin x :s 0, IT s= 1, 
H' =: 0, and we have 

cos 2 m fi v* ss cos mn'ir 
sin 2 m n«r 8SS sin m n'«r 

from which we infer that 2 m nv ^ m nV, or 2 n a=s h', and hence 

cos m (2»sr 4- ') ss cos 2 mnir . H — sin 2 (m — 1) nr • mW (464) 

sin m (2 11 T 4- 2) ss sin 2 mn a* . J7'4- 00s 2 (m — 1) nr . miT' (465) 

p 

in which m being a fraction sa ^, nis any number of the series 0, 1, 2, 3, ... ^ — 1 ; 

and , / ^ 

^ ^ •»*.•.•»* (*»* — 2*) . . . 

JET sa 1 ^ sin* X 4- ; ^ ^ ^ — i- sin* x — &o. 

■" ]^.2 "^ 1'2'8*4 

r,., . m* — 1* . . , (m* — 1*) (m* — 3*) . . 

JET' =s sin X — sin* x 4- i ^ x . , ^ «n* x — &c. 

•" 2*3 •»"* *-r 2'8'4'5 

239. TF%«n mis an integer ^ the first members of (464) and (465) become cos mx 
and sin mx ; and the coefficients of the second members contain only multiples of 
2 7 ; therefore we have 

cos mx ^ H sin mx = mH' 

But the series H terminates only when fif is eyen, and the series H* only when m la 
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odd, and we most also employ the deriyatives of these equations to obtiun finite ex- 
pressions in all cases ; thus we have also 



am mx = 



dff 
mdx 



cos mz =s 



an* 

dx 



Therefore differentiating the series ff and ff', we shall haye, when 



m ssi2n/f 



m^ 



cos fTtz as 1 — — -- iria* x + &c.« 

1*2 



f» Es 2 m' -|~ ^» cos mx ^ cosx (1— — =-^ — sin* x + &c.) 

»»• — 2* 
m ^ 2m', sin fRx sss m cos x (sin x — — ^-^ — sin" x + &c.) 

TO* — 1* 

m=:2m'-{-l, Binmxssm (sin x jj-^ — sin* x + &o.) 



(466) 



(467) 



all of which terminate, and give the equations of Arts. 77 and 78. 

240. To SUfehp the tine and cosine of the multiple angle in a teries of ateending powers 
of the tangent of the simple angle. 

We have 

cos TO (2 »fr + x) -j- y/ — 1 sin TO (2 » jr 4" *) = (cos x -f- y/ -«• 1 sin x)"* 

as cos"*x (l+\/ — 1 tanx)* 
Expanding by the Binomial Theorem, and putting 

_ - TO (to — 1) , , , tn(fli — 1) (to — 2) (to — 8) ^ . . 

r=l L__Ltan*x+-i^^ U-^-J ^tan*x-&c. 



m# X TO (to 1) (to 2) ^ - , J, 

^' s TO tan X — — i :r4-k t«^ ^ + &«• 



we have 

cosTO(2nir+x)+^ — lsinTO(2fisr4-z) = cos'"x(7'+^ — 1 T') 

But the imaginary and real quantities are not yet distinctiy separated in the se- 
cond member, for to being fractional cos*" x has a number of imaginary values. If 
we designate its real value by cos*" x, all its values are included in the expression 

cos"* X (1)"» asB cos*" X (cos 2to»V+^ — lBin2 mn'ir) 
which,' substituted above for cos"* x gives 

cosTO(2fi»r+x)4-\/ — l8inTO(2nT+x)=a!008^x(6os2TO»V. T — matmn'tr. T') 

+ ^— 1 cos« X (sin 2 mn'v . T+ cos 2 tow'st . T') 

Comparing the real and imaginary terms, we now have 

cos m (2nir-\' x) = cos"* x (cos 2 mn'tr . T — sin 2 mnsr . 7") 
sin TO (2 »]r 4- a?) =» cos*" x (sin 2 mn'ir . ^4* cos 2 mnfir . T*) 

and it is shown as in the preceding problems that n =s n', whence 

cos TO (2 fiT -f a?) == cos** X (cos 2 mnir , T — sin 2 toat . T') (^^) 

Bin TO (2 n^r 4- a?) s cos*" x (sin 2 mnir . T-^- cos 2 mnir . T*) (469) 
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in wMch m being a fraction s=s ~, n is any number of the series^ 0, 1, 2, ... 9 — 1 ; 



and cos*" x denotes only the real Talue of ^(cos xy, 

241. By the division of (469) by (468) 

\ 

tan m (2nr + «) = m — 2 — o "^-^ (470) 

\ I / jt — .tan2OTnjr. r' ^ ' 

242. When mis an integer, both the series T and T' terminate, and in all cases 
cos 2 97in jr = 1, fiin 2 m» «• ss ; and (468), (469) and (470) give 

COB mz = cos™ X . T (471) 

sin f»c ss COS"* X . T' (472) 

tan m« =s j;- (473) 

which last expression embraces all the equations of Art. 79.* 

248. Before the memoir of Poinsot, developments were given for the multiple arcs 
in series of deteending powers of the «ine or cosine of tiie simple arc ; but he has 
shown that these developments are impossible, except when m is integral, and in this 
case the series are the same as the preceding, with the terms written in inverse 
order. 

244. To develop any power' of the eoeine of the> timple angle m a serifia cf tinea or cosines 
9f the multiple angles^ the cosine of the single angle being positive. 

If y = cos X -|- ^ — 1 sin 2, we have, by (434) and the Binomial Theorem, 

(2 cos x)^ = (y + ir*)"* « sr + »w3r^+ '^(^ — '^) , 3^-*+ &o- 

and by Moivre's Formula, 

y« ^ cos Jil (2 « JT + *) + \/ -" 1 *"i *» (2 «*• + «) 
my"*-* sss m cos («i — 2) (2fi sr+ «) + «» y/ — 1 sin (m — 2) (2 n t + *) 

'!^tp}}^^ !!L(^) cos {n^) (2n«.+^)+'!^-^V-l f^ (m^){2n^x) 

&c. &c. 

Therefore, if we put 

P^nn^ = cos TO (2 nT + «) + m cos (f» — 2) (2 n JT + «) + ^^' 

•^ ml•»^« ^ sin TO (2 «»• -J- «) + to iin (to — 2) (2 n jr + «) + &<5. 
we have 

(2 cos z)« » P,„,^ + ^/ — 1 P\nr^ (a) 

Kow TO being « fraction (2 cos 2;)"* has imaginary values, but whm cos x if positive, 
it will have at least one real positive value, and then (2 cos z)"* being understood to 
denote only this real value, aJi the values are included in the formula 

(2 cos x)™ X (!)"• = (2 cos x)™ (cos 2 wnV + ^ — 1 sin 2 mn'n-) 



* Although the formulsB for multiple angles require, in general, the combination of 
two series when to is not an integer, yet tiiere are certain cases, even when m is a 
fraction, in which one or the other of the series will disappear. See the memoir of 
Poinsot, cited at the beginning of this chapter. 
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Therefore we hare 

(2 cos x)^ (cos 2 mn' jr^- ^ — 1 sin 2 mnf «■) = -Pmrnr-fs + ^ — 1 i^an»+« 

Comparing the real and imaginarj terms, 

(2 cos x)"» cos 2mn'n' =« ian»+« ' 
(2 cos x)"» sin 2 mn'r = P',„ ^^.^ 

and to find the corresponding values of n and n\ let z &= 0, then (2 cos x)"* ss 2*", 
and the series become 

Ptnw = COS 2 mn JT (1 + m -| ^ -^ + &c.) 

= COS 2 mnjr (1 + 1)"* i 

as 2"* cos 2mnit 
and in the same way 

P'^nn =s 2 •» sin 2 wwijr 
Therefore onr formnlaa become 

2*" cos 2 mnV ss 2*" cos 2 mn »* 
2™. sin 2 nw'jr =s 2™ sin 2 wniir 

and as in former cases, it is shown that n =s n', so that we have finally 

^ (2 cos a;)"* = ^^;'+* (474) 

^ ^ oos2mn9r ^ ' 

(2cos«)- = -X$-^-;- (475) 

From this it appears that the real and positive value of (2 cos a^)«^may be expressed 
either by a series of cosines or by one of sines of the multiple angles, and by 
comparing (474) and (475), we have the following constant relation between these 
* series. 

I" 

Pjnr+x__ sin 2 Winy 

•^•nir-t-a C0s2f7mir 

245. If fi = 0, (474) gives 

(2 COS a;)"»sa=P, = cos »?m; + wi cos («i — 2) x-^ L,-^ — i- cos (m — 4) x + &c. (476) 

which may be employed as the general development of the real value of (2 cos x)*", 

when « < -o-' 

246. The same supposition of n s= 0, gives sin 2 mn »■ as 0, and (475) gives 
therefore, 

= P'a: == sin mx + m sin (m — 2) X + ^y^"^ ) gi^ («»— .4) x -}- &c. (477) 

a remarkable property of this series of sines of multiple arcs, which holds for all 
values of m, provided x < ^. 

247. To develop any power of the cosine of the eimpU angle in a series of tinet or cosines 
of the multiple angles^ the cotine of the simple angle being negative. 
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If the denominator of m is eren, there is no real yalue of (2 oos x)*" when oos x 
is negative ; bat we may put , 

(2 cos X)"» ss (— 2 C08«)»» (— l)*" 

88 (— 2co8a;)"» [cos m (2 «'+ 1) ar + ^ — 1 sinm (2»'+ 1) r] 

which, substituted in equation (a) of Art. 244, gives 

( — 2 oos a;)« cos wi (2 »' 4- 1) «• = P^nw+* 
(— 2 cos x)^ sin in (2 «' + 1) jr =s P'unw+a 

Making z sss iTf oos x ss — 1, ( — 2 cos z)"* = 2"*, and the series become, by the 
process shown in Art. 244, 

P{%n+t) n s=s 2*" cos 9» (2 ft -{- 1) T 

-P'c.n+or =2"»8inwi(2fi+ !)«• 
and we have 

2*ooswi(2«'+ l)jr = S"* cos f» (2 n + 1)t 
2«sin«i(5fi'+ l)ar s=s2"»sin«i(2n+ !)«• 

whence, as before, n ss n', and our formuln are 

by which it appears that the real value of ( — 2 cos x)"* is also expressed either by 
a series of cosines or of sines of multiple arcs, which series have the constant re- 
lation 

P',„,+, sin w (2 fi + I) y 

Anir4-« "* COS HI (2 » + 1) T 

248. If 11 s= 0, (478) and (479) give 

« 

p 1 

(— 2 cos x)"« ss — ^^ = (cos mx + TO COS (m— 2) X + &c.) (480) 

^ ' COSTOJT COSOTJr^ ^ / i / \ / 

i" 1 

(— 2 COS x)"« = -. — ^ s=s (sin inx + TO sin (to — 2) X + &c.) (481) 

^ ^ SiUTOsr sm OTsr ^ ' ^ / • / \ ^ 

In this case sin tot is not zero, unless m is an integer, so that the series P'j, does 

mm 

not become zero when x > -^, and both (480) and (481) may be employed as the true 

developments of ( — 2 cos x)"*. 

249. When m it an integer, the series (476) and (480) always terminate at the 
(m -|- l)th term ; and, since in (480) cos mir =s del, according as m is even or odd, 
and ( — 2 008 x)"* as ±: (2 cos x)*" in the same cases, both (476) and (480) become 

(2 cos x)"« = cos TOX+ TO cos (to — 2) X -| ^ — 2 — ^^^ (*" — ^) ^ + ^^' (^2) 

Bat the series (481) becomes zero, so that (482) is the only series by which 
(2 cos x)"* can be developed in functions of the multiple arcs, when to is integral. 
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260, To develop any power of the eine of the eimple angle, in a eeries ofeinee or cosines 
of the multiple angles. 
If y = cos z + v/ — 1 Bin X, we have, by (486) and the Binomial Theorem, 

(v^ — !)"• (2 sin x)™ = (y — JT*)"* 

, , wi fffi — 1) ^ - - 

SB ^ .^ wiy'''^^ ^— 2 Jf^ -^ *®' 

in which y™, y"*^, &c. have the same values as in Art 244, but the signs of the 

coefficients are alternately 4~ ^^^ — * ^^ ^^^ ^ ^® P^^ 

C«nir+« = COS m (2 fi jr + z) — f» COS (m — 2) (2fi ar 4" *) + ^^' 
C«n»+« = sinm (2n sr + z) — TO sin (m — 2) (2 n sr + «) + &0. 

we have 

(V — 1)»» (2 sin a;)- = A„, + x+ v^ — I ?'.i.»+« 

Substituting the vklue of {\/ — !)"• by (446), and comparing the real and imaginary 
terms, we find 

/« . X in (4n'+ l)«r ^ 

(2 sin a;)* cos — i — ^ ^ = A«»+, 

(2 sin «)•»• Bin -^^ — ^ ^ = ?'•«»+« 

imd if we make z s= — , we shall find by the process frequently employed above, 

that 11 s ft' ; whence 

(2 sin z)« = r^^7^\^^ (483) 

^ ' cos J «i (4 n + 1) »• 

(2 Bin x)- n» . ,^;rtriN (^) 

80 that the real value of (2 sin x)*" may be developed in either the cosines or sines 
of the multiples. The two series have the constant relation 

r 

Cny+g sin^m (4fi4- !)«• 
^•n»+« ** cosJ»^(4»+l)Jr 
261. If II s in (483) and (484), 

Q 1 

(2 sin x)"* = 1 s= (cos mx — m cos (wi — 2) x4- &c.) (485) 

^ * cos J wjr cos J »»«• ^ V y I / V / 

O' 1 

(2 sin x)-» « ^r--^ — « T-T (sinwix — msin (to--2)x+ &c.) (486) 

^ ' sm^iAs* sin^fnT ^ \ / ■ / v / 

both of which series are applicable when m is fractional. 

252. When mis an integer, one or the other of the series (485), (486), will always 
be zero, according to the tfxcm of fn, and there will be but one series to express 
(2 sin x)« 

If m sss 4m', (2 sijix)^ s= cos mx — m cos («i — 2) x+ &o. (487) 

TO = 4 wi' + 1, (2 sin x)*" =s sin »ix — m sin (w — 2) x+ &c. (488) 

« = 4 »i' + 2, (2 sinx)"» as — (cos mx — »» cos (m — 2) x + &c.) (489) 

« = 4m'+3, (2sinx)"»a=: — (sinTTix — wisin (wi— 2)x+&c.) (490) 
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253. The series (485) and (486) become zero when m is an integer, as follows : i 

If m ^ 2m% sas sin mz — m sin (m -r 2) z -{- &c. (^^^) 

nt =s 2 m' 4" 1» =^ cos mz — m cos (m — 2) x -4- &c. (492) 

The reason why these series are zero is obTious, since they terminate at the 
(m -I- l)th term, the terms equally distant from the first and last are equal with 
opposite signs, and the middle term of (491) is zero. 

254. Given the equation , 

tan z ssp tan y (^^3) 

to expreat z±y ina aeries of muUiplee of y. 
Substituting tfie values of tan z and tan y given by (431) 

P 



whence 

or putting 

^ P+l 



(494) 



e^y-t^J. ^«e*»)'-» ( , . ^V,y , ) (a) 

1 — 7«-«»y-» 
^(»-»)y-« a I 5li — , 

Taking the Naperian logarithms of both members, 

2 (x — y) v^ — 1 = log (1 — sr^«»y-») -^ log (1 — j^f»^») 

and developing the second member by the formula 

log (1 — fi) =B — » — } n* — J n» — &c. 
we have 

2(z — y)v^— 1= — g «-•»>'-* — } j" e— »>'-» — J j* e-«t>'-» — &o. 

Sab&tituting in the second member by (480), 

X — y as ; tin 2y 4- i 2* sin 4y 4- } S^ sin 6y 4- &c. (6) 

The equation (a) might have been put under the form . 



1 — lff-^yi^-« 
9 



from which, by taking the logarithms and substituting as before, 

In this investigation, we have, in effect, used'Moivre's formula, in its limited or 
less general form ; but the requisite generality may be given to our results, by ob- 
serving, that (498) would hold if we were to substitute tan x = tan (n'»-4-x), tany 
sartan (»'V4-y)» and therefore wc may substitute for the first member of (ft), 
19 N 
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nV + a: — (n'V -4- y) = x — y — (n" — n') »• = a; — y — rnr^n being (like v! and n") an 
arbitrary integer or zero. Hence, the required general deyelopment of x — y in 
series is 

X — y ssTinr^.^ sin 2y-4- } J* sin 4^-4-}^' sin Gy-f" ^^' (495) 

In like manner, since tan x ss tan (x — nV), tan y ^ tan (y — nV), ve may snbsti- 
tute in the first member of (c), x — n'jr-^-'y — n'V = x+y — ntr, and the general de- 
velopment of z -|- y in series is 

sin2y sin4v 8in6y . . ,.^,v 

In these formulse x and y are supposed to be expressed in arc, and to obtain 
X q= y in seconds, the terms of the series must be divided by sin 1". 

255. The preceding problem is particularly useful in finding x when p and y are 
giyen-, and x is nearly equal to y ; in which case p is nearly equal to unity, either 

; or — is a small fraction, and one of the series (495), (496) conyerges rapidly. 

Examples. 

1. Given y = 60*» and;? = 1-00065, to find x from (493). 

Taking only the first term of the series (495), and assuming n = 0, 

2 y = 100<> log sin 2y 9*99335 

•00065 , ^ -,,^. 

^ = ^^00065 ^'^^ ^'^^^^ 

ar CO log sin 1" 5-31448 

X — y = 66"-996 log (x — y) 1-81952 

X = 50® 1' 6"-995 

2. Given y = 50® and/> = -— 1-00066, to find x from (493). In .this case 

_ 2-00065 
^ "■ -00065 
and the computation by (496), if wo assume n == 0, is 

2 y s= 100® log sin 2 y 9-99335 

1 -00065 



log^—i^— 6-51174 



q 2*00065 

ar CO log sin 1" 5-31443 
X + y = — 65"-995 log (x + y) — 1-81952 

x^^y^ 65"-995 = — 50® 1' 5"-995 

er, i(n = l,x= 180® — 50® 1' 5".995 = 129® 58' 54".005. 

In general, (493) is to be solved by (495) when p is positive, and by (496) when j9 

is negative. 

256. Given the equation 

sin (* + 2) =s w sin « (4^7) 

to express z in a series of multiples of a. 
W« deduce as in Art. 168, > 

tan (a 4- * at) s= -tan } « 
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which is reduced to (493) bj patting 

whence q = — r-r = — 

' p-\- 1 f» 

and (495) becomes 

sin* ; Bin2* sinS*' ^ 

which is to be employed when m ^ 1 ; and (496) becomes 

2+ « s: rur — m sin <t — J w* sin 2* — } wi'sin 8 « — &c. (499) 

which is to be employed when m << 1, ft being any integer or lero. 

257. Given the equation 

m sin flt /cAAx 

tan « = ^ . (500) 

1-j- m cos « 

fo express z in a series of multiples of a. 
This equation in the form 

sin z m sin « 









m 


•^ 


1 




P 


"■" 


m 


+ 


1 


1 












m 













cos 2 !-{-''> cos flt 

pves sin 2 -4- m sin 2 cos a. ^ m cos 2 sin « 

sin 2 SB m sin (et — 2) 

tan (2 — } «) as — -— - tan A « 

which is reduced to (493) by substituting 

whence o' = T * = ■ 

and the series (495) and (496) become 

sin flt , 6in2ae sin 8 at , . /^yv^v 

,_,„„,__ + _____ +4c (501) 

2 =s « JT + m sin * — } !»• sin 2 « + J m* sin 3 « — &c. (502) 

- 258. Given the equation 

m sin flt /eAo\ 

tan 2 = i — (503) 

1 — m cos a ^ ' 

to express 2 in a series of multiples of au 

The equation (500) becomes (503) by changing the signs of both m and « ; the 
same changes in (501) and (502) give 

, sin at sin 2 dt sin8«t • /eAj> 

, + . = «,-- _-^-^^-g__&c. (604) 

e = fi T+ w sin flt + J m* sin 2 flt + J w* sin, 8 « + &o. (505) 
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269. In a plane triangle ABC, given a, b and C, to find A or B by a tenet ofmtdiipUt 

By (262) 

a 
-rr-sin C 

XKD.A ss— 



a 
1 r COB (7 





which, compared with (508), giyes, by (505), 

a . ^ , «• sin 2 C , fl8 sin' 8 (7 . ^ 
A = yarn C+y. . — ^ +^ . —^ + &c. (606) 

n being necessarily ^ in this case. B is found by the same series, interchanging 
a and b, 

260. In a plane triangle, ABC, given a, b and C, to find cby a teriet of muliiplet of C, 

We hare 

c» = a« + &• — 2 oft cos (7 (507) 

c» 6* 2ft „, ^ 

-_ = — cos (7 + 1 

a* a* a 



by (451) a= r (cos C7+ v^— 1 sin (7)1 

X ri~(cosC7— V—lsi^^)] 

^== [l — -|-(cosC7+v^-lsinC)]x[l— y (cosC-v^-lsinC)] 

Taking the common logarithms, employing in the second member the formula 

log (1 — n) = — if (n + } n* + J n« + &c.) 

and applying Moiyre's Formula (440) in expressing the powers of oos (7 ± ^^ — 1 sin Cy 
we have 

2 log c — 2 log ft SB 

— if [^ (cos C7+ v/— lain C) + -^ (cos2 C+ v/— 1 8in2 ff) + Ac] 

— M r J (cos C-'^'-ltm C) +^ (cos 2 (7— v' — 1 b"^2 C7) + &c."] 

1 y 1. ik^f *^ rr t ^* COs2C , fl" COS 8C , . \ ,-^q. 

logc = logft — if^ jcosC7+^ . — 2 h jr g"" + *®- j (^^) 

This series was first given by Legendre. The series (496) and (496), upon which 
are based those of the subsequent articles, (Arts. 256, 257, 258 and ^59), are due 
to Lagrange. 
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SPHERICAL TRIGONOMETRY. 



CHAPTER L 



OENERAL FOBMULJE. 



1. Spherical T&igonombtry treats of the methods of computing 
the unknown from the known parts of a spherical triangle. 

It is shown in geometry,'*' that a spherical triangle may, in gene- 
ral, be. constmcted when any three of its six parts are given, (not 
excepting the case where the three angles are given). We are now 
to investigate the methods by which, in the same cases, the unknown 
parts may be computed. 

We shall at first confine our attention to such triangles only as 
are treated of in geometry, namely, those whose sides are each less 
than a semicircumference, and whose angles are each less than two 
right angles ; that is, those in which every part is less than 180°. 

2. It is shown in geometry, that if a solid angle is formed at the 
center of a sphere by three planes, the three arcs in which these 
planes intersect the surface of the sphere form a spherical triangle. 
Now the real objects of investigation in spherical trigonometry are 
the mutual relations of the angles of inclination of the faces and 
edges of a solid angle ; but, for convenience, the spherical triangle 
which forms the base of the solid angle is substituted for it. The 
sides of the triangle being proportional to the angles of inclination 
of the edges of the solid angle, are taken to represent those angles ; 
and the angles which those sides form with each other are regarded 

* The student is here Bupposed to be acquainted with Spherical Geometry, at 
least so much of it as is to be found in Legendre's treatise, or in that of Prof. Peirce, 
of Harrard Uniyendtj. 
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as identical with the angles of inclination of the faces of the solid 
angle. But, since varying the radius of the sphere would not, in 
any respect, change the solid angle, or the values of the angles which 
enter into it, the mutual relations in question - ought to be deduced 
without any reference to the magnitude of the radius of the sphere. 
In fact, we shall deduce our fundamental formulae from a direct con- 
sideration of the solid angle itself. 

S, In a spherical triangle, the sines of the sides are proportional 
to the sines of the opposite angles. 

Let AB 0, Fig. 1, be a spherical 
triangle, the center of the sphere. 
The angles of the triangle are the 
inclinations of the planes A OB, 
AO and BO Oy to each other, and 
c will be designated by A, B and C; 
, their opposite sides respectively will 
be designated bya, b and c, as in 
plane triangles. The trigonon^etric 
functions of these sides will be the same as those of the angles 
BOO, AOOy AOBy which they subtend at the center of the sphere. 
(PI. Trig. Art. 20.) 

From any point -B' in OB, let fall B'P perpendicular to the plane 
A0 0\ and through B'P let the planes B'PA\ B'PO'he drawn 
perpendicular to OA and 0(7, intersecting the' plane OAO in the 
lines FA\ P(7',and the ^Ismea AOB, BOO mlYie lines A'B',BV\ 
The plane triangles A!PB\ B'P O' are right angled at P ; and 
OA!B', C'B' are right angled at A' and 0\ The angle B'A'P, 
being formed by two lines perpendicular to OA, is the measure of 
the inclination of the planes AOB, AOC, or oi the angle A ; and 
B'G*P is the measure of the angle (7. 
We hare therefore, by PL Trig. Art. 15, 

sm A = sin B'A!P = :^ 

B'A! 

Bin(7=sin£'(7P = ^'^ 




BO' 



whence 



sin A _ BP BO' _ BC 

sin "" BA! ^ BP "" BA! v^) 
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Again, 



6ina = am B' 00' = 



sine '=smB'OA' = 



B^ 
B'6 

B'A' 
B'O 



■whence 



sin a 
sine 



B'O' B'O B'O 



II 



B'O ^ B'A' B'A' 



(n) 



Comparing (m) and (?i), 



Bin a 
sine? 



sin J. 
sin Q 



(1) 



which in the form of a proportion is 

sin a : sin c = sin -4. : sin C 



which is the theorem that was to be proved. 

4. In Fig. 1, Ay a, C and c, are each less than 90°, but the con- 
struction would not vary if jny of these parts were greater than 90°, 
except that the points J.' and (7' might be found in the lines AOy CO^ 
produced throughO; and one or more of the right triangles A'B'P^ 
&c., would contain the supplements of A^ a, (7, or c instead of these 
quantities themselves. But the sine of an angle and of its supple- 
ment being the same, the preceding demonstration would still be 
valid, so that the theorem is applicable to any spherical triangle. 

Indeed, according to PL Trig. Art. 49, this result follows from 
the nature of the trigonometric functions themselves, and the demon- 
stration of the preceding theorem might therefore be considered as 
general, without requiring a special examination of the various posi- 
tions of the lines of the diagram. 

5. In a spherical trianglcy the cosine of any side is equal to the 
product of the cosines of the other two sides, plus the continued pro- 
duct of the sines of those sides and the cosine of the included angle. 

Let the plane B'A'0\ Fig. 2, be rig. 2. 

drawn perp. to OA, intersecting the 
planes^Ol?, BO (7and^0C; in the 
lines^'^', 5'(7'und^'(7'. Then the 
angle B'A'Q' = A, and B'OO' = a, 
and by PL Trig. Art. 119, in the tri- 
angles A'RC\ OB'Q\ we have 

BQ'^ = AB'^ -f A'G'^ - 2 A!B' . A!0' cos A 

BO'^ = O^'^ + 0(7'* -20B' .0 0' cos a 
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Subtracting the first of these equations from the second, and ob- 
serving that in- the right triangles OA'B', 0A'0\ 

OB'* -A'B*^ 0A'\ 0(f*-A'0'*^ OA'* 
we have 

= 2 O'A'* + 2A'B'. A'C cos A -2 OB' . 00' cosa 

OA'.OA' , A'B'.A'C 
whence cos a = q^—qq.- + OB'.OC '"'^^ 

Substituti^g the trigonometric functions derived from the right tri- 
angles OA'B\ 0A'0\ 

cos a = COS 6 cos c + sin 6 sin c cos A (2) 

which is the theorem to be proved. It may be regarded as the fun- 
damental theorem, for the preceding (1) can be deduced from it, but 
as the process is somewhat circuitous, we have preferred deducing 
the two theorems from independent constructions. 

6. In the construction of Fig. 2, both I and c are supposed less 
than 90°, while no restriction is placed upon A and a ; but the equa- 
tion (2) is no less applicable to ail the other cases if the principle of 
PL Trig. Art. 49 be granted. As that principle may not be suffi- 
Pig. 8. ciently evident to the student unacquainted with analyti- 
cal geometry, we shall verify it in this case, as follows.* 
Ist. In the triangle ABC, (Fig. 8), let b < 90° and 
iO <^> 90°. Produce BAy BO to meet in B\ forming, the 
lune BB'; then J. J5' = 180° — c, and b are both < 90°, 
and the preceding demonstration would apply to the 
triangle A B'Q. Therefore, applying (2) to AB'O, we 
have 

cos (180°— a) = cos 6 cos (180°-.(?)+sin 6 sin (180°-(?) cos (180° — J.) 

or by PI. Trig. (64), 

— cos a = — COS 6 COS c — sin b sin c cos A 

and changing all the signs 

cos a = cos 6 cos c? + sin 6 sin c cos A 

the same result that would have been found by applying (2) directly 
to ABQ. 




* Hymer's Spherical Trigonometry. Cambridge, 1841. 
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2d. In the triangle ABC, Fig. 4, let h > 90°, <j > 90^ ; 
produce AB and -4.(7 to meet in A^ ; then A'B and-4.'(7 
being both less than 90°, the formula (2) is applicable to 
A'BO. Therefore 

cos a =» cos (180° - i) cos (180° — c) 

+ sin (180° - I) sin (180° - c) cos A 
S5S (— COS h) (— cos c) + sin 6 sin c cos A 
== cosJ cos c + sini sine cos -4. 

the same result as before. 

7. The theorems expressed by (1) and (2) being applied succes- 
sively to the several parts of the triangle, give the two following 
groups : 

sin a sin £ Bs sin h sin A 

sin i sin (7 SB sin c sin B 

sin c sin jI » sin a sin C 




\ 



(3) 



1 



W 




COS a =s COS ( cos (? + sin 5 sin e cos A 
cos 6 = cos <j cos a + sin <j sin a cos B 
cos (? = cos a cos 6 + sin a sin I cos (7 

8. Let A'B'0\ Fig. 5, be the polar triangle 
oi ABCy and designate its angles and sides by 
A\ B'j C\ a'y V and c\ Then, by geometry, 

A' = 180° - a, a' = 180° - ^ 
B' = 180° - 6, . 6' = 180° - B 
C - 180° -c, c' = 180° - (7 B 

and applying the first equation of (4) to A!BfQ\ 

cos a' = cos 6' cos c' + sin 6' sin c' cos A' 
or by PI. Trig. (64), 

— cos A = (— cos P) (— COS (7) + sin -B sin (7 (— cos a) 

— cos -4. =» cos 5 cos (7 — sin 5 sin (7 cos a 

Changing the signs of this, we have the first of the following group : 

cos A = — cos ^ cos (7 + sin -B sin G cos a ^ 

cos -B =a — cos (7 cos J. + sin G sin J. cos 5 > (5) 

cos (7 = — cos J. cos -B + sin -4 sin 5 cos o J 

20 
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It IS tKus that, by means of the polar triangle, any formula of a 
spherical triangle may be immediately transformed into another, in 
'vvhich angles take the place of sides, and sides of angles. 

9. Several other important fundamental groups of formulae are 
obtained from the preceding with the greatest ease. 

The first of (4) multiplied by cos c is 

cos a cos c = cos b cos^ c+ sinb sin c cos c cos A 

and the second of (4) is the same as 

cos a cose + sin a sin (? cos J? = cos b 

the difference of which is 

Birta Bine cos -B = (1 — cos'(?) cos 6 — sin 6 sin c cos c cos A 

Since 1 — cos^ c = sin^c, this may be divided by sint?, and gives 

sina cos J? = sin c cos 6 — cos c sin b cos A 
whence sin b cos (7 = sin a cos c — cos a sin c cos B ^ (6) 

sin c COB A = sin b cosa •— cos b sin a cos 

If we interchange B and C, and therefore also b and (?, the group 
becomes 



sin a cos (7 = sin 6 cos (? — cos b sin c cos -4. 
sin b cos ^ = sin (? cos a — cos <? sin a cos 5 
sin c cos -B == sina cos 6 — cos a sin b cos (7 






(7) 



1 V 

10. If (6) and (7) are applied to the polar triangle, they give, 
after changing the signs of all the terms, 

sin A cos 6 = sin C cos B + cos (7 sin 5 cos a ' ^ 
sin^cosc =sinJ.cos (7+ cos J.sin (7cosJ > (8) 



sin (7 cos a = sin5 cos A + cos JB sin J. cos c 



and 



J 



sin -4. cose = sin-B cos (7+ cos-Bsin Q cosa 

sin -B cos a =s sin (7 cos J. + cos (7 sin J. cos 6 \ (9) 

sin (7 cos 6 = sin J. cos JB + cos J. sin B cos c 

11. Dividing the first of (6) by the following derived from (3), 

sin a sin^ 



sin J. 



= sin b 
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•we find the first of the following group • 

Bin A cotB = sine? cot6 — cose cos -4. 
sin -B cot (7 = sin a cot c — cos a cos-B 
sin (7 cot -4. = sin 6 cota — cos 6 cos 



1 



(10) 



and in the same way from (7), or by interchanging the letters B and 
0, b and c in (10), we find 

sin^ cot (7 == sinJ cot c — cos5 cos A 

sin 5 cot J. = sin c cot a — cos c cos ^ \ (11) 

sin (7 cot-B =^ sin a cot 5 — cosa cos 

If (10) are applied to the polar triangle, we find (11), so that no 
new relations are elicited. 

12. The preceding formulae are suflBcient to furnish a theoretical 
solution for every case of spherical triangles, but some transforma- 
tions are required to facilita1)e their application in practice. 

In the first of (4) substitute, by PL Trig. (139), 

cos J. = 1 — 2sin^ J A 
we find, by PI. Trig. (39), 

cos a = cos (6 — (?) — 2 sin b sin c sin* ^ A (12) 

and we have similar expressions for cos b and cos c. 

If we substitute in (4), by PI. Trig. (138), 

• « 

cos-4 = — 1 + 2 cos^lJ. 
we find, by PI. Trig. (38), 

cos a = COS (6 + c) + 2 sin b sin c cos* \ A (13) 

and, of course, similar expressions for cos b and cos c. 

13. Substituting in (5) 

cos a = 1 — 2 sin' J a == — 1 + 2 cos* J a 

we find by the same process 

cos J. = — cos(B + (7) — 2 sin 5 sin (7 sin* J a (14) 
cos -4 = — cos (2? - (7) + 2 sin B sin cos* J a (15) 

« 

which might have been obtained by applying (12) and (13) to the 
polar triangle. 
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14. If in (12) we substitute c*os a = 1 — 2 sin* J fl, cos (b — c) = 1 — 2 sin* J (5 — c), 
we obtain the first of the following equations ; and the others are obtained by a 
similar process from (12), (13), (14) and (15). 

sin* } a = sin* J ( 6 — e ) -|- sin 6 sin e sin* J A (16) 

sin* } a = sin* } ( 6 + c) — sin 6 sin cos* J A (17) 

cos* J a = cos* J ( 6 — c ) — sin & sin c sin* J -4 (18) 

cos* J a = cos* J ( ft + c ) + sin 6 sin c cos* J -4 (19) 

sin* }^ ^ cos* i(B+C)+ sin 5 sin (7 sin* } a (20) 

Bin* } ^ s= cos* J (5— C) — sin ^ sin C cos* J a (21) 

cos*}^ = sin* } (5 + (7) — sin 5 sin C sin* } « (22) 

cos*}^ == sin* J (B— C)+ sin -B sin C cos* J a (23) 

15. By PI. Trig, we have 

1 ^ cos* } -4 + sin* J A 

cos -4 = cos* J -4 — sin* J A 

whence 

cos b cos e = cos 5 cos c cos* } -4 -4- cos 5 cos e sin* } ^ 

sin 5 sin c cos ^ = sin 6 sin c cos* ^ A — sin ft sin c sin* } A 
the sum of which is, by (4), 

cos a ^ cos (ft — e) cos* } -4 -f- cos (ft + e) sin* J -4 (24) 

and substituting 1 — 2 sin* } a, &c., for cos a, &c. 

8in*Ja = sin*}(ft — c)cos*}^ + sin*}(ft+c)8in*i^ (25) 

cos* J a = cos* i(b^e) cos* ^A + cos*} (ft+ c) sin* }u4 (26) 

In the same manner we deduce from (5) 

cos^=5— cos(5 — C)sin*}a — cos (^+ (7)cos*}a (27) 

Bin*}^ = cos*}(5— (7)sin*}a+cos*}(5+ (7)cos*}a (28) 

cos*}^= Bin»}(5— C)sin*}a+sin*}(5+(7)cos*}a (29) 

It is hardly necessary to add that each of the.jequations (12 to 29) gives a group 
of three, by applying it successively to the three sides or three angles of the triangle. 

16. From (12) we find 

. ,- . cos(5 — {?) — cosa 

sm' J J. = J> . / . 

2 sin 6 sin c 

If, in PI. Trig. (108), we put 

a;=a, y ^b -- c 

whence 

we find , 

cos (J — <?) — cos a = 2 sin J (a — J + c) sin J (a + 5 — (?) 
which, substituted in the above equation, gives 

Bin 6 sm c • ^ ^ 
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Let 8 denote the half sum of the sides, that k, let 



then 

a + J — c = a + 6 + <? — 2 (? = 2 « — 2 c 
which substituted in (30) give 

. __ sin (« — b) sin {s — e) 



2{s 
2{s 



-6) 
-c) 



sin* 



sin b sin c 



whence also sin* J -B « — -. — ^ . ^ ^ 



sin ^ sm a 



M^i) 



. , - ^ sin (« — a) sin (« — b) 

in « O =" -, ; — I 

sm a sm 6 



sin 



17. From (13) we find 

cos*. J A = 



cos a — cos {b + c) 
2sin6 sine 

and from PI. Trig. (108), by making 

a?=6 + c, y=«a 

we find • 



i{b + c^a) 



cos a — cos (6 + (?)=» 2 sin J (a + 6 + <?) sin J (6 + c — a) 
which, substituted above, gives 



cos' 



. sin ^ (g + 5 + c) sin ^ (i + <? — a) 



sin 6 sin c 



(32) 



Introducing, as in the preceding article, « =» J (a + 6 + c), 

. _^ sm « sm [8 — a) 



COS' 



cos* J B 



sin 5 sin c 

sin « sin (« — 6) 
sin c sin a 



^ , ^ sin « sin (« — (?) 

cos* J (7« : \ . ' 

^ ' sm a sm 6 



(33) 
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The quotient of (31) divided by (33) gives 

« 

„ , . sin (« — b) sin (« — c) 
-^ sin 8 sm (8 — a) 

sin (a — c) sin (« — a) 
tan« J5 = sin s sin (« - b) 

2 gm g gin (jg — ^j 

19. From (14) we find 

. ^ ^ cos J. + cos (B + (7) 
sm Ja- 2sin^sin(7 

from which, by PI. Trig. (107), we deduce 
-^ sm^smC/ 



1(34) 



(35) 



and if we put 



sm' 



i{A + B+0) = S 
sin 5 sin 



• 21 L — ■^^^3^^^s(Ay— 5) 

m IJ ; ^-p; -j 

sm(7sm-dL 



sm 



^ (36) 



sm 



2 1 __ — 008/^008 (/y— (7) 

2 t? ^— ; -z : ■■■V 

sm JL sm B 



The first member of each of these equations being a square, the 
second member must be essentially positive, although its algebraic? 
sign is negative ; in fact, since by geometry 2/y> 180°, /S'> 90°, 
cos S is negative, and — cos /Sis po«itive. 

20. From (15) we find 



cos* J « == 



cos A + cos {B — C) 
2sinjB sin (7 



from which we deduce, by a process similar to the preceding, 



cos' 



^ cos J (^ - ^ + C)cosi{A + B-C) .^^. 

i""^: ^TBS^ ^^^^ 



GENERAL FORMULA. 



159 



COS 



2 



_ cos{S-B)cos{S-'0) 



sin B sin 



cos 



3 



cos(Ay- (7 )cos(A y— ^) 



cos* J <J 



sin sin A 
cos (aS - A) cos (aS' - B) 



> (3S) 



sin A sin B 



21. From (36) and (38) 



tan* ^ a 



— cos aS^ cos (S — -4.) 



cos{S-B)cos{S- 0) 



tan«iS= -co8Ayco3(Ay -^) 
J _ — cos /8'co8(«y— (7) 

*^^ *''^C03(aS-^)c0s(aS-5) 



^ (89) 



We might have deduced (36), (38), (39); by applying (31), (33), 
(34) to the polar triangle. 

22. Napier's Analogies, Dividing the Ist of (34) by the 2J, vrc 
find 

tan J -4 ^ sin (« — i) 
tan J -B "" sin (« — a) 

Regarding this as a proportion, we have, by composition and division, 



tan i A + tan ^ B ^ sin (« — 6) + sin (s — a) 
tan J -A — tan J i? "" sin (« — 6) — sin {s — a) 

In PL Trig. (109), if we put 2:=« — 6, y = « — a, whence 

X — y = a — J 
we have 

Bin (« — 6) + sin (» — a) tan J c 

sin (a — 6) — sin (« — a) "~ tan J (a — J) 



("0 



and by PI. Trig. (126), 

tan ^A + tan J J5 



sin J (^ + 5) 



tan J J. — tan J ^ 8inJ(^ — .B) 
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Therefore (m) becomes 



BinKA + B) 



tan J<? 



sin i{A-- £) tan J (a — b) 

or sin J (J. + jB) : sin J (J. — 5) = tan J e? : tan i(a^h) 

which is the first of Napier's Analogies. 

23. Again, the product of the 1st and 2d of (34) gives 



* 1 A 4. 1 z> sin (« — (?) 
tan J A tan j jB = ^: 



BUI 8 

or 1 : tan J A tan J 5 = sin » : sin (a 

whence, by composition and division, 

1 — tan J J. tan J jB __ sin* — sin (« 
1 +tan J J.tanJ-B ~" sin» + sin (» 



^c) 



-c) 



-c) 



By PI. Trig. (109), if a; = «, y = « — (?, we have 

sin« — sin(« — c) tan ^(? 



1 



(40) 



(«) 



sin» + sin (« — c) tan J (a + S) 

and by PI. Trig. (127), 

1 — tan|J.tan|^ cosi{A+B) 
1 + tanJJ.tanJjB "" cos J ( J. — -B) 

Therefore {n) becomes 

< 

cos 1{A+B) __ tan J <? 
cos J ( J. — jB) "" tan J (a + J) 

or cos l(A+B) : cos J ( J. — jB) = tan J e? : tan J (a + J) 

which is the second of Napier's Analogies. 

24. If (40) and (41) are applied to the polar triangle, we shall find 

sin i{a + h) cot J 

sin J (a — 6) "" tan J {A — £) 



1 



(41) 



or sin J(a + 5):sinJ(a — 6) =» cot J (7: tan J (J. — jB) 

cos J (a + J) __ cot J (7 
cos J (a — 5) "" tan J(J. + B) 

or cosJ(a + J):cos J(a— 5) = cot J (7: tan J(J. + 5) 

which are the third and fourth of Napier's Analogies. 



(42) 



(43) 
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25. Gau88*8 Theorem, If 

p =s cos i e an ^ (A -}- B) P = cos J C cos J (a — b) 

q ssz COS i e cos ^ (A-i- B) Q sss sin } (7 cos } (a -{- ^) 

r =B sin } e sin }^ (^ — B) iZ as cos }^ C7 sin } (a — b) 

« s=s sin } e cos } (^ — B) 5 &= sin } C7 sin } (a -}- ^) 

then the products j? X y» i' X **» 1» X *» ? X ^» fi' X «» ^ X *» «**« respectively equal to the 
products FXQ,PX^,I'XS,QX^,QXS,MXS. 

First. From (8) we have 

sin e (sin A do sin B) ^ sin C (rin a do sin b) 
which, by Fl. Trig. (105), (106) and (185), are reduced to 

sin J c cos 7iCBm\(A'\'B)iiOE7i{A — ^) =s sin } (7 cos } (7 sin } (a -{- ^) cos } (a — h) 
sin } e cos } e cos } (^ -{" -^) Bin}(^ — B)^ sin} (7 cos} C7 cos} (a-}- b) sin} (a — h) 

or 

pssss F8 and qr == QR 

Second, From (6) and (7) 

sin c (cos B z±z cos ^) ^ (1 qp cos C) sin (a itz b) 

which, by Fl. Trig, are reduced to 

sin } c cos } c cos } (^ 4" ^) cos } (A — B) sssin}(7sin}C7sin} (a-{- ^) cos } (a-{~ ^) 
sin } e cos ^ c em^ (A •{' B) em^ (A — ^) = cos } C7 cos } (7 sin } (a — 5) cos } (a — b) 

or 

qsssz QS 9Jid prss PR 

Third, From (8) and (9) 

(1 =b cos e) sin (^ =tz jS) aea sin (7 (cos b =tz cog a) 

which, by Fl. Trig, are reduced to * 

cos}ccos}csin}(-4+-B)cos}(-4 + -B) = sin} Ccos}Cco8}(a + 6) cos}(a — b) 
sin } c sin } c sin} (-4 — -B) cos } (-4 — B) sb sin } Ccos ^ C an i (a-{' b) aini (a — b) 

or 

pq = PQ and rs = RS 

26. The notation of the preceding article being stiU employed, the quantities p\ f, r*, s\ 
are respectively equal to P*, §*, JZ*, S\ 

We have 

and qr = QR 

the quotient of which is 

J?" =3 P* whence p=sz±zP 

and in the same way g« = §• qssz±zQ 

r»z=:R^ r^doR 

^^8* « as =tz S 

21 o2 
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27. In these last equations^ the positive tign must he used in all the second m€mber$, or 
the negative sign in all of them. For if we take 

j> = + p • 

the equations 

pqts^PQ, prr=: PR, ps =b PS 

being divided by this, give 

q^ + Q* r^ + R, ««. + 5f 

and if we take 

the same equations, divided by this, give 

j=:-ft r = — Je, « = — 5 

We have therefore the following, which are generally cited as Oauss's Equatiums. 

cos \ e fan \ {A -{^ B) = cos } (7 cos } (a -^ J) 
cos J c cos J (-4 -j- j5) = sin J C cos J (a + 5) 
sin } c sin } (^ — '^) = ^^^ } (7 sin J^ (a — h) 
sin } c cos } (^ — ^) a=B sin } (7 sin } (a -}- &) 



■ (44) 



or 



(45) 



COS J c sin J (-4 + 5) = — cos J C cos J (a — h) 
cos J c cos } (-4 + ^) s= — sin } (7 cos } (a 4* 5) 
sin } c sin } (^ -^ ^) s: — cos } C %m.i{a-^h) 
sin } c cos } (^ — B) = — sin } C7 sin } (a -}- ^) 

If, however, we consider only those triangles whose parts are all less than 180^, the 
first of these groups^ (44), is alone applicable, for we must then have j? s? -f- -^ » since 
90s } e, sin } (^ + ^)y cos \ (7, cos \(a — 6) are then all positive quantities. The use 
of (45) will be seen in the chapter on the solution of the general spherical triangle. 

Napier's Analogies, (40), (41), (42) and (48) can be deduced directly from (44). 

Additional Fobmuub. 

28. We shall here add some formulas which, though not so frequently used as the 
preceding, are either remarkable for their elegance and symmetry, pr of importance 
in certain inquiries of astronomy and geodesy. 

29. The product of (30) and (32) gives 



, , 4 sin s sin {s — a) sin {s — h) sin {s — c) 

sin A. -w ■ J • . — r-5 I 



Put 



»" 



Ihea 

■and in the same manner 

ithe quotient of which is 



sin « sin (« — a) sin {s — 6) sin (« — c) 

2n 



(46) 



(47) 



sin A szs 



emB =s 



sin P sifl-f 



2n 
sin a sin e 



(48) 



<nn A 
elnB 



Bin a 
sin 6 



which is our first theorem, Art. 8. As (48) was obtained from (30) and (82), ana 
these from (4) without the aid of (3), we may consider the whole fabric of spherical 
itrigonometry as resting iipon the fundamental formulsB (4). 
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30. We have also from {35)*aiid (37) 



and if 



. , __ — 4 cos 5^ COB (5^ — A) cos {S — B) cos {S— C) 
^^ ^ Bin* B sin* C 

JV* = — cos 8 cos {S—A) cos (S—B) cos {S— C) 

2iV 



From (48) and (51), 



n 



sm a = • 

sin ^ sin (7 

sin a sin 5 sin 6 



iV sin ul 



sin B 



sin (7 



m 

(50) 
(61) 

(52) 



81. If we develop (47) and (50) by PI. Trig. (173) and (174) 

4 !»• =1 — cos* a — cos* h — cos* c + 2 cos a cos h cos c (53) 

4 J\r» a=s 1 — COS* A — cos* J? — cos* (7 — 2 COS -4 cos B cos* Q (64) 

82. The following simple resnlts are easily deduced A*om the equations (81 to 88) 

cos J A cos \B sin » 

smfC sine 



cos J -4 sin J J? sin (g — a) 

cos J (7 "^ sin c 

sin } ^ cos } -g ^_ sin (« — &) 

cos \ C sin e 

sin } ^ sin } J9 sin (« — c) 



sin^ C 



sine 



(56) 



■ (6«) 



sin } a sin } 5 — cos 8 

cos J c \ sin C 

sin J a cos } 6 cos {8 — A) 

sin J c "~" sin C 

008 } a sin j^ 6 cos {8 — B) 

sin }c sin 

cos } a cos } 5 cos (^8 — C) 

cos J c "~ sin (7 

83. By means of (56) and (56) we can deduce expressions for the functions of 
«, « — a, &c., in terms of the angles, or of 8, 8 — A^ &c., in terms of the sides 
We have, from (51), 

. 2JV JT 

sin J. sin ^ 2 sin } ^ cos ^Atm^ B cos } B 

which, substituted in (55), gives 

sin « ss 



K 



nn (« — c) =5 



2 sin } A sin }^ sinJC 



(67) 



2 cos } ^ cos \B sin } (7 
whence, by interchanging the letters, we have also sin (« — a) and sin (« -— h). 



(68> 
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Again, we haye 

sin (« — c) = sin s cos b — cos « sin e 
whence 

sin 8 cos c — sin (s — c) 

COBS = ; i i 

Bin e 

-tS'hicii, by (55), is reduced to 



cos^ J.cos}^c os e — sin } ^ sin } JS 
cos i .inxn (^^) 



sin ^(7 
and from the equation 

cos (s — c) = cos « cos c-{~ sin« sin c 
we find, by substituting (55) and (59), 



cos 



, X — sin } ^ sin } ^ cos g + cos } ^ cos } jg 

^' ^^ "" sinJC 



(60) 



34. To eliminate c from the second members of (59) and (60), we haye, by (5), 

cos (7 4- cos A cos S 

cos c = ~ 

sin^ sinjS 

whence 

n J. , „ COS (7+ cos -4 cos B 

cos ^ ^ cos ^ ^ cos c =s — T . ' , 

^ ^ 4sin}^sinJjB 

. 1 J. . , Tj COS C + cos A cos B 

Bin A A Bin } ^ cos c = — L 

4 cos ^ ^ cos J B 

which, substituted in (59) and (60), giye 

^^^^ + cos B+cobC — I 

cos * = — ~ !_ 

4sinJu4sinJjBsin JC 



cos 



(61) 

. ^ . ^ cos.4 + cos^--cos(7+l 

^ ^ 4cosi^co8i^8ini(7 ^ ^ 



cos t = ^--8^^'M-8in«}J9~8in'}C 
2sinJ^sin}jS8in^(7 

cos (,-c) = coB'M + cos'i^ + sin'^(7-l 
^ ^ 2cosJ^cosJ-BsinJC 

From the preceding, we easily deduce 

2iV 



(63) 



(64) 



tan 9 = 



cos ^ -}- cos jB -j~ cos (7 — 1 



(65) 



***('-*> = o.^ A A. ^,VL ... n A. ^ (66) 



COS A'\' oobB — cos C + 1 
cos e — tan I A tan * B 

cot 9 = r= = 

sine 
. , . cot i A cot ^ ^ — cos c 

cot (» — C) = r-=^ 

sine 



(67) 



(68) 
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35. The^equationB (57 to 68) applied to the polar triangle, giye 

Mm 

— COS i9 s=s 5 T TT 1- C69) 

2 cos ^ a COS i^ 6 oos i^e ^ ' 

cos (5 — C) = — — ^ — ^ (70) 

Zsm^asin^dcosjc ^ ^ 



. „ Bin la sin ^ b cos C 4- cos A a cos ^ b 
Bin i9 ss — s ? _!_ £ ±_ 

cosjc 

.• /cv ^\ '^'os } a cos I b cos t74- sin i^ a sin A 5 

Bin (o — U) sst ± -1 2 =— 

COB J c 

. a COS a 4- COS 54- cose 4-1 

sin S sa ' — 

4 cos ^ a cos ^ 6 cos ^ c 

cos* } a -(- cos* } & -(- cos* J c — 1 
2 cos J a cos i b cos ^ c ' 

. ^« ^» 1 — cos a — cos 6 -{- COB c 

^ ' "" 4 sin } a sin } 6 cos J « 

sin* } g -{- sin* } & -{- cos* } c — 1 
2 sin J a sin J 6 cos i e 



(71) 



(72) 



(78) 



(74) 



— cot 5 s — (75) 

COB a -}- cos 6 4- COB e -}- 1 ^ ^ 

cot (-sr - (7) = , ^^-T-T f^^) 

'1 — COB a — COB 6 4- COB c 

. „ COS (7 -I- cot J a cot J 6 ,-«. 

— tBSiS =a ' . i. i- (77) 

sin C 

tan (5 - a) = °°'^+*?g-Jt''*"^* (78) 

^ ' Bin C/ 

86. From (78) we find 

- . « 2 cos } g COB } 6 cos } c — COB* } g — oos*^ 5 — cos*} c -f- 1 

2 COB j^ a cos } 6 cob J c 

- , . - 2coB}a cob}6 cos}e-f-coB*}a-|- coB*}54- coB*}e — 1 

' 2 COB } a cos } 6 COB } c 

the nnmerators of which may be reduced bj PL Trig. (178) and (174), by making 
xss}a, y=s}5, z^s^e, whence »=!}(a4-&-(-c)s=s}», v — x =sj (« — a), &c. : 
therefore^ 

- . „ __ 2 sin J « sin J (« — a) sin } (« — 5) sin } (« — c) 

cos }a COB } 6 cos } e 

- , . « __ 2 cos J » cos J (« — a) cos J (« — 6) cob J (« — e) 
• cos J a COB } 6 COB J c 

The product of these equations reproduces (69) ; their quotient is, by PI. Trig. (154;, 
tan* (450 — } i9) a= tan } « tan } (« — a) tan } (« — 5) tan } (« — c) (79) 
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87. To deduce theformulcd af plane triangles from those of spherieal tnangUs. 

The analogy of many of the preceding formulae with those of plane triangles is 
sufficiently obyious. We can, in fkct, deduce the plMie formulae from those of this 
chapter, by rfegarding the plane triangle as described upon a sphere whose radius is in- 
finite, the triangle being an infinitely smaU p(fhtion of the sphere. The quantities a, b and 
e, must, in this case, express the absolute lengths of the sides ; and the angles which 

a b c 
they subtend at the center of the sphere, expressed in arc, will be — , — , — , r be- 
ing the radius of the sphere. When r is very large, — , — , — , are very small, and we 

T T r 

may express the values of sin — , cos — , &c. approximately, by one or two terms of 

r r 

their expansions in series, PI. Trig. (405) and (406), and if their values be substi- 
tuted in our spherical formulae, we shall obtain approximate 'relations between the 
sides and angles of the triangle. If we then make r infinite we shall obtain exact 
relations between the sides and angles of a plane triangle. 
Thus we have 



.a « «' . flu 


/r _1 . fir/' 


. J. Bin — ■■ - — rt o _« "t" **'• 
Sin -4 r r 2.8 r" ' 


"" 2.3 r« ' *''• 


sin j5 b "^ b b* , « 
.kinff r infimte, we find the formula of PI. 


Trie. 



sin^ a 



em B b 
In the same manner 



cos 
Odd A =s — 



_.^C08-C0S- l^_ + &c.-(l-_-_+_«&c.) 



BinyBin^ (|— 2^+&c.)(i.-^.f&c.) 



2 6c rr--. &C. 

and making r infinite, we have the formula of PI. Trig. 

5« + (^ — a« 



cos^ 



2 be 



FormulflB that involve only the sines or tangents of the sides mfty be reduced im-* 
mediately to the plane formulae by substituting a, 5, &c., for sin a, tan a, &c. Thus, 
(31 to 84) give the corresponding formulae of PI. Trig, by omitting the symbol sin. ; 
and (40), (41), by omitting the symbol tan. when these symbols are prefixed to sides. 
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CHAPTER II. 



SOLUTION OF SPHERICAL RIGHT TRIANGLES. 



88. When one of the angles of a spherical triangle is a right 
angle, the general formulae of the preceding chapter assume forms 
that are remarkably analogous to the relations established for the 
solution of plane right triangles, and equally Simple in .their appli- 
cation. 

89. Let (7 = 90^ Fig. 6. From (3) we ^*«- «• 
have 



sin J. 



Bin a 
sine 



sin 




but since «= 90°, sin (7=1; therefore, 



. sm a 

sm A = -: — 

sine 



and, in the same manner. 



>m 



BinB 



sin 5 
sine? 



J 



that is, the sine of either oblique angle of a spherical right triangle 
is equal to the quotient of the sine of the opposite side divided by the 
sine of the hypotenuse. Compare PL Trig. (1). 
40. From (7), we find 



cos J.= 



sin J cos e? — sin a cos C 
cos b sin c 



but if (7 == 90°, cos (7 = ; therefore, 



. sin J cos e? . 

cos A = T— = — =s tan b cot c 

cos b Bvac 



or 



cos -4. = 



tan b 
tan c 



_ tana 

COsJBs« : — ^ 

tan c 



(81) 
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tbat is, the cosine of either angle is equal to the tangent of the adja- 
cent side, divided, by the tangent of the hypotenuse. Compare 
PI. Trig. (1). 

41. From (10), we have, 

. sin J cot a — cos h cos 

cot A = ; — 7i 

sin (J 
which, when = 90°, becomes 

J, , , sin b 

cot -4. = sin 6 cot a == 

tana 

or, taking the reciprocals, 

tana _ tan J ,^^^ 

tan A = -I — I tan I> = (oz) 

sin sin a ^ ^ 

that is, the tangent of either angle is equal to the tangent of the op- 
posite side, divided by the sine of the adjacent side. Compare 
PI. Trig. (1). 

42. From (8), we find, 

. . sin OcobB + cos C sin B cos a 

sin A = — f 

cos 6 

and if (7= 90^ 

. . cosB . ^ cos J. ,^^^ 

sin A = r sin B = (83) 

cos COS a ^ ^ 

that is, the cosine of either angle, divided by the cosine of its opposite 
side, is equal to the sine of the other angle. In PI. Trig, we have 
sin J. = COS B. 
• 43. From (4), we have, 

cos (? = cos a cos 6 + sin a sin b cos O 

or, when = 90°, 

cos e? = COS a cos b *(84) 

that is, the cosine of the hypotenuse is equal to the product of the co^ 
sines of the two sides. In PL Trig, c^ = a^+ b\ 
44. From (5), 

cos (7+ cos J. cos -B 

cos C == : A — * — n ' 

Sin ^ Sin ^ 
or, when (7= 90°, 

COS A cos B 

cos {? =s - . — 2 — ' — D" = cot A cot B (85) 

sm ^ sin ^ ^ ' 
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that is, the cosine of the hypotenuse is equal to the product of the co- 
tangents of the two angles. In PI. Trig., 1 = cot J. cot B. 

45. No diflSculty will be found in remembering the preceding for- 
mulae for spherical right triangles, if they are associated with the 
corresponding ones for plane triangles : thus, 



In plane right triangles. 



Bin J.— — 
c 



cos J.= — 



8 
c 



sin 5 = 



cos jB = — 
c 



M lib 

tan-4. = -r- 



a 
b 



tanjB = 



a 



sin J. ess cos -B, sin jB = cos A 

c« = a« + 6* 
1 = cot J. cot JB 



In spherical right triangles. 

. . Bin a . _ sin b 
sinJ. = -; — SinJBss-; — 



cos -4.= 



Bin c 



tan ( 
tan c 



Bine 



cos 5 = 



tana 
tan c 



. tana 

tan A = -: — r 
sin 6 



_ tan 6 
tanjB = — 



sm a 



sin -4.= 



COSjB 



sinjB = 



cos J. 



COS 6 cos a 

cos e? = cos a cos b 
cose? = cot-4. cot 5 



46. Napier* t RuUs, By putting these ten equations under a different form, Napier 
contrived to express them all in two rules, which, though artificial, are very gene- 
rally employed as aids to the memory. 

In these rules, the complements of the hypotenuse and of the two oblique angles 
are employed instead of the hypotenuse and the angles themselves. The right angle 
not entering into the formulsB, they express the relations of five parts, but in the 
rules the five parts considered are a, h, co. c, co. A and co. B. Any one of these 
parts being called a middle part, the two immediately adjacent may be called acffa" 
cent parts, and the remaining two, opposite parts. The right angle not being considered, 
the two sides including it are regarded as adjacent. The rules are : 

I. The sine of tlu middle part is equal to the product of the tangents of the acffaeent 
parts. 

n. The sine of the middle part is equal to the product of the cosines of the opposite parts. 

The correctness of these rules will be shown by taking each of the five parts as 
middle part, and comparing the equations thus found with those already demon- 
strated. 

1st. Let CO. c be the middle part ; then co. A and oo. B are the adjacent parts, 
a and b the opposite parts, and the rules give 



or 



cos c ss cot A cot B 
cos c ^ cos a cos h 



sin (co. e) = tan (co. A) tan (co. B) 
sin (co. e) sss cos a cos 6 

which are (85) and (84). 

2d. Let CO. A be the middle part ; then co. e and h are the adjacent parts, co. B 
and a the opposite parts, and the rules give 

sin (co. A) =3 tan (co. c) tan h or cos ^ = cot c tan 6 

sin (co. A) sss cos (co. B) cos a cos ^ =s sin ^ cos a 

22 P 
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In the same manner, if co. B is taken as the middle part, 

sin (co. B) ss tan (co. c) tan a or cos B ss cot o tan a 

sin (eo. B) =s cos (co. A) cos h cos jS = sin^l cos 6 

and these four equations are the same as (81) and (88). 

8d. Let a be the middle part ; then co. B and b are the adjacent parts, co. A 
and CO. c the opposite parts, and the rules give, 

sin a = tan (co. B} tan h or sin a ss cot ^ tan 6 

sin a = cos (co. A) cos (co. e) sin a = sin ^ sin c 

In the same manner, if 5 is taken as the middle part, 

sin b =s tan (co. A) tan a or sin 5 =s cot A tan a 

sin b = cos (co. B) cos (co. c) sin 5 =s sin ^ sin e 

and these four equations are the same as (80) and (82). 

It appears, therefore, that these rules include all the ten equations previously 
proved ; and thej include ]\o others, since we have taken each part successively as 
the middle part. 

In the application of these rules, it is unnecessary to use the notation co. A^ co. B, 
CO. c, since we may write down at once sin A for cos (co. A)^ &c.* 

47. In order to solve a spherical right triangle, two parts must> 
be given, and from the equations of Art. 45, that equation must be 
selected which expresses the relation between these two parts and 
the required partw 

When Napier's Rules are employed, it is only necessary to determine which of the 
three parts — the two given and the one required — is to be taken as the middle part. 
<* These three parts are either all adjacent to each other, in which case the middle 
one is taken as the middle part, and the other two are adjacent parts ; or one is 
separated from the other two, and then the part which stands by itself is the mid- 
dle part, and the other two are opposite parts, "f 

48. In order to distinguish the functions of parts less than 90® 
from those greater than 90°, it will be necessary carefully to observe 
their algebraic signs, according to PI. Trig. Art. 40. But when a 
required part is determined by its sine, since the sine of an angle 
and of its supplement are the same, there will be two angles, both 
of which may be regarded as solutions, except when this ambiguity 
is removed by either of the following principles. 

* If we employ as the five parts, the hypotenuse, the two angles, and the comple* 
ments of the two sides including the right angle, these parts will be the complements 
of those used in Napier's Rules, and we shall have 

Mauduit's Rules. — I. The cosine of the middle part i» equal to the product of the co^ 
tangents of the adjacent parts. 

II. The cosine of the middle part is equal to the product of the sines of the opposite parts. 

With a little attention at the commencement, however, and by observing the ana- 
logy exhibited in Art. 45, the student will find that he will have little use for either 
of these artificial rules. 

f Peirce's Spherical Trigonometry. 
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49. In a right spherical triangle^ an angle and its opposite side 
are always in the same quadrant^ that is, either both less or both 
greater than 90°. For, by (83), 

cos B 



Bin A = 



cos 6 



in which, since sin A is always positive, {A < 180°), cos B and 
cos b must have the same sign; that is, B and b must be either both 
less or both greater than 90°. 

60. When the two sides including the right angle are in the same 
quadrant, the hypotenuse is less than 90°, and when the two sides 
are in different quadrants, the hypotenuse is greater than 90°. 
For, by (84), 

cos (? — cos a cos b 

in which, if a and b are in the same quadrant, cos a and cos b have 
like signs, and cos c is positive, that is, c < 90° ; but if a and b 
are in different quadrants, cos a and cos b have different signs> &nd 
cos c is negative, that is, e > 90°. 

We proceed now to the solution of the several cases. 

51. Case I. Given the hypotenuse and one angle, or c and A, 
Fig. 6. 

To find a. The relation among the three ^* ^ 

parts, c, A, and a, (as in PI. Trig, with the 
same data), is given by the sine of A ; and 
by Art. 45, 

. . sin a 

sin^ == -; — 

sine 

from which we find* 

sin a =» sin e? sin A (86) 

There will be two values of a corresponding to the same sine, but, 
by Art. 49, the true value is that which is in the same quadrant 
as A. 

To find b. The relation among the three parts, c. A, and b, (as 
in PL Trig, with the same data), is given by the cosine of A, or, 

. tan b 

cos A = 7 — - 
tan c 

from whichf tan b = tan c cos A (87) 

* This equation would be found by Napier's Rules, taking a as the middle part, 
f We find the same result by Napier's Rules, taking co. A as the middle part. 
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To find B. We have, by (85),* 

cos e? = cot J. cot B 

from which cot B = . = cos c tan A (88) 

cot .^ 

The quadrants in which 5 and B are to be taken, will be deter- 
mined by means of the signs of tan h and cot jB, according to PL 
Trig. Art 40. 

Check. To guard against numerical errors, it is often expedient 
to compute the same quantity by two different and independent 
methods. In many cases, however, we may test the accuracy of 
several operations by a single formula, which may be called the 
check. In the present instance, when the three parts, a, 6, and By 
have been found, we should have, by (82), the relation 

sin a = tan h cot B 

so that if the work is correct, we shall find 

log sin a = log tan h + log cot B 

Examples. 

1. Given c = 110° 46' 20", A = 80° 10' 30", to solve the triangle. 

By (86). By (87). By (88). 

c, log sin 9.9708106 log tan — 04210061 log cos — 9-5498045 
A, log sin 9.9935833 log cos + 9-2320794 log tan + 0-7615038 

log sin a 9-9643939 log tan 6 - 9-6530855 logcotJB - 0.3113083 

log tan 6 - 9-6530855 

Check, log sm a + 9-9643938 

An%. a = 67° 6'52".7, I = 155°46'42".7, B = 153° 58'24".5 

2. Given c = 120°, A = 120° ; solve the triangle. 

An%. a = 131° 24' 34".7 h = 40° 53' 36".2 B = 49° 6' 23".8 

52. If A = 90^ we must also have, by (85), c rs 90^ and then 

tan * = -jT tan ^ =s -^ 

80 that h and B are both indeterminate; that is, there is an indefinite number of 
triangles which satisfy the given values of c aiid A ; but since 

' cos B =s cos 6 sin ^ = 60s 6 
we always have ^ =s 5 ; and since 

sin a =s sin e sin ^ =s 1 
we haye a = 90^ and aU the parts of the triangle are equal to 90®, except h and J5. 
If only c is given = 90°, aU the parts of the triangle are equal to 90°, except A 
and a ; and we have ^ ss a. 



* Or by Napier's Rules, taking co. c as the middle part. 
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53. Case II. Given the hypotenuse and a side, or c and a. 
To find A. We have by (80), 

• ^ sina . 

sin J. = -. — =s cosee e? sin a (0^; 

sin <? ^ ' 



To find B. By (81), 

_ tan a " ,^ .. 

cos B == ; = cot c tan a (90) 

lan c 

To find b. By (84), 

cos c = cosa cos b 

cos c 

from which cos b = = cos c sec a (91) 

cos a ^ ' 

Chech We have between A, B, and b, the relation 

cos B^QmAcosb 

Examples. 

1. Given c = 140°, a = 20° ; solve the triangle. 

By (89). By (90). By (91). 

<?,log cosec 0.1919325 log cot — 0.076186$ log cos — 9-8842540 
a, log sin 9-5340517 log tan + 9.5610659 log sec + 0.0270142 

log sin A 9-7259842 log cos B - 9.6372524 log cos b - 9-9112682 

log sin ^ + 9-7259842 

Cfheck. log cos JB - 9.6372524 

Ans. ^= 32° 8'48".l 

5=:115°42'23".8 

5 = 144°36'28M 

2. Given c = 101° 16' 16".7, b « 115° 42' 38''.5 ; find A. 

Ans. ^ = 65°32'56M 

64. When a =: e and consequently both =s 90^, sin ^ =s 1, A^ 90®, and 



CO8 ^ ^ -TT- COB 5 s= -TT COS JSsscoab 

80 that Bsabj but both are indeterminate as in Art. 62. 

p2 
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55. Oass III, Given one angle and its opposite side, or A and a. 
We shall have 



. Bin a . , . . 

Bin A = -; — whence sm e — cosec A sm a 
ame 



(92) 



tan J. =: 



tan a 
Bin 5 



sin b^cotA tan a 



(93) 



BinjB = 



cos -4 
cos a 



Bin B^cosA sec a 
Cheek, sin 5 » sin {? sin £ 



(94) 




In this case, there are always two solutions, all the required parts 
being determined by their sines, and the ainbiguity not being removed 
by either Art. 49 or Art. 60. This also appears from Fig. 7. 

If AB and AOhe produced to meet in A\ ABA' and 
AC A' are semicircumferences and A=^A'; the triangles 
ABC ^nd A'BC both contain the given parts A and a, 
but d, V and JB' are respectively the supplements of c, 
b and B. It must not be inferred that in every case all 
the required parts are less than 90^ in one triangle, and 
greater than 90° in the other ; but the proper values for 
each triangle must be selected by Arts. 49 and 50. 



Examples. 

1. Given A ^ 100°, a = 112° ; solve the triangle. 

Am, c^ 70°18'10''.2 ) ( c = 109°4r49".8 

8 = 154° 7'26".5 > or < 6= 25°52'33".5 

5 = 152° 23' r'.3 J I jB= 27°36'58".7 

2. Given A =»= 80°, a = 68° ; solve the triangle. 

Ans. (?= 70°18'10".2 ) f e? = 109°41'49".8 

6= 25°52'33".5 > or < J = 154<> r26".5 

5= 27°36'58".7 ) I jB = 162° 23" T'-S 

8. Given B = 150°, b = 160° ; solve the triangle. 

Am. tf = 136°50'23".3 ) f <^*' ^^"^ 9'36".7 

a=: 89° 4'50".7 ^ or ^ a = 140° 65' 9".3 

A^ 67° 9'42".7 ) I ^ = 112° 50' 17"-3 
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56. Case IV. Given one angle and its adjacent side^ or A and J. 
We shall find the required parts by the equations 

cos jB = sin J. cos b (95) 

tan a =» tan A sin b (96) 

cot e = cos J. cot b (97) 

Check, cos B » tan a cot e 

Examples. 

1. Given A = 80° 10' 30", 5 « 155° 46' 42".7 ; solve the triangle. 

Ana. 5 = 153° 58' 24".5 
a= 67° 6'52".6 
(? = 110°46'20"-0 

2. Given B = 152° 23' 1".3, a = 112^ 0' 0" ; solve the triangle. 

Ana. JL = 100°' 

6«i.l54° 7'26".5 
c= 70°18'10".2 

57. Case V. Given the two aideSy a and 5. 
We find the required parts by the equations 

cos e = cos a cos b (98) 

cot J. =* cot a sin J (99) 

cot jB = sin a cot 6 (100) 

Chech, cos e » cot J. cot B 

Example. 

Given a = 116% 6 = 16° : solve the triangle. 

Ana, <? = 114° 55' 20".4 
A-^ 97°39'24".4 
B^ 17°41'39".9 

58. Case VI. Given the two angleSy A and B. 
The required parts are found by the formulae 

cos c =« cot -4. cot B (101) 

cos a = cos J. cosec B (102) 

cos b = cosec A cos B (10^) 
Check, cos t? = cos a cos J 
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Example. 

Given A = 60° 47' 24".3, B = 57° 16' 20".2; solve the triangle. 

Ana. c « 68° 56' 28".9 
a = 54° 32' 32".l 
6 = 51° 43' 36".l 

Additional FoBHULJi tob thb Solution ov Sphebioal Right Tbiangles. 

69. As in plane trigonometry, cases occur in which particular solutions of greater 
accuracy than the ordinary ones are required. (PI. Trig. Art. 112.) 

60. From (89) we find 

1 — sin -4 sin c — sin a 
1 4" sin A "^ sin e -{- sin a 

which by PI. Trig. (154) and (109) is reduced to 

*-•(«• -4 ^) = S||^] (104) 

which will give a more accurate result than (89), when A is nearly 90^. 

61. From (91) W9 find 

1 — cos b cos a — cos e 
1 -j_ cos 6 cos a 4- cos e 

or tan* J 5 s= tan J (c + a) tan J (c — a) (1^^) 

which may be employed instead of (91) when b is small, or nearly 180^. 

62. From (90) we find 

1 — cos S tan e — tan a 



1 4- cos B tan e -{- tan a 

. . , « sin (c — a) ,^^^^ 

tan* J ^ = . ; , ; (106) 

' sin (c -f" ^) 

which may be employed instead of (90) when £ is small, or nearly 1£(P^. 
63. By similar transformations the formulae (101), (102) and (103) become 

X • 1 — cos (-4 + J?) ^^^,, 

tan* iess: ) a J, (107) 

"* cos {A — B) ^ ' 

tan* J a = tan [J (^ + J?) — 45o] tan [45o + J (^ — J5)] (108) 

tan* J 6 = tan [J (^ + J?) — 450] tan [450— } (-^ — -»)] (109) 

We haye also, by (14), 

. . _ — cos (-4 + J?) — cos 

Bin 4- C ^ 7=^^ —: — r TZ 

^ 2 sin .4 sin ^ 

which, when C ss 90°, becomes 

• «i — cos(-4 + -B) ,_^. 

Bin* J tf = —^—. — W^„- (110) 

2 sin ^ Bin J? ^ , 

and from (16), in the same manner, 

,, cob(A — B) ' ,_^. 

cos* } c = o ' >i ' s (111) 

^ 2 sin ^ sin ^ ^ ' 
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of which (110) may be used when e is small, and (111) when e is nearly 180°, in- 
stead of (101). 

64. The equations (92), (03), and (94), of Case III. giye 

*-M*5»-Jc)=^M^ (112) 

tan* (46°— J J?) = tan } (^ — a) tan J (^ + a) (114) 

The roots of these equations having the double sign, we may take the angles 
45° — } e, etc. either with the positiye or negative sign, whence the two solutions 
of the problem, as in Art. 55. 

65. Some of fhe solutions may be adapted for computation by the table of natu- 
ral sines. Thus from (86), (95), and (98), 

sin a ass } [cos (c — -4) — cos (c -f- A)"} (H^) 

cos J? = } [sin {b+A) — sin (6 — ^)] (116) 

cos c =a J [cos (a + 6) 4- cos (a — 6)] (117) 

66. The following relations are occasionally useful : 
From (83) we haye 

cos a sin ^ cos ^ sin 2^ /iiq\ 

(118) 



cos 6 
From (80) and (83), 

sin J? 



sin e 
From (80) and (84), 

sin A 



sin B cos B 




sin 2 B 


sin A cos A 


« 


sin 2^ 


sin a cos a 


sin 2 a 


sin a cos a 




sin 2 a 



cos b sin e cos e sin 2 e 



(119) 



(120) 



67. Various relations may be deduced from the general formulse of the preceding 
chapter by making C ^ 90°. The following are easily obtained : 

sin (e — a) = cos e tan b tan } J? ^ cos a sin 6 tan } B 

sin {€-{' a) ss cos e tan b coH B ss cos a sin 5 cot } £ 

cos (c — a) ^ COB 6 4* Bin a sin i& tan } B 

<!os {e-^- a) =s cos b — sin a sin 5 cot J B 

sin (a — b) ZB 2 sin esuk^ (A-^ B) an i (A — B) 

sin (a + 6) ^ 2 sin ccos ^ (A+ B) cos i (A — B) 

cos } g cos } 6 sin^asin}5 

Bin o sx = cos o ^ 1 

COS i e cos ^ e 

tan 5 as: — cot } a cot } & (121) 

QUADBA17TAL AND IsOSCELES TbIANOLES. 

68. The polar triangle of the right triangle is a quadrantal triangle, one side (the 
side opposite the angle C) being equal to 90°. The solution of such triangles is as 
simple as that of right triangles, the formulae for the purpose being obtained from 
the preceding, by the process of Art. 8. It is unnecessary to produce them here, as 
quadrantal triangles are generally avoided, in practice, and when unavoidable are 
readily solved by means of the polar triangle. 

An isosceles triangle is easily solved by dividing it into two right triangles by • 
perpendicular from the angle included by the equal sides^ 

23 
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CHAPTER IIL 

SOLUTION OF SPHERICAL OBLIQUE TRIANGLES. 

69. In the solution of spherical oblique triangles, a required part 
may sometimes be found by its sine, in which case there will be two 
values of that part, answering to the conditions, unless the proper 
value can be determined by other considerations. In certain cases, 
the true value can be selected by applying one or more of the fol- 
lowing principles, some of which are demonstrated in geometry. We 
still consider only those triangles each of whose parts is less than 180*^. 
I. The greater side is opposite the greater angle, and conversely. 
II. JEach side is less than the sum of the other two. 

III. The sum of the sides is less than 360°. 

IV. The sum of the angles is greater than 180°. 

V. JEach angle is greater than the difference between 180° and 
the sum of the other two angles. 

, For, by .IV., A + B + 0> 180° 

whence, ' A > 180° - (J5 + (7) 

But i{B+ 0> 180°, we have, in the polar 
triangle, A'BV\ Fig. 8, by II., ^ 

a'<b' + e' 
180° - A <180° -B + 180° - O 
-^<180°-(5 + a) 
A>{B+ (7)-180° 

VI. A side which differs more from 90° than another side^ is in 
the same quadrant as its opposite angle. 
For, by (4), we have 

. cos.a — cos b cos e 

cos J. = •— 1— • " 

sm sm c 

m 

\ 

In which the aenominator is always positive, If^ then, a^ di£fers 
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more from 90° than h or than c, we have, (neglecting the signs for 
a moment), 

cos a > cos 6 or > cos c 

and still more cos a > cos 6 cos <? ' 

Hence cos a being numerically greater than cos h cos c, the sign of 
the whole numerator, and therefore the sign of cos -A, is the pame 
as that of cos a ; that is, A and a are in the same quadrant. 

VII. An angle which differB more from 90° than another anglcy 
is in the same quadrant as its opposite side. For^ by (5), 

cos J. +COS jBcos C 

cos a ^* » T^ * /->t 

sm B sm (J 

in which, if A differs more from 90° than j5, or than (7, cos A deter- 
mines the sign of the whole fraction, and therefore the sign of cos a. 

VIII. In every spherical triangle there are at least two sides which 
are in the same quadrants as their opposite angles respectively. This 
follows from VI. and VII. 

IX. The sum of two sides is greater than^ equal tpy or less than^ 
180°, according as the sum of the two opposite angles is greater than, 
equal to, or less than, 180°. In other words, the half sum of two 
sides is in the same quadrant as the half sum of the opposite angles. 
For, by (41), 

tan l{a + b) cos J (J. + 5) = tan J(? cos J (-4 — B) 

the second member of which is always positive, so that tan i (« -!- 5) 
and cos i{A + B) must have the same sign. 

70. Case I. Given two sides and the in- pig.9. 

eluded angle, or 6, c and A, (Fig. 9.) 

First Solution; when the third side and 
one of the remaining angles are required. 

To find a. The relation between the given 
parts 5, Cy A and the required part a is ex- 
pressed by the first equation of (4), 

cos a = cos (? cos 6 + sin c sin 5 cos A (m) 

by which a may be found by computing separately the two terms of 
the second member and adding their values to form the natural co- 
sine of a ; but we should thus be required to use, besides the table 
of log. sines, also the table of logarithms of numbers, and the table 
of natural sines arid cosines. To adapt it for logarithmic computa- 
tion by the table of log. sines exclusively, we employ the process of 
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PI. Trig., Arts. 174, 175. Thus, let i be a nunjber and ^ an aux- 
iliary angle such that 

i sin (p = sin b cos A "j 

A cos (p = cos 6 j ^ ' 

then (m) becomes 

cos a = ^ (cos c cos ^ + sin c sin cp) 

= k cos {c — (p) (m') 

80 that "k and $ being found from (m) we may find a by (m'). But we 

may eliminate Tz by dividing the first equation of (rn) by the second, 

cos i^ 
and substituting in m' the value of A = , whence we have, for 

COS(p 

finding a, 

tan ^ =s tan & cos A 



COS ((? — <p) cos 6 > (122) 

cos a =5 — ^ ' 

cos^ 



1 



which are the formulae commonly employed.* 

To find B. The relation between 6, <?, A and jB, is, by the first 
equation of (10), 

_ sin c cot h — C09 e cos A , ^ 

cot B == : — -7 ■ (N) 

sm^ ^ ^ 

This may be adapted for logarithms by the process above em- 
ployed, but to assimilate it to (m) we multiply the numerator and 
denominator of the second member by sin (, whence 

cot B = sin g cos ft — cos c si n 6 cos A 

sin b sin A 



which by (wi) becomes 



_^ A sin ((? — $) 
cot B = . ,^ . 7 (n) 

am h am >1 \ / 



81T1 6 COS ^/l 

or substituting the value of A = — ; , the formulae for find- 

;^^ T> sin(p ' 

ing B are ^ 

tan (p == tan 6 co's A 



cot 5 = sin(<?-.p)cot.A ]. (128) 

sin^ 



1 



* We might have assumed A sin = cos 6, A cos = sin 6 cos -4, which would 
have reduced (m) to cos a = A; sin (c + ^). In this way all the solutions that follow 
may be yaried. 
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' In the use of these formulae^ as indeed of all that follow, the 
signs of all the functions must be carefully observed, according to 
PI. Trig. Arts. 37 and 40. 

We may take (p between and 180°, less or greater than 90°, 
according as the sign of its tangent is positive or negative ; or we 
may take it numerically less than 90° in all cases, but positive or 
negative according to the sign of its tangent, (PI. Trig. Arts. 87 
and 174). 

Cfheek. The quotient of (n) divided by {m') is 

cot B ^ tan (<? — ^) 
cos a ""sin 6 sin ^ 

which multiplied by the following, from (8), 

sin a sin J? » sin ( sin A 

gives tan a cos jB « tan {c — ^) (^24) 

* 

by which the values of a and -B, found by (122) and (128), may be 
verified. 

71. If a and O were required, the solution would evidently be 
similar, only interchanging b and c, B and (7. By the fundamental 
formulae we should have 

cos a » cos I cos e + Bin b sine cos A 

sin } cos g — cos b sin c cos A r (0) 

^^* ^^ 8in(7 8in4 

and denoting the auxiliary angle in this case by ^ the logarithmic 
solution woidd be 

tan ^ = tan ecosA 

■ 

cos (6 — 7c) cos e 



cos a 



cos;^ 






K (125) 



Cheek, tan a cos C — tan (J — ;^) J 



182 SPHERICAL TRIGONOMETRY. 

Examples. 

1. Given h = 120° 30' 30", c = 70° 20' 20", A = 50° 10' 10" ; 
find a and B. 

By (122). 

I = 120° 30' 30" log tan h - 0-2297071 
A = 60° 10' 10" log cos A + 9.8065322 

(p = 132° 36'44".2* log tan (p - 0-0362393 
c= 70°20'20".0 
c-(p = - 62°16'24".2 

By (122). By (123). By (124). 

logcos(c— p)+ 9.6676893 log 8in(c — ^) — 9-9470304 logtaii(c—p) — 0-2793410 

ar 00 log cos p -^ 0*1693898 ar co log sin ^ + 0-1331505 log tan a + 0-4291648 

log cos 6 — 9-7065761 log cot ^ + 9-9212038 log cos -B— 9-8501762 

logcosa+9-542659B log cot 5— 0-0013847 Check. — 0-27934J0 

a =s 69® 34' 55"-9 B = 135° 5' 28"-8 

2. Given 6 = 120° 30' 30", c «= 70° 20' 20", A = 50° 10' 10" ; 
find a and (7. * 

Ans. a = 69° 34' 55".9 
(7= 50° 30' 8".4 

3. Given I = 99° 40' 48", c = 100° 49' 30", A = 65° 33' 10" ; 
find a and B. 

AuB. a = 64° 23' 15".0 
5 = 95° 38' 4".0 

4. Given 6 = 99° 40' 48", c? = 100° 49' 30", ^ = 65° 33' 10"; 
find a and 0. 

Ana. a = 64° 23' 15".0 
(7=97°26'29".l 

6. Given b = 98° 2' 20", c = 80° 35' 40", A = 10° 16' 30" ; 
find a and (7. 

^w«. a = 20° 13' 30".l 
(7=30°35'56".7 

72. If jB, (7 and a were all required, we might find a and (7 by 
(125), and then B by Art. 3, which gives 

sin a : sin & = sin ^ : sin B 

. _ sin 6 sin A 

or sin J? == -. 

sma 



* We may also take p = — 47° 23' 15"-&, whence c — ^ = 117° 43' 85"-8, which 
will give the same Taluks of a and £ as fpund in the text. 
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Of the two values of B less than 180° given by this formula, the 
proper one may generally be selected by the principles of Art. 69. 
There are cases, however, in which all the conditions there given are 
satisfied by both values of jB,* and on this account it is preferable, 
in general, to combine (123) and (125), or to employ the following 
solution, when the three unknown parts are all to be found. 

73. Case I. Given 6, c and A. Second Solution ; when the two 
remaining angles are required, or when the three unknown parts are 
all required. 

We have, by Napier's Analogies, (42) and (43), 

sin J (6 + c) : sin J (6 — c) = cot J -A : tan \{B— C) 

cos \{1> + c) : cos J (J — c) = cot J J. : tan \{B+ C) 
whence 

taa H5-C) = ^4^11^] cot M (126) 

tanH5+(7) = ^£i|^jcotJ^ (127) 

which 4etermine J (jB — (7) and \{B + (7) ; then the half difference 
added to the half sum gives the greater angle, and the half differ- 
ence subtracted from the half sum gives the less angle. 

If c > 6, we may write (? — 6, (7— ' j5, in the place of 6 — <?, jB — (7. 

We may now find a by either of Napier's Analogies, (40), (41), 
which givef 

sin|(5+ C) 
^^'^ i ^ ^ sinll-g-^ ) *'''' ^ (* "" '^) (^^^^ 

^--^-'= lf(f:tc) tanH^ + ^) .(129) 

* By Art. 69, VI., if h differs more from 90® than c, B is in the same quadrant 
as h, and aU ambiguity is remoyed. If e differs more from 90** than b, we may find 
a and B by (122) and (123), and then C by the formula 

, _ sin e sin A 

8in C =s ; 

sin a 

C being taken in the same quadrant 'as e, 

f .We may also find a from any one of Gauss's Equations (44), which become, in 
the present case, 

cos Ja sin J (^ + C7) as cos } ^ cos J (6 — c) 

cos } a cos } (5 + C7) = sin } ^ cos J (6 -f" ^) 
sin J a sin } (^ — C) =a cos } -4 sin J (6 — c) 
sin } a cos J (5 — C7) = sin J -4 sin J (6 + c) 
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Examples. 

1. Given h = 120° 30' 30", c = 70° 20' 20", A = 50° 10' 10"; 
find 5, O and a. We have 

J (6 + c) = 95° 25' 25" 

J (6 _ c) = 25° 5' 5" 

J^ = 25° 6' 5" 



By (126). 

ar CO log sin J (6 + c) + 0-0019477 

logsin J (6 -c),+ 9-6273228 

log cot J J. + 0-3296529 

log tan J (5 - C) -f 9-9589234 
1{B-C)= 42° 17' 40"-0 
5 = 135° 5'28".6 

By (128). 

ar CO log sin J(5- (7)+ -1720232 
log sin J(J5+ C)+ 9-9994824 
logtanj(6-c)+9.6703471 

logtanJa + 9-8418527 
J a = 34° 47' 28"-l 



By (127). 
ar CO log cos \{h + c) — 1-0244829 
log cos J (6 - c) + 9-9569757 
log cot J J. + 0-3296529 

log tan 1{B+C) -1-3111115 
1{B + C) = 92° 47' 48".6 
C= 50° 30' 8".6 

By (129). 

ar CO log cos \{B— 0) +0-1309465 
logco8j(£+C)- 8-6883710 
logtan|(6 + (?)- 1-0225352 

log tan I a + 9-8-418527 



Ans. B = 135° 5' 28"-6 
C = 50° 30' 8"-6 
a = 69° 34' 56".2 

2. Given h = 99° 40' 48", e = 100° 49' 30", A = 65° 33' 10" ; 
find B, C and a. 

Am. B = 95° 38' 4".0 
= 97° 26' 29"-l 
a = 64° 23' 15".l 

74. It may be remarked with regard to (128) and (12d) that, when b and c (and 
consequently B and C) are nearly equal, a small error in the previous determina- 
tion of the small angle i(B — C) may produce a large one in log sin } (^ — C), and 
consequently in log tan ^ a found by (128). In that case, therefore, (129) must be pre- 
ferred. 

In like manner, if ^{b -^ c), and consequently }(^-|- ^)> ^^^ nearly equal to 
90°, (129) will become inaccurate, and then (128) is to be preferred. 

Formula (128) would fail entirely if B = C7, and formula (129) would fail if 
^ (.B 4- ^) = 90°, since the second members in these cases would assume the inde- 





terminate form 







75. Case I. Given J, c and A. Third Solution. When the 
third side is alone required, the computation by (122) is in most cases 
as convenient as any other ; but there are various other methods 
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derived from the formulaB of the preceding chapter, which have been 
employed with advantage in particular applications. Among the' 
most convenient are the following, from (12) and (13) : 

cos a = cos (6 ■—£?) — 2 sin h sin c sin* J A (130) 

cos a = cos (6 + (?) + 2 sin 6 sin c? cos' J A (131) 

The computation of these requires the use of natural cosines and 
numbers, the signs of which must be carefully observed. 

Example. 

Given I = 99° 40' 48'', c = 100° 49' 30", A = 65° 33' 10" ; 
find a. 

By (130).* 

J ^ = 82° 46' 35" log sin* J J. = 2 log sin J ^ 94669752 
J - c = « 10 8^42'' log sin h 9-9922023 

log sin e 9-9937722 
log 2 0.3010300 

log -9.7539797 



- 2 sin 6 sin (? sin' J^ = - 0.5675181 
nat cos (6 - I?) = + 0-9998003 

nat cos a = + 04322822 



a = 64° 23' 15" 



J ^ =. 32° 46' 35" 
i + <? = 200° 30' 18" 



By (131). 
log COS* J J. = 2 log cos J J. 9.8493748 

log sin b 9.9922023 

log sin c 9.9937722 

log 2 0-3010300 



+ 2 sin 6 sin c cos» \A^ + 1-3689240 
nat cos (6 4- c) = — 0.9366416 

nat cos a :» + 0.4322824 



log 0.1363793 



a = 64° 23' 15" 



76. In Art. 14, we have dedaced seyeral formulae by which \ a may be computed. 
We may adapt (17) and (18) for logarithmic computation, aa foUows : 

sin* ^ sin h sin c cos* J A 
Bin*}a = 8in*J(6+(?) — Bin«^ \ (132) 

= sin [} (6 + c) + 0] sin [} (6 + - fl 

sin* as sin 5 sin e sin* J A 
cos* J a =s cos* J (6 — c) — sin* ^ 1- (138) 

SB cos [J (6 — c) + ^] cos [} {h — c) — 0] 
of which (182) is to be preferred when } a < 45<>, and (188) when } a > 46^. 



* The computation of (180) is facilitated by the use of a special table (giyen in 
many treatises on nayigatlon), from which, with the argument A^ is taken the loga- 
rithm of 2 sin* } ^ = versin A, [PI. Trig. (4) and (139)]. 
24 q2 
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Fig.O. 




77. Case II. Given two angles and tJie 
included sidey or -4, C and b. (Fig. 9). 

First Solution ; when the third angle and 
one of the remaining sides are required. 
■B To find B. The relation between -4, (7, h 
and -B, is, by (5), 

cos jB = — cos (7 cos -A + sin C/sin A cos 6 (m) 

which is adapted for logarithms by the method employed in the pre- 
ceding case. Thus, let 

Asin9-=cos-A 1 ^ 

AcosS" = sm A cos6 j 

then (m) becomes 

cos-B = A (sin C/cosS- — cos (7 sin 9-) 

= A sin ((7- 9-) * {m") 

or, eliminating h = '-^ — ^> the formulae for finding B are 

sm i7 

cot 9- = tan J. cos h 



T> sm ((7 — 9-) cos A 

cos5== ^^ — 7— r-^ 

sin9' 



To find a. From the third equation of (10), we find, 

sin (7 cot J. + cos (7 cos 6 



1 



J 



cot a =5 



sin 6 
sin (7 cos -A + cos (7 sin J. cos 6 



sin A sin 5 



which, by (w), becomes 



cot a = 



_ Acos((7— 9-) 



sin A sin 6 



sin -4 cos 6 



or, eliminating h = k — ' we have, for finding a, 

cos i7 



COS 

cot 9" = tan A cos J 

__ cos ((7— 9-) cot 6 
cos9- 



cota = 



1 



(134) 



(N) 



(») 



(135) 



As in the preceding case, we may either take 9* always between 
and 180°, less or greater than 90° according as its tangent is posi- 
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tive or negative; or we may take 9- numerically less than 90° in all 
cases, positive or negative, according to the sign of its tangent. 
(PI. Trig. Art. 174.) 

Check. The quotient of (n) by {w!) is 

cot a cot ((7 — 9-) 
cos-B "~ sinJ. sin 6 

which, multiplied by 

sin £ sin a =» sin A sin h 
gives 

tan 5 cos a = cot ((7 — 9-) (136) 

by which the values of B and a, found by (134) and (135), may be 
verified. 

78. If B and c were required, the solution would be similar, only 
interchanging a and e, A and (7. By the fundamental formulae, we 
should have, 

cos jB = — cos AcosC + sin-A sin (7cos6 "^ 

sin Aco^C+ cos ^ sin (7 cos 6 > (o) 

sin(7siQ6 j 

and denoting the auxiliary angle by ^, the logarithmic solution 
would be 

cot^= tan (7 cos 6 

sin {A — ^) cos 



cot(?== 



cos 5 = 



cot (? = 



sin^ 
cos [A — ^) cot h 



^ (137) 



cos ^ 
Chech tan J? cos (? «= cot (.A — ^) 

Examples. 

1. Given A = 135° 5' 28".8, (7= 60° 30' 8M, ft = 69° 34' 55".9; 
find B and a. 

By (134). 
J.= 135° 5'28"-8 log tanJ.- 9-9986154 

ft = 69° 34' 55"-9 log cos 6 + 9-5426553 

9- = 109° 10' 31".0* log cot 9- ~ 9-5412707 

(7= 50° 30' 8".4 
(7_9.«- 58°40'22".6 



* We may also take 3- = — 70° 49' 29" -0, whence C7--3- = 121° 19* 37"-4, which 
will eyidcntly give the same results as those obtained in the text. 
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By (134). By (135). By (136). 

logsm(C— 3-)— 9-9315664 logco8(C— 3-) + 9-7159386 logcot(C—*)— 9-7843722 

aroologsm3-+0-0247897 arco log cos 3— 0-4835187 log tan 5 +0-0787963 

logoosjl— 9-8501762 log cot J +9-7508862 • log cos a —9-7055757 

log cos £+9-8065323 log cot a — 9-7702925 Ckeck. —9-7843719 

£= 50<'10'10"-0 a=120»80'29"-9 

An».B=^ 60°10'10"-0 
a = 120° 30' 29"-9 

2. Given J. = 135° 5'28"-8, C=.50°30'8"-4, 6 = 69°34'55"-9; 
find B and c. 

Am. 3=" 60°10'10"-0 

e = 70° 20' 20"-0 

8. Given A =.65° 33' 10",.. C= 95°38'4", h = 100° 49' 30"; 
find B and a. 

Ans.B= 97° 26' 29" 

a = 64° 23' 15" ' 

4. Given ^ = 97° 26' 29", (7 = 95° 38' 4", 6 = 64° 23' 15"; 
find B and a, 

An8.B== 65° 33' 10" 

a = 100° 49' 30' 

79, If a, c and B were all required, we might find B and e by 
(137), and then a by Art. 3, which gives. 

Bin B:smA = 6iah: sin a 

Sin -4 sin 6 .^^^. 

sm a = -. — s — (138) 

sin ^ ^ ^ 

Of the two values of a given by this equation, the proper one is to 
be selected, if possible, by the principles of Art. 69.* But as cases 
occur in which all the conditions there given are satisfied by both 
values of a, it is preferable, in general, to combine (135) and (137), 
or to employ the following solution when the three unknown parts 
are all to be found. 



* By Art. 69, VII., when A differs more from 90° than C, a must be taken in the 
same quadrant with Ay and all ambiguity is removed. If, then, by A we always 
denote that angle which differs more from 90° than the other given angle, we may 
always solve this case by means of (187) and (138), without meeting with any diffi- 
culty in determining the quadrant in which a is to be taken. 
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80. Case 11. Given J., (7 and 6. Second Solution ; Yrhen the two 
remaining sides, oi' when the three unknown parts are all required. 
We have, by Napier's Analogies, (40) and (41), 

sin J (J. + (7) : sin j^ (-4 — (7) = tan J 6 : tan J (a — <?) 

cos i (^ + ^) • ®^s J (-A — (7) = tan J 6 : tan J (a + ^) 
whence 



- , . sin i (-A — (7) ^ , - 
tani(a-^) = 3i^^-jX+^)^tani6 

. 1 / , V cos J (J. — (7) 

tan i (^ + ^) =• , /\i . /7x tan J 6 

^ ^ ' cos J (^ + C7) '^ 



(139) 



-/ 



which determine J (« — c) and J (a + <?) ; then the half difference 
added to the half sum gives the greater side, and the half difference 
subtracted from the half sum gives the less side. If (7> J., we may 
write 0— A, c ■— a in the place of -4. — (7, a — (?. 

We may now find B by either of Napier's Analogies, (42) and 
(43), which give* 

cot J5 = ^';^ii^ + ') tan i{A^O) (140) 

^ sm J (a — (?) ^ ^ ' ^ ' 



^ , ^ cos i (a + (?) ^ - , - , ^v 
cot J jB = f) { tan \ (A +C) 

^ cos J (a — (?) ^ ' 



(141) 



Examples. 

1. Given j! « 135° 5' 28".6, C = 50° 30' 8".6, 6 = 69° 34' 56".2 ^ 
find a, (? and B, 
We have J (^ + (7) « 92° 47' 48".6 

J(^-(7) = 42°17'40".0 

J6 = 34°47'28".l 
Then, by (139), 

aroologsinJ(J.+ (7)+0.0005176 arcologcosJ(-4+(7)-1.3116286 
logsinJ(-A-(7)+9.8279768 log cosJ(J.- (7)+ 9.8690535 



log tan J 6 +9.8418527 

log tan J (a - (?) + 9.6703471 

j(a-(?)= 25° 5' 5".0 

a = 120°30'30".0 



log tan J 6 +9.8418527 

logtanJ(a + c) -1.0225348 

J(a + (?) = 95°25'25".0 

(? = 70°20'20".0 



* We may also find B bj any one of Gauss's Equations, (44), interchanging B 
and C, b and c. 
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By (140). By (141). 

ar CO log sin J( a - 6 ) + 0-3726772 ar colog cos J( a — c) + 0-0430243 

log8in|(a + c) + 9-9980523 . log cosJ( a + c)- 8-9755171 

logtanJ(J.-C)+ 9-9589234 . logtanJ(A-fC,)- 1-3111110 

log cot J B + 0-3296529 *log cot J B + 0-8296524 

J jB = 25° 5' 5".0 

Ana. a = 120° 30' 30" 

c= 70° 20' 20" 

B= 60° 10' 10" 

2. Given A = 95° 38' 4", C= 97° 26' 29", J = 64° 23' 15"; 
find a, c and B. 

Am. «= 99° 40' 48" 

e = 100° 49' 30" 

B= 65°33'i0" 

81. Case II. Given A, Oa.uih. Third Solvtion. When the 
third angle B is alone required, the computation by (134) is in most 
cases as convenient as any other, but there are other methods (cor- 
responding to those given in Art. 75 for finding a) which may occa- 
sionally be serviceable. By (14) and (15) we have > 

cos 5 = - cos {A +C) — 2 sin A sin sin» J 5 (142) 

C08B = — cos (A-0) + 2 sin A sin cos» | h (143) 

the computation of which is similar to that of (ISO) and (131). 

Example. 

Given A = 95° 38' 4", = 97° 26' 29", } = 64° 23' 15" ; 
find jB. 

By (142). 

J5= 32°ll'37"-5 log sin* i J = 2 log sin J 5 9-4531022 

-4-1- C= 193° 4' 33" log sin A 9-9978967 

log sin C 9-9963268 

log 2 0-3010300 

- 2 sin ^ sin Csih» J J = - 0-5602162 log 9-7483557 

— nat cos {A -f C) = -f 0-9740715 

nat cos B = -^"0-4138553 B = 65° 33' 9"-9 



* For the reasons giTen in Art. 74, (141) is, in this example, not so accorata 
as (140;. 
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(U4) 



(146) 



82. In Art. 14, seyeral formulse are giyen, by whicli } B may be computed. By 
(21) and (22) we have 

sin* } -B =1 cos* } (^ — (7) — sin ^ sin C cos* } b 
cos* } J? =» sin* } (^ + C) — sin ^ sin C sin* } & 

which may be adapted for logarithms, thns : 

sin* ss sin ^ sin C cos* } b 
sin* } J? = cos* J (^ — C7) — sin* ^ 

s cos [J (A — C7) + 0] cos [} (^ — ^ — 

sin* =s sin ^ sin (7 sin* } b 
cos* } -B = sin*^ (^ + (7) — sin* 

« sin [J (^ + (7) + ^] sin [} (^ + C7) -« 0] 

of which (144) is to be preferred when } -B < 45®, and (145) when iB> 46®. 

88. Case 11. might have been reduced to Case I. by means of the polar triangle, 
Art 8 ; for there will be known in the polar triangle, two sides and an angle oppo- 
site one of them, being the supplements of the giyen angles and side of the pro- 
posed triangle. The polar triangle being solyed, therefore, by Case I., and its two 
remaining angles and third side found, the supplements of these parts would be the 
two sides and third angle required in the proposed triangle. It is easily seen, also, 
that all the formulsB aboye giyen for this case might haye been obtained by these 
considerations. 

84. Case III. Given two sides and an 
angle opposite one of them ; or a, 5, and A, 
Fig. 9. 

First Solution^ in which each required 
part is deduced directly from fundamental 
formulae independently of the other two parts. 



Fig. 9. 




To find c. We have, by (4),* 

cos c cos 5 + sin c sin h cos A 
to solve which, let 

A; sin ^ =5 sin h cos A 

i cos ^ =5 cos b 
then (m) becomes 

k cos ({• — ^) 5= cos a 

or putting <;• — ^ = ^', 

k cos ^' = cos a 



s=s cos a 



■] 



(M) 



(m) 



1 



(mO 



* This formula has been already employed and adapted for logarithms in Case 1; 
but, for the sake of clearness, it is repeated. The student will remark that a sim- 
ple transformation of (1 22) gives (146). It will also be obsenred that the giyen angle 
and the giyen side adjacent to it, in each of the first four cases, are denoted by J 
and b, in order that the auxiliaries tp and ^ may haye the same values throughout 
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The auxiliary (p will be fully determined by (rw), being taken be- 
tween and 180°, and always positive (PI. Trig. Art. 174) ; but, as 
the cosine of an angle is also the cosine of the negative of that 
angle [PI. Trig. (56)], we may take (p' in (m') either with the posi- 
tive or the negative sign, so that (? = ^ db ^'. There will thus be 
two values of t? answering to the same data, both of which will be ad- 
missible, except when (p + cp' exceeds 180°, in which case the only solu- 
tion is (? = (p — $' ; and except when ^' exceeds ^ (which would make 
c negative), in which case the only solution is (? = (p + ^'. 

Therefore, eliminating jfc, we have for finding (?, 



tan 


<? 


=s 


tan b 


cos A 


cos 


<P' 


— 


cos 


cos a 


rt/Ma 


A 



> 



c = 

To find a We have by (10), 

cos (7 COS 6 + sin C cot J. = sin h cot a 

or, multiplying by sin A, 

cos C sin J. cos 6 + sin (7 cos J. = sin A sin b cot a 

to solve which, let 

A sin &■ = cos A 

A cos &■ = sin A cos b 
then (n) becomes 

h cos ((7 — 9") = sin A sin b cot a 
or putting (7 — &■ = 9-', 

h cos y = sin A sin b cot a 
(7 = ^ + y 



(146) 



(N) 



1 



(n) 



1 



M 



Here &■ will be fully determined, while 9"' found by its cosine may 
be either positive or negative, so that we shall have in general tw^o 
values of (7 = 9- db 9-', corresponding respectively to the two values 
of c ; but, as before, values greater than 180°, and negative values, 
being excluded, there will in certain cases be but one solution. 

Eliminating h = ^ — , we have, then, for finding C. 

° cos 9- 



1 



(147) 
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cot 9- = tan A cos b 

cos y = cos d- tan b cot a 

To find B. We have several methods : 1st, directly by (3), 

, -. sin-4.sinJ ,. ^^, 

sin jB = -. (148) 

sm a ^ ' 

which gives two values of By supplements of each other, correspond- 
ing respectively to the two values of c and 0. We shall presently 
see how to determine which are the corresponding values of c^ 
and B. 

2d. In (128), ^ has the same value as in (146), and therefore put- 
ting in (123), c — ^ = ^', we have 

_ sin ^' cot J. ,^ ,^^ 

cot B == i-— (149) 

sii> ^ ^ ' 

which gives two values of B by the positive and negative values 
of <p'. 

3d. By (124), 

cos B = tan ^' cot a (150) 

which also gives two values of B by the positive and negative values 
of <p'. 

4th. In (184), 9- has the same value as in (147), and therefore put- 
ting in (134), C -^ 9- = y, 

sin y cos -4. 

cos B = ; — K — (151) 

sm 9- ^ ' 

which gives two values of By as before. 

5th. By (186), 

cot jB = tan 9^ cos a (152) 

which gives two values of jB, as before. , 

The formula (149) shows that when <p' is positive, cot B /ind cot A 
have the same sign, that is, B and A are in the same quadrant ; and 
that, when ^' is negative, cot^ and cot ^ have different signs, that 
is, B and A are in different quadrants. A like result follows from 
(151), with reference to 9"'. Hence, that value of B which is in the 
same quadrant as A, belongs to the triangle in which € = ^ + ^\ 
(?= 9* + 9^ ; and that value of B which is in a different quadrant 
from Ay belongs to the triangle in which {? = <p — ^', (7= 9" — 9-'. 
This precept enables us to employ (148) without ambiguity. In the 
26 B 
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use of (149J, (150), (151) and (152), it is only necessary carefully to 
observe the signs of the several terms. 

Checks. Of the various formulae above given for finding jB, one or 
more may be employed for the purpose of verification. When c and C 
have been found, the most simple check is the following, from (3), 

?!5^=?l^ (153) 

sm e Bin a ^ ' 

which, indeed, might have been employed to find (7, after e was 
found, and reciprocally, but for the ambiguity attaching to the sines. 

85. According to Art. 69, VI., if h differs more from 90° than a, 
B must be in the same quadrant as 5, and, since but one of the twp 
values of B can satisfy this condition, there will be but one solution. 
In that case e and will each be found to have but one admissible, 
value. 

86. The problem will be altogether impossible, when a difiers more 
from 90° than 5, and is yet not in the same quadrant with A. In 
such case, we should find that ^ + ^' > 180°, and ,^ — ^' < ; 
& + y>180°, a-^'<0. 

The problem will also be impossible, when sin J. sin 5 > sin a, since, 
by (148), we shall then have sin 5 > 1. 

Examples. 
. 1. Given a =40° 16; J = 47° 44', -A = 52° 80'; find jB. 

By (148). 

a = 40° 16' ar co log sin a 0-1895350 

h = 47° 44' log sin h 9-8692449 

A = 52° 30' log sin A 9-8994667 

5= 65° 16' 35" log sin -B 9-9582466 

^r jB = 114° 43' 25" 

2. With the same data, find c and B. 

By (146.) 
a-= 40° 16' logcosa+9.8825499 

i=> 47° 44' log tan h +0-0414996 ar co log cos J+0.1722547 

4= §2° 30' log cos ^+9-7844471 

(p= 33°48'51".4 logtan<p+9.8259467 logcos<p+9-9195204 

({,'=±19° 30' 29".0 log cos <?'+ 9-9743250 

c,= 53°19'20"-4 
c,— 14°18'22"4 
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By (149). Chelh. (150). 

<f) = 83°48'51".4arcolog8m<p+0.25453281ogcot(Z+0-0720848 

<p'=d= 19°30'29".0 logsm(p'±9.5236676Iogtan(fi'±9.5493427 

A=' 52° 30' 0" logcot^+9-8849805 d=9-6214275 

B^= 65° 16' 
P,= 114° 43' 

Ant. e = 53° 19' 

B = 65° 16' 



'' 25''-l I ^^^ cot5±9-6631809 log cos5db9-6214275 

V 20"-4 ) { e^' 14° 18' 22"-4 
V 34"-9 j ""^ i £ - 114° 43' 25"-l 



8. Giyen a = 120°, h = 70°, A =- 130° ; find C and B. 

By (147). 
a = 120° log cot a —9-7614394 

J=« 70° log COB 5 +9-5340517 log tan 6 +0-4389341 



A=^ 130° log tan J.— 0-0761865 



3-= 112°10'33"-6 log cot a- -9.6102382 log COS ^-9-5768627 
^y==b 53°13'13"-8 log 008^+9-7772362 

(7,= 165°23'47"-4 
(7,= 58° 57' 19".8 

By (151). Cheek. (152). 

^ = 112°10'33".6 arcolog8in9-+0.0333755 log cos a-9-6989700 
9-'==b 58°13'13"-8 logsiny±9-90360301ogtan9-'±0.1263669 

A=' 130° 0' 0" logco8J.-9-8080675 1^9^8253369 

B sa 193°46'37".6 1 

5*=" 56°13'22".5| lo«cos-ST9-74504601ogcot5:F9-8253369 

.Ajm. (7= 165° 23' 47"-4 \ «f C = 58° 57' 19".8 
jB=*123°46'37"-5 i '"^ t 5=56°13'22".5 

4. Given a = 70°, I = 120°, A = 180°; find O. 

By (147). 
a = 70° log cot a + 9-5610659 

h = 120° log cos I — 9-6989700 log tan J — 0-2385606 

A^ 130° log tanA- 0-0761865 

3- = 59° 12' 37"-0 log cot ^ + 9-7751565 log cos 9- + 9-7091756 

y = =b 108° 49' 35"-l log cos y - 9-5088021 

Q =a 168° 2' 12"-1, taking y with the positiTe sign only, since 
its negative value would render O negative. 
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5. Given a = 99° 40' 48", 5 = 64° 23' 15", A = 95° 38' 4" ; find 
tf, C and B. 

Ana. c^ 100° 49' 30" 
C= 97° 26' 29" 
B= 65° 33' 10" 

•■ 6. Given a = 40° 5'25".6, h = 118° 22' 7".3, A = 29° 42' 33".8 ; 
€nd e, and B. 

Ana. c«=153°38'42".4) f c= 90° 5'41".0 
(7 = 160° 1'24".4 y or K C= 50°18'55".2 
5= 42°37'17"-5) I 5 = 137° 22' 42".5 

7. Given a = 69° 84' 66", h - 120° 80' 30", A = 50° 10' 10" ; 
find e and C. 

Ans. «r = 70°20'20' 
(7=»50°30' 8".4 

8. Given a = 120° 80' 30", b = 69° 34' 56", A = 50° 10' 10" ; 
find e and C. 

Ans. Impossible. 

9. Given a = 40°, b = 60°, J. = 50° ; solve the triangle. 

Ang. Impossible. 

87. Case III. Given a, b and A. Second Solution. We find 
B by the formula 

sin ^ sin ( 



sin 5 = 



sin a 



►(154) 



and then by Napier's Analogies, (41) and (43), 

or by (40) and (42), 

^ - sin i ( J. + 5) , , , , X 

tan * {? = -; — f4-i ^( tan * ( a — 6 ) 

^ • sin J (^ — 5) 2 ^ ^ 

^ , ^ sin i ( a + 6 ) , ^ , . ... 

cot J (7= -^-) — ^^^-^ tan J (^ - 5) 

^ ^ 8inJ(a — 6) ^^ ^ 

in which we employ successively the two values of B, and obtain 
two solutions, except when for one of these values the second mem- 
bers become negative, for J c and J C being less than 90®, their 
tangents must be positive. 



> (155) 
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We leave it to the student to apply these formulse to the preceding 
examples. 

88. To determine byXrupeetion of the data a, b and A, whether there are two tolutionty 
or but one, 

1st. It has already bee^i seen, Art. 85, that when b differs more from 90^ than a> 
B must be in the same quadrant as b, and there can be but one solution. It remai(p8 
to show, 

2d. That when a differs more from 90° than 6, there will neoessarily be two solu- 
tions. We have, by the first of (4), 

cos a — cos 6 cos c 
sin c ss ■■ 

sin b cos A 

Two solutions exist so long as both yalues of e are positiye, and less than 180^, that 
is, se long as sin e is positive. Now when a differs mora from 90° than 5, we haye, 
(neglecting the signs for a moment), 

COB a > cos b > cos b cos o 

therefore the numerator of the above value of sin o has the sign of cos a. But by 
Art. 69, YL, a and A are in the same quadrant, and cos a and cos A have the same 
sign ; consequently also, the numerator and denominator have the same sign, and 
the value of the fraction, or of sin e, is positive, as was to be proved.* 

Hence, there it but one solution when the tide opposite the ffiven angle differs lees from 90^ 
than the other given side, and two solutions when the side opposite the given angle d^ers 
more from 90° than the other ginen side, 

89. Case IY. Given two angles and a side opposite one of theniy 
or A, B and 6. (Fig. 9). 

First Solution^ in which each required ng.9. o 

part is deduced directly from the fundamen- 
tal formulae. 

To find €. We have, by (10), 

sin (? cot b — cosccobA = sin -4. cot B 

or multiplying by sin by 

sin coosb — cos csiabcosA^ sin A cot ^ sin 5 (m) 

to solve which we take 

jt sin ^ SB Bin b cos A 

A; cos ^ SB cos b 

* The same proposition may be otherwise proved thus. By the equations (m) 
and (m') Art. 84, we have 

cos b , eo8 a _ sin 5 . 

cos ^ as — T — cos <y Bs — - — * ss -; COS A 

k k . sin^ ^ 

from the third of which we see that k has the sign of eoB A; if then a differs more 
from 90° than b, that is, if cos a and cos A have the same sign, cos ^' is positive, 
and ^' < 90°. Also since, (neglecting signs), cos a > cos b, we have cos (^' > cos 0, 
or ^ differs more from 90° than <^, Hence ^' < * and ^' < 180° — 0, or •— 0' > 
and l^ + <^' < 180°, or both values of e are between and 180°. 

s2 




{m) 
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(mO 



(156) 



then, putting c ^ ^ = ^', (m) becomes 

jb sin $^ =s sin ^ cot B sin b 

e = <p + (p' 

or eliminating A, we have, for finding (?, 

tan ^ s tan i cos J. 

sin <p' = sin (p tan A cot jB 

Here ^' being determined by its sine, will have two values, sup- 
plements of each other, which being successively added to ^, give 
tijo values of c. 

When the second member of the formula 

sin ^^ = sin ^ tan A cot B 

is negative, sin ^^, and therefore ^' is negative, and the two supple- 
mental values of ^' must be successively subtracted from ^* There 
will be two solutions, then, except when one of the values of c ex- 
ceeds 180°, or when one of them is negative.. 
To find O. We have, by (5), 

sin C sin -4. cos J — cos (7cos J. =» cos B 

whence, if we put 

A sin 9- =5 cos A 

•A cos d = sin J. cos J 
and also (7 — 9- = y, we have 

h sin 3-' = cos B 
(7 = 9- + 9-' 
Eliminating A, we have 

cot 9" = tan A cos b 
sin 9" cos B 



(N) 



(n) 



(«0 



sinS-'- 



cos A 

c = 9- + y 



I 



(157) 



As 9' is also determined by its sine, it will have two supplemental 
values, which will both be added to or both subtracted from ^, (ac- 
cording to the sign of sin 9^,) thus giving two values of (7, except 
when one of them exceeds 180®, or when one of them is negative. 
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To find a. We have several .methods : 1st, directly by (3), 
which gives 

■' . ^ sin 6 sin -A ,^ ^^, 

2d. By (146), where ^ and ^' have the same values as in this case, 

cos ^' cos h 
^^' ^ = co8<p (^5^) 

3d. By (150), 

cot a = cot (p' cos B (1^0) 

4th. By (147), where 9- and 3-' have the same values as in this 
case, 

cos 9-' cot 6 ,^^^. 

5th. By (152), 

cos a = cot 9-' cot jB (162) 

Each of the last four formulse gives two supplemental values of 
a by the two values of ^' or 9*', employed in the second members. 
From (156) we have 

cos A = tan $ cot 6 

which with (159) gives 

« 

cos a sin h 

— --T = cos <p' X -;— -; 
cos A. ^ Bin (p 

The sign of the second member of this equation depends upon 
that of cos (p', since sin h and sin ^ are always positive. Hence 
when cos ^* is positive, cos a and cos A must have like signs ; and 
when cos ^' is negative, cos a and cos A must have different signs. 
A like result follows from the first of (157) and (161) with reference 
to 9-'- Hence, that value of a which is in the same quadrant with 
A belongs to the triangle in which $' < 90°, 9-'< 90° ; and that value 
of a which is in a different quadrant from A belongs to the triangle 
in z(;Aw?A $'>90°, 9-'>90°. This precept enables us to employ 
(158) without ambiguity. In the use of (159), (160), (161), and (162), 
it is only necessary to observe the algebraic signs of the several terms. 

Checks. Of the various formulae above given for finding a, one or 
m9re may be employed for the purpose of verification. When c and 
C have been found, however, the most simple check is 
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sin C ' miB 
sin c sin b 



(163) 



which might have been employed for jSnding C after c was found, or 
reciprocally, but for the ambiguity attaching to the sines. 

90. According to Art. 69, VIL, if A differs more from 90° than 
B, a must be in the same quadrant with A. But since the two 
values of a are supplements of each other, only one of them can 
satisfy this condition, and there will then be but one solution. In 
such case e and C will each be found to have but one admissible 
value. 

91. The problem will be impossible when B differs more from 90° 
than Ay and yet is not in the same quadrant with h. In such ^case 
we should find both values of c (and both values of C) to be greater 
than 180°, or both negative. 

The problem will also be impossible when sin 6 sin -4 > sin Bj 
since by (15S) we shall then have sin a > 1: 

Examples. 



.11. 


By (158). 




B = 139° 44' 0" ar co log sin B 0-1895350 




A = 132° 16' . 0" log sin A 9-8692449 




b = 127° 30' 0" log sin h 9-8994667 




a = 65° 16' 35"-l log sin a 9-9582466 


or 


a = 114° 48' 24"-9 


2. 


With the same data, find and a. 




By (157). 


B = 


189° 44' 0" log cos 5-9.8825499 


^ = 


132° 16' 0" log tan ^-0-0414996 ar co log cos A -0-1722547 


J = 


127° 30' 0" log cos 6-9-7844471 


3- = 


66° 11' 8"-6 log cot9-f 9 -8259467 log sin &-f 9-9195204 


y.= 
&',= 


+lS9°30'29'':2 }. log sin ^'+9.9743250 


C.- 


126°40'39".6 


<^.= 


165°41'87"-6 
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By (161). Cheelt. (162). 

9- = 56°ir 8"-6 arcologcos9-+0.2545328 log cot 5— 0-0720848! 

y= 70° 29' Sl^O I J y ±9-5236676 log cot ^±9-5493427 

y=109°30'29"-Q J ^ , * 

J "=127° 30' 0" log cot 6-9-8849805 =f9.6214275 

fl. =114° 43'25".l 1 J t azF9.6631809 log cos 0:^9-6214275 
a = j65°16'34".9 J ^ ^ , ^ 

Am. 0= 126° 40' 39"-6 V / C= 165° 41' 37"-6 
a = 114°43'25".l j " I a= 65°16'34".9 

3. Given A = 110°, -B = 60°, 6 = 50° ; find c and a. 

By (156). 
5 =, 60° log cot-B+ 9-9614394 

^ 4, 110° logcos^-9.5340517 logtan^- 0-4389341 

J = 50° log tanS +0-0761865 

^ = 157°49'26"4 logtan^— 9-6102382 log8m<p-f 9-5768627 

tp\ 36°46'46"-2 1 log sin <p'-9-7772862 

(p'.=-143°13'13"-8 j ' * 
c, = 121° 2'40"-2 \ . 

c. = 14°36'12"-6 J 

By (169). Chech (160). 

(B = 157°49'26"-4 arcologcos<{)— 0-0333755 logco85+9-6989700 

^' = - 36°46'46".2 \ iogco8(D'±9-9036030 log cot<t.'=F0-1263669 

(D'.=-143°1313"-8j ^ 1 

r= 50° 0' 0" logcos J +9.8080675 :ii9-8253369 

a, = 128°46'37"-5 \ j ^s a 3z9-7450460 log cot oqi9-8253369 
« = 56°13'22"-5 J 

4«,. <,-121° 2'40"-2\ „^ f «r = 14° 36' 12"-6 
a - 123° 46' 37"-5 ; '*" t a - 66° 13' 22"-5 

4. Given A = 60°, 5 =■ 110°, 6 = 50° ; find e. 

Ans. e = 11° 57' 47"-9 

6. Given A = 115° 36' 45", B = 80° 19' 12", b = 84° 21' 56" ; 

find a, c and O, 

' Am. a -114° 26' 50" 

c- 82° 33' 31" 
(7= 79° 10' 30" 

6. Given A = 61° 37' 62".7, B = 189° 64' 34".4, 6=150° 17' 26".2 ; 
find a, e and C, 

Am. a = 42° 37' 17"-5 "| ( a = 137° 22'42".5 

e = 129° 41' 4"-8 > or -^ c = 19° 58' 35".6 
(7= 89°54'19"-0 ) l. C= 26°21'17"-6 

26 
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7. Given A = 70°, B = lSO°, J = 80° ; solve the triangle. 

Arts. Impossible. 

8. Given A = 60°, B = 40°, 6 = 50° ; solve the triangle. 

Arts, Impossible. 

< 

92. Case IV. Given Ay B and 6. Second Soltdion. We find a 

by the formula 

« 

sin b sin A 



sm a 



BinB 



and then by Napier's Analogies we find c and 0, precisely as in 
Case IIL, Art. 87, employing successively, in (154) or (155), the 
two values of a given by the preceding equation. There will be but 
one solution, if one of these values renders the second members of 
(154) or (155) negative. 

The student should apply this method to the preceding examples. 

98. To determine by inspection of the data A, B and b, whether there are two solutions 
or but one, 

Ist. It has already been seen, Art. 90, that when A differs more from 90° than B, 
a must be in the same quadrant with A, and there can be but one solution. It 
remains to show that, 

2d. When B differs more from 90° than A, there will necessarily be two solutlong. 
We have, by (6), 

. ^ cos B 4- COS A cos C 

Bin C = ' 

sin A cos 6 

Two solutions exist so long as both values of C are less than 180°, and both positive, 
that is, so long as sin C is positive. Now when B differs more from 90° than A, we 
hitve, (neglecting signs for a moment), 

cos B > cos A > cos A cos C 

therefore the numerator of the value of sin C has the sign of cos B, But by 
Art. 69, YII., B and b are in the same quadrant, consequently the numerator and 
denominator have the same sign, and the value of the fraction, or of sin C is always 
positive, as was to be proved.* 

Hence, there is but one solution when the angle opposite the given side differs less from 
90° than the other given angle ; and two solutions when the angle opposite the given side 
differs more from 90° than the other given angle. 

94. Case IY. might have been reduced to Case III. by means of the polar triangle 
of Art. 8. For there will be known in the polar triangle two sides and an angle 
opposite one of them, being the supplements of the given angles and side of the 
proposed triangle. The polar triangle being solved, therefore, by Case IIL, and its 
two remaining angles and third side found, the supplements of these parts will be 
the required sides and third angle of the proposed triangle. 

$ 

* It may be shown that both values of C will be admissible, by a process of rea- 
soning similar to that employed in the note on page 197, applied to the equations 
of Art. 89. 



I 
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95. Case V. Q-iven the three sideSy or a, b 
and e. (Fig. 9.) We have three methods 
for computing the half angles : 

Ist. By the sines, from (31), remembering 
that ' A 

9^i{a + b+c) 



sin 


(» 


-b) 


sin (a 




c) 






sin 5 


sin<? 






sin 


i" 


-c) 


sin (s 


— 


a) 




sine 


sin a 




4 


sin 


(» 


-a) 


sin {a 


— 


by 



) 



2d. By the cosines, from (33), 



cos 



1^^ // Binasin(g-a) >. 
^ N \ sin 6 sin (? / 



cos 



^ / / sin 8 sin {s — 6) 



i^-J{ 



sm c sm a 



cos 



^ / / sin « sin (« — c) 



K-j( 



sin a sin i 
3d. By the tangents, from (34), 



) 
) 



tani^= //sin_(«-6)Mn^«-c)v 
^ N \ Bin a sin {s — a) 1 

tan J 5 = J (gJL( » - <;) f (« - «) ) 
N \ Sin « sm (« — 6) / 

^ V sin « sm (« — c) / 



Fig. 9. ^ 




► (164) 



(165) 



(166) 



When only one of the angles is required, the simplest method will 
be by (166), but if the required angle is less than 90°, it will be 
found more accurately by (164), for then \A <45°, and the sine 
varies more rapidly than the cosine. And, for a similar reason, if 
the angle is greater than 90°, we should prefer (165). By (166) we 
always have an accurate result, although the formula is not quite so 
simple. • 

When the three angles are required, (166) will require the least 
labor, since sin a, sin i, and sin Cy are not then required. 
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No ambiguity can arise in these solutions, since tlie half angles 
must be less than 90° ; they require therefore no attention to the 
algebraic signs. 

Examples. 

1. Given a = 100°, 5 = 50°, c = 60° ; find A. 

a = 100° 

b = 50° log cosec 0.1157460 

e = 60° log cosec 0-0624694 

2 « = 210° 

« = 105° log sin 9-9849438 

, _ a = 5° log sin 8-9402960 

2)9-1034552 

iA= 69° 7'52"-7 log cos 9-5517276 
^ = 138°15'45"-4 

2. With the same data, find all the angles. 

By (166). 

«=105° 1. cosec 0-0150562 1. cosec 0-0160562 1. cosec 0-0150562 
,-a= 6° 1. cosec 1-0597040 1. sin 8-9402960 'l. sin 8-9402960 
»_5= 55° 1. sin 9-9133645 1. cosec 0-0866355 1. sin 9-9133645 
«-c «= 45° 1. sin 9-8494850 1. sin 9-8494850 1. cosec 0-1505150 

2)0-8376097 2)8-8914727 2)9-0192317 

1. tan 0-4188049 1. tan 9-4457364 1. tan 9-5096159 

J J. =• 69° 7'52".7 iJB= 15° 35'37"-0 J(7= 17° 54'59".l 

Am. ^ = 138°15'45"-4 5=31°iri4".0 (7= 35° 49'58"-2 

8. Given a = 10°, J = 7°, <? = 4° ; find the angles. 

^n«. ^ = 128°44'45"-1 
B= 33°11'12"0 
(7= 18°15'31"-1 

96. The method by (166), may be pat under the following conyenient form. Let 
p //sin (* — a) sin (s — 5) sin (« — <j)\ 

then I (167) 

P P P 

^ din (« — a) ^ sin (« — by ^ sin (« — c) 

which are similar to the formulas of PI. Trig. Art. 146, and are computed in the same 
manner. 
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97. Casb y. Given a, b and e. Second Solution, If the whole angle is re4aired 
directly,* we have 

. cos a — cos b C0& e 

cos A = r— ;- . ' 

sin 6 sin e 
which, may be adapted for logarithms by an auxiliary thus : 

COS ^ =s cos b cos e 



cos 



2 sin J (^ + a) sin J (> — a) 

^ SS ; . 

Sin Sine 



(168) 



Or thus, 



cot ^ =s 



cos b cos e 
sin a 



sin (if> — a) 

COB A := -: r— ^ ; 

Sin b sm c sm ^ 



^ (169) 



Fig.9. (7 




98. Case VI. Given the three angleSf or 
Aj B and (7. (Fig. 9). We have three methods 
of. finding the half sides : * 
Ist. By the sines, (36). 
2d. By the cosines, (88). 
3d. By the tangents, (39). 
The computations are conducted precisely in the same form as those 
of the preceding case. 

Example. 

Given A « 120°, B = 130°, (7 « 80° ; find c. 

Am. c « 41° 44' 14".6 

09. The formulsB (89) may be arranged for conyenient use in the same manner as 
the corresponding formulsB of the preceding case, Art. 96. 
100. Casb YL Giyen A, B and C. Second Solution. We haye, by (5), ' 

• 

cos A 4- cos B cos C 

cos a = . ' . ^ 

sin j& sin c7 

which may be adapted for logarithms by an auxiliary, thus : 

cos ^ a= cos ^ cos C7 



2eoBi(A + ^)coai(A^^) 
BmB smG 



(170) 



or. 



tan0.:= 



cos B cos C 



sin^ 



cos (A — ^ ) 
cos a = - — p\ ^ — ^ 
sin ^ sin C7 cos f 



(171) 



* See NoTS at the end of this chapter, p. 211, for the method of coiftputing many 
of the general formulsB of spherical trigonometry directly, without the aid of aux- 
iliary angles. 

S 
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Solution of Oblique Spherical Triangles bt Means or ▲ Perfendiculab. 

« 

101. All the cases of obliqne spherical triangles may be solved by diyiding the 
triangle into two right triangles by a perpendicular from one of the vertices to the 
opposite side, apd solving these partial triangles by the methods of the preceding 
chapter. Bowditch has given two rules, based upon Napier's Rules, (Art. 46), by 
which the application of this method is facilitated. 

102. Bowditch* 8 Rules for Oblique Triangles. "If in a 
Fi2.ia Q spherical triangle, (Fig. 10), two right triangles are 

formed by a perpendicular let fall from one of its ver- 
tices upon the opposite side ; and if, in the two right 
triangles, the middle parts are so taken that the perpen- 
>^ dicular is an adjacent part In both of them ; then 

The sines of the middle parts in the two triangles areprO" 
portional to the tangents of the adjacent parts. 
But if the perpendicular is an opposite part in both the triangles, then 
The sines of the middle parts are proportional to the cosines of the opposite parts. 
To prove which rules, let if denote the middle part in one of the right triangles, 
A an adjacent part, and an opposite part. Also, let m denote the middle part in 
the other triangle, a an adjacent part, and o an opposite part ; and let j? denote the 
perpendicular. 

First. If the perpendicular is an adjacent part in both triangles, we have, by 
Napier's Rules, (Art. 46,) 

sin ir =s tan A ismp 
sin fn s: tan a tan j? 
whence 

sin Jf tan A tan p tan A 
sin ffi "~ tan a tan p tan a 

or sin M: sin m = tan A : tan a 

Secondly. If the perpendicular is an opposite part in both triangles, we have, by 
Napier's Rules 

sin M =s cos cos p 



whence 



sin m ss cos o cos^ 

sin if cos cos p «08 
sin m "~ cos o cosp cos o 

or sin if : sin m 3= cos : cos o" * 

We proceed to solve the six cases of spherical triangles with the aid of a perpen- 
dicular. It will be seen, however, that Bowditch's Rules are applicable but in the 
first four cases. 



* Peirce's Spherical Trigonometrjr, Art. 44. 
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103. Cass I. Giyen h, c and A. Let the perpendicular C P, Fig; 10, be drawti 

from C, (that is, in such a manner as to put two given parts in one of the right 

triangles). Then the right triangle A C P gives, by Napier's Rules, if we put 

AP^^, 

tan s= tan b cos A C^*^^) 

then taking co. h and co. a as middle parts in the two triangles, ^ P s= ^ and 
B P^ c — ^* are the opposite parts, whence, hj Bowditch's Rules, 

cos : cos (e — <p) =s cos 6 : cos a 

whence 

cos (e — 4) cos b ,^ _- . 

cos a as i ^ (178) 

cos ^ ^ ' 

Again, taking A P and PB &b middle parts, co. A and co. B are acyacent parts, 
whence, by Bowditch's Rules, 

sin : sin (c — ^) = cot A: cot B 
whence 

cotJ^ ""^'-*)""*^ (174) 

and the formulae (172), (173), (174), agree entirely with (122) and (123). 
The triangle B CP gives as a check 

tan a cos ^ sss tan (c — 4) (^76) 

which agrees with* (124). 

By drawing the perpendicular from B^ we may in the same manner obtain the 
formulae (125). 
The angle C may be found by the proportion 

sin a : sin e ss sin ^ : sin O 

oritC has been found by means of a perpendicular from B^ B may be found by a 
similar proportion, as in Art. 72 ; and the quadrant in which the angle is to be taken 
must be determined by the principles of Art. 69. 

104. Cass II. Given A, and b. Let the perpendicular be drawn as before, 
Fig. 10, and let 

ACPz^^, BCP^ C^^\ 

then, by Napier's Rules, 

cot ^ 5= tan u4 cos b (176) 

and by Bowditch's Rules, taking co. A and co. B as middle parts, and therefoce 
CO, A CP and no, B C P as opposite parts, 

sin ^ : sin ((7 — ^) ss cos A : cos B 

whence 

sin (C — ^) cos -4 „__^ 

cos 5 = ^ — ~l (177) 

sin ^ ^ ' 



* It AP should exceed A By (that is, if the perpendicular should fall without 
the triangle), -BP would be equal to-4P — AB zsi ^ — c, and the solution could 
be modified accordingly. But the true results will always be obtained by regarding 
BP B.3 negative; that is, by still taking B P sss e — ^ and attending to the signs of 
all the terms as already exemplified, p. 182. 

t If AC P> AC B, B C P xsi C — A C P will become negative, but the truo 
lesults are still found by attending to the signs, as Already shown, p. 187. 
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Again, taking co. A (7 Pand co. B CPm middle parts, and therefore co. b and co. a 
AS ac^acent parts, Bowditch's Rules give 

cos ^ : cos (O — ^) as cot 6 : cot a 
whence 

cos {C — ^) cot t 



cot a 



cos ^ 



(178) 



and (176), (177), (178), agree entirely with (134) and (135). 
The triangle B C P gives 

tan ^ cos a SB cot (C7 — ^) (179) 

which agrees with (136). 

By drawing the perpendicular from A^ we may in the same manner obtain the 
formulae (137). 

The side e may be found from the proportion 

sin il : sin C7 =s sin a : sin c 



Fig. 10. a 



and Art. 69 ; or c being found by means of a perpendicular from A^ we may find a 
by a similar proportion. * 

105. Case III. Given a, h and A, Let the per- 
pendicular be drawn from C, Fig 10, as in the preced- 
ing cases, and let ^ P s= 0, B Pz=z(p' ; then, by Na- 
pier's Rules, 

tan ^ sss tim b cos A (^80) 

and, by Bowditch's Rules, 

cos b : cos a 8= cos <p : cos 0' 




COS 4^' r=s 



cos (ft cos a 
COS b 



(181) 



and then 



In Art. 84, we have found, from analytical considerations, that this case admits 
of two solutions, and that the general expression for e is 

c = ^ ± ^' (182) 

In fact, let us attempt to construct the triangle with the data a, 6 and A. Having 
constructed A equal to the given angle, and b equal to the adjacent side, Fig. 11, let 

Fig. 11. a small circle be described about (7 as a 

pole, with a (circular) radius ss a ; this cir- 
cle intersects the great circle AB in two 
points, B and B'f and both triangles, ACB 
and ACB* contain the same data a, b and A. 
If the perpendicular CP is drawn, we have 
BP, 3=5 B'P, so that in one of the triangles, 
B' the side e =z AB = ^P + PJ? =s 4- 0', 

and in the other, c = AB = AP — B'P =s ^ — 0'. If both points of intersection, 
B and B\ fall on the same side of A, and within 180° of A, both solutions will be 
admissible. 




To find C, let ^CP = ^, and BCP = y, then by Napier's Rules, 

cot ^ s= tan A cos b 



(188) 
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and by Bowditch's Rules, 

cot b : cot a sss cos 3 : cos y 
whence 

cos y &s cos 9 tan 6 cot a (184) 

and since in Fig. 11, 

C=: ACB=iACF+ BCP = ^ + y, or C == ACB » ACP — BCP s=s 3 — y, 

we have 

C=^=ty (186) 

and the formulsB (180), (181), (182), (183), (184), (185), agree entirely with (146) 
and (147). 
After e was found, we might have found C from the proportion 

sin a : sin c = sin ^ : sin C (^^6) i 

and B is found firom the proportion i 

sin a : sin 5 ss sin u4 : sin B (^^7) 

The two values of B determined by (187), are both admissible when ehas^wo values i 

as above« It is also evident, from Fig. 11, that the two values of B are supplemental. 
To determine the corresponding values of e and B^ we observe that, by Art. 49, the 
perpendicular CP is in the same quadrant with A and with CBP and CB^P, and 
therefore CB^A is in a different quadrant from A, Hence, that value of B tohieh is m 
the eame quadrant as A corresponds to the value o/ e =s -|~ ^'> ^^ ^^^ value of B 
iohieh is in a different quadrant from A corresponds to the value of c sss ^ — ^'; which 
agrees with what is shown in Art. 84. 

In computing (186), the two values of c must be employed successively, and the 
formula computed twice. At each computation we shall have two values of C found 
from the sine, one of which must be selected by Art. 69. But as the application of 
the principles of Art. 69 is tedious and embarrassing, it is better to find C by (184) 
and (186). 

The formula (149), (160), (161), .(162), for finding B, may easily be deluced by 
Napier's and Bowditch's Rules. 

106. Case IY. Given A, B and b. Let the perpendicular be drawn as before, 
Fig. 10, and let AP s= 0, BP s= ^', then as before, 

tan ss tan b cos A (1^8] 

and by Bowditch's Rules, 

cot ^ : cot J? sss sin : sin / 
whence ' 

^ sin 0' =B sin tan -4 cot 5 \ /loox 

which agree with (166). But (p' having two supplemental values determined by the 
sine, c has two values, as already explained in Art. 89. 

To show the same geometrically, let BP, Kg. 12. 

Fig. 12, be the acute value of ^\ and about 
(7 as a pole, let a small circle be described 
passing through B, and intersecting the ^* 
great circle ^^ again in ^'. Let B^'ChQ 
drawn, and produced to meet AB again in 
B', forming the lune B'B', Then we have 

B ^B* T=. CBA 
27 a 2 
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80 that in both triangles, ACB and ACB*, 
the value of the angle opposite the side h 
,]ff is the same, that is, both triangles contain 
the same data, A, B and b, Now 
180° = B'B = B"P + B'P z=:BF+ B'P, 

so that BP and BP are supplements of 
each other. 
> In the triangle ACB we have 

and in the triangle ACB' we have 

c == + 0' = ^P + ^P 

and hence the two values of c are found by giving <^' its acute and obtuse values 
successively, as already shown analytically. 

By Art. 49* CP must be in the same quadrant with A ; hence, if B is in the same 
quadrant with Ay P falls between A und B, as in the figure, and for the same reason, 
between A and B', But if A and B were in different quadrants, 1[h|||^ points, 
B and ^, might fall between A and P. The two values of e would then be found 
by the formula 

^' taking, successively, its acute and obtuse values. In that case, tati A and cot B 
would have opposite signs in (189), sin ^' would be negative, which would make ^' 
negative, so that the true results will be obtained, without reference to a diagram, 
by attending to the signs of the several terms, as already fully exemplified, p. 201. 
To find (7, let ACP «= ^, BCP «!= »', then we have, as before, 

cot 3 = tan ^ 0b8 5 (190) 

and by Bowditch's Rules 

cos ^ : cos ^ ae sin.^ : sin ^ 
whence 

sin 9 cos B 



sin ^ as 



(191) 



cos A 

which agree with (167). It is evident from Fig. 12, that BCP and BCP, are sup- 
plemental, and that the remarks above made with reference to ^' apply also to y. 
After c was found, we might have found C by the proportion 

sin 6 : sin c Bk: ein jS : sin (7 (192) 

and a is found by the proportion 

sin :£ : sin ^ = sin 5 : sin a (^^S) 

The two values of a found by (193) are both admissible when c has two values. 
Prom Art. 50, it follows that when BP is acute, a must be in the same quadrant 
with (7P, that is, (Art. 49), in the same quadrant with A ; atid when BP is obtuse, 
a must be in a different quadrant from A, That is, thai value of a whkh ia in the tame 
quadrant with A, belonffe to the triangle in which ip' < 90°, and that value of a which is in 
a different quadrant from A, helonge to the triangle in which 0'> 90° ; which agrees with 
Art. 89. 

The formulaB (159), (160), (161), and (162), for finding a may easily be deduced 
by Napier's and Bowditch's Rules. 
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107. CassV. Given a, 6 and c. The perpendicnlftr Fig. 13. 
cannot be drawn, in this case, so that two of the given 
parts shall be in one triangle; nevertheless the case can 
be solved by means of a perpendicular. Let the perp. 
be drawn from any angle, as 67, Fig. 18, and as before, 
put.4P =>, ^P s= f J then by Bowditch's Rules, 

cos ^ : cos ^' =3 cos h : cos a 

, cos ^' — cos ^ cos a — cos h 

whence r—^ = i : 

cos ^' + cos ^ cos a 4~ ^^^ ^ 

or, by PI. Trig. (110), 

« 

tan} (^4-^') tan} (^^^') as tan} (64- a) tan} (6— a) 

whence, since ^ 4- ^ = <^» 

tan}(^ — 0') as tan } (6 4- tf) tan } (6 — a) cot } c <» 

which ^^rmine } (^ — ^') and } (^'4" ^0 whence ^ and ^'. The angles A and B 
are then determined by Napier's Rules. ^ 

108. Casb VL Given A, B and C. In Fig. 18, let ACP = ^ BCP « ^ ; then, 

by Bowditch*B Rules, 

sin ^ : sin 9' as cos ^ : cos Jl? 
whence 

sin 9 — sin 9' cos A — cos B 

sin 9 4~ ^ ^ cos uil 4~ COB -^ 

or, by PI. Trig. (109) and (110), 

whence, since 9 4* ^' ^^^ ^> 

tan } (3 — y) 8= tan } (5 4- il) tan } (J5 — -4) tan } (7 ^ .jggv 

}(a4.y) = }C i 

which determine } (^ — 9') and } (^ + ^0 *^^ therefore 9 and y. The sides a and h 
are then found by Napier's Rules. 
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Computation of Spherical Formvlm hy the Gauman Table. 

The Gausnan Table is a table, first suggested by Gauss, for readily computing the 
logarithm of the sum or difference of two quantities, when the logarithms of these 
quantities are given. 

If p and q are the two numbers whose logarithms are given, p being the greater 
number, (or \ogp the greater logarithm), we have, in the first place 



i'+j = j(i + f)=i'(i + |) 



If, then, we put x = — , we have 



or 



logx = log;> — logj 
. log (/> 4- ?) = log 9 + log (1 4- aj) 

log (p+q)^ iogi»4- log (i 4- ~) 
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Downes's Table XXYIII., with the argument log x, the difference of the given logar- 
ithms, gives log (1 4- ^)f which being added to log g, the less logarithm, gives the 
required log. sum, or log.(^ -{• q). Table XXIX., with the argument log x, gives 

log (l 4~ ^ — ) which, being added to log j>, the greater logarithm, gives the required 

log. sum. Either table may, in general, be employed, but one or the other may be 
fbund more convenient in a particular application, and therefore both are given. 
Again, we have 



_,_,(,_!) 



80 that, putting, as before, z a= -^, we have 

logx = logi>--logg 
log (i? — j) = logpA- log i}—-^) 

Pownes's Table XXX., with the argument, log as, gives log f 1 j which, being 

added to the greater logarithm, gives the required log. difference, or log {p — q). 

With these tables, then, we may readily compute any of the preceding formula 
which contain two terms in the second member, without the aid of auxiliary angles. 

Examples. 

1. Given h = 120« 80' 80", c = 70° 20^ 20", ^ = SO** 10' 10" ; find a. (Same 
as Ex. 1. p. 182). 
The formula is « 

cos a ^ cos 5 cos c 4- sin 5 sin e cos A 

which will be thus computed : 

log cos h — 9-70557 
log cos c 4- 9*52693 

log q — 9-23250 

log sin b 4- 9-93529 
log sin c 4- 9-97391 
log cos ^ + 9-80654 

log/) 4- 9-71574 

log J? — log q = log X — 0-48324 

The terms p and q have opposite signs, and although, by the formula, they are to be 
added (algebraically), an arithmetical difference is required. By marking the signs 
of all the quantities, as above, we shall always know whether a sum or difference 
is required by the sign before log x. In this case this sign being negative, we are 
to find a difference, and therefore, by Table XXX., we take 

log (l — ~^ 9-82694 

\ogp.-\- 9-71574 

log cos a 4- 9-54268 
a = 69° 34' 52" 
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2. "With the same data, find B, The formula is 

^ _ sin cot h — cos e cos A 
cot B = ; — 3 

which must here be put under the form 

^ _ sine cot 6 ^ . 

cot B SB — . — 3 cos « cot ^ 

Binii 

and is thus computed: 

log sin 6 -f 9*97891 

log cot h — 9-77029 

ar CO log sin^ -f- 0-11467 

log p — 9-86887 

log (— cos e) — 9-52693 
log cot ^ + 9-92121 

log q — 9-44814 

log j> ~ log J' = log z + 0-41078 

where the sign before log x being positive, the tables for log. sum must be used. By 
Table XXVIIL, we have 

log (1 + x) 0-65825 

(which is to be added to the less log.) log q — 9-44814 

log cot B — 0*00189 
or, by Table XXIX., we have 

\ log (l + 1) 014252 

(which is to be added to the greaW log.) log p — 9-86887 

log cot B — 0-00189 
-B = 186<» 5' 81" 

In these isolated examples, the labor of computation is very little less than with 
the use of an auxiliary angle, as on p. 182 ; but the Gaussian Table has greatly the 
advantage when the same formula is to be repeatedly computed with successive 
values of one of the data while the others remain constant Thus, in the first of 
the preceding examples, if successive values of a are to be found corresponding to 
successive values of A^ while h and c are constant, log q will be constant, and log x 
will take successive values, corresponding to those of log cos A, so that after the 
first value of a is found the succeeding ones are rapidly obtained. On the other hand, 
as the auxiliary ^ in the formulss (122), depends upon A^ the whole process would 
have to be repeated in finding each value of a. 

For other forms of the Gaussian Table, see the original table, (to five places of 
decimals), by Gauss, published in Zach*s Monatliehe Corresptmdenz, Nov. 1812 ; Mat- 
thiessen's, (to seven places), Altona, 1817 ; in Vega's Sammlung mathematischer Ta- 
fduy (five places), Leipzig, 1840 ; Zech, (seven places), Leipzig, 1849 ; Shortrede's 
Collection of Tables, (seven places), Edinburgh, 1849 ; Gray's Tables for the Compu- 
tation of Life Contingencies, (six places), London, 1849 ; Schumacher's Hulfetafeln, 
new ed. (four places). 

Bownes's Tables, the printing of which had commenced when the first edition of 
this work was published, have not yet appeared ; but the above explanation will 
enable the reader to understand the principle of any Gaussian table. 
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CHAPTER IV. 



SOLUTION OF THE GENERAL SPHERICAL TRL^GLE. 

109. Wb liaye thus far, following the usual course, considered those spherical 
triangles only whose sides and angles are less than 180°. In the applications of this 
subject in astronomy, however, it is often necessary to consider triangles whose 
sides or angles exceed 180**. (For example, the right ascension of a heavenly body, 
admitting of all values from 0<* to 860®, may be one part of such a triangle). We 
may, it is true, in such cases, always substitute another triangle whose parts are the 
supplements to ISO** or 860<* of those of the proposed triangle ; but this mode, 
although very generally regarded as the simplest, is not really so in the cases 
alluded to. The construction of figures for discovering the supplemental triangles 
is often embarrassing and liable to mistake, while the solutions, when obtained, are 
mostly deficient in generality, and can only be regarded as solutions of the particular 
cases of a general problem. But if we' proceed by a method that is as applicable 
when the parts of the triangle exceed as when they are less than 180°, we may in- 
vestigate a problem under the simplest supposition of the values of these parts, and 
rely upon the generality of the method to cover all the particular cases. 

110. We shall first endeavor, in an elementary manner, to give the student a con- 
ception of the nature of the general spherical triangle. 

Flg.l4. 

lieiABC, Fig. 14, be any spherical triangle whose parts 
are all less than 180° ; then the remainder or complement 
of the sphere is also a spherical triangle whose sides aro 
a, b and e, and whose angles are 860° — A, 860° — By 
and 860° — C, We shall distinguish these triangles from 
each other by means of accents, writing the letters within 
the triangle to which they respectively belong, as in 
Fig. 14. The sides are common, but when referred to as 
sides of A'B'C, they will be denoted by a', b' and c'. 
Again, one of the sides may exceed 180°, as the side a of the triangle ABC^ 
Fig. 15. In this triangle, it is evident that we must have A > 180°, so long as B, 
Cyb md e are each < 180°. In the triangle A'B'C we have A' < 180°, whUe 
B' > 180°, G' > 180°, 

Fig. 16 






If we next suppose two of the sides to exceed 180°, as a and 5, Fig 16, these sides 
intersecting in two points whose distance is 180°, the figure ceases to present the 
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triangle as an enclosed surface, -but it will presently appear that such triangles are 
solved bj the same general methods that apply in other cases. To form a just con- 
ception of the triangle in this case, we may conceive Fig. 16 to be obtained from 
Fig. 15 by carrying the point A along the arc CA produced until it crosses the side a ; 
the points A and B may then be joined either by an arc less than 180°, as in Fig. 16, 
or by its supplement to 360®, as in Fig. 17, in 
which last case every side exceeds 180**. In 
these figures, to avoid confusion, the point A 
is not placed in its true position according to 
perspective. 

In each figure we have two triangles, whose 
sides are common, and whose angles are sup- 
plements to 360®. It will be easy to trace the 
two triangles signified by ABC and A'B'C\ by 
remarking that the letters in each case are all 
on the same side of the perimeter of the triangle. 

We ipay go farther, and suppose the arc joining A and ^ to be a circumference 
+ the arc AB, or any number of circumferences -f- -^^ ; aiid similarly the angles 
may be supposed to be altogether unlimited ; but since the relative positions of any 
three points of the sphere must be fully determined by arcs and anglos less than 
860®, nothing is gained by passing beyond this limit. 

111. All the formulas of Chapter I. are applicable to the general spherical triangle. 

This proposition might be considered as established by the principle of PI. Trig. 
Art. 49, but it is also very easily established by a continuation of the process of 
Spher. Trig. Art. 6, where the fundamental equation was shown to apply to all 
triangles whose parts are less than 180®. 

It was proved in Art. 29, that all the equations of Chap. I. may be deduced from 
the fundamental one, 

cos a :^ cos & cos c 4- Bin 5 sin c cos A (m) 

We have then only to prove the generality of this single equation. 

1st. Let all the sides be < 180, but ^'>180®, Fig. 14. The formula being true for 
the triangle ABCj we have 

cos a sss cos & cos c 4- sin 6 sin <? cos (860® — A') 

or in the triangle A'EC, by PI. Trig. (76), 

cos a' :s COS b' COS c' 4- sin b' sin e' cos A' 

2d. Let a>180®, Fig. 15, and produce a to complete the great circle. The triangles 
ABC and A EC are respectively the difl^erence and sum of a hemisphere and the 
triangle Aik^ all of whose parts are < 180®. In the triangle Aik we have, in terms 
of the parts of ABC, 

cos (860® — «) = cos 6 cos c + sin 6 sin c cos (860® — A) 

and in terms of the parts of A'B'C, 

cos (360® — a') 3SI cos b' cos cf 4- sin b' sin e' cos A' 

both of which reduce to the form (m). But it is here necessary to show that the 

formula may also be applied to each of the other angles : thus the triangle A'ik 

gives 

COB b 8 cos (360® — a) cos e + sin (860'* — a) sin c cos (180® — B) 

cos 6'== cos (360® — a') cos c'+ sin (360® —a') sin c'cos (5' — 180®) 
both of which reduce to the form (m). 
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3d. Let a > 180°, b >>180°, Fig. 18 : these arcs intersect at i, and the triangle 
A^JB* i gives 

Fig. 18. c 




COS (a — 180O) s cos (b — 180°) cos c + sin (6 — 180°) sin e cos (360° — A) 

cos (a'— 180°) s= cos (6' — 180°) cos c' + sin (b' — 180°) sin e' cos ^' 

which reduce to the form (m) ; and in the same way the formula applies to the an- 
gle B. We have also 

cos c = COS (a — 180°) cos {b — 180°) + sin (a — 180°) sin (b — 180°) cos i 

and since cos t ss cos C a= cos (360° — C) s= cos C, this also reduces to the form 
(m) for both AB C And A' B' C\ 

4th. Let a > 180°, b > 180°, e > 180°, Fig. 19 ; the side e being produced to 
complete the circle, the triangle ikl gives 




cos (a — 180°) = cos (b — 180°) cos (360°— c) + sin (b — 180°) sin (360° — c) cos Z 

and since cos I = cos (180° — A) = — cos -4 s= cos (A' — 180°) =s — cos -4', this 
reduces to the form (m) for both ABC and A' B C; and in the same way the for- 
mula applies to the angle B. We have also 

cos (360° — c) = cos {a — 180°). cos {b — 180°) + sin (a — 180°) sin (b — 180°) cos t, 

and since cos t s=s cos C = cos C, this reduces to the form (m) for both ABC 
and A' B C. 

The cases in which the angles or sides exceed 360° are included in the preceding, 
in consequence of PI. Trig. Art. 45. 

112. The preceding demonstration, though tedious, has the advantage of giving a 
definite conception of the figures which our formulae represent. But perhaps the 
most satisfactory (as it is the most elegant) method, is to rest the demonstra- 
tion of our fundamental equations themselves tfpon the principles of analytical 
geometry, and, for the sake of those who are acquainted with that subject, we add 
the following investigation : 

Any point of the sphere may be referred by rectangular co-ordinates to three 
planes passing through the centre of the sphere at right angles to each other. Let 
be the centre of the sphere, Fig. 20, and AB C & spherical triangle upon its 
surface. Let one of the co-ordinate planes, as X F, coincide with the great cir- 
cle ^jS, and let the axis of X pass through B. Jf CPhe drawn perpendicular 
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to the plane XT, and CP* and PP' to the axis OX, the co-ordinates of the 
point C are 

» ss OP, y » PP, z^CP 

Fig. 20. Kg. 21. 





the values of which {0 C being taken s= 1) are 

z := cos a 

y s=s sin a cos B 

z s= sin a sin B 

If now the axis of X be made to pass through A, Fig. 21, without changing 
the position of the plane X JT we shall have for x', y', z', the co-ordinates of Preferred 
to the new axes, 

x' ^ cos h 

y' := — sin h cos ^ 
z' ss sin 5 sin ^ 

The axis of z being unchanged, the relations between z', y', and z, y, are expressed 
simply by the formulas for the transformation of co-ordinates in a plane ; the in- 
clination of the new axes to the first is here expressed by c, and the formulsB of 

transformation are therefore 

X Ts 7f cos e — y' sin 

y ss z' sin e -4- y' cos e 

substituting the values of the co-ordinates, we have at once the three following 
fundamental equations : 

cos a ^ cos c cos h 4- sin e sin h cos A 
sin a cos J? = sin c cos h — cos e sin h cos A ^ (n) 

sin a sin J? =: sin 5 sin A 

which are identical with (4), (6), and (3). 

113. Having established the complete generality of our fundamental equations, 
we may now employ for the solution of the general triangle any of those deduced 
from them in Chap. I. 

As a single trigonometric function is not sufficient to determine an unlimited 
angle or arc, (PI. Trig. Art. 63), it becomes necessary in most cases to deduce ex- 
pressions for both the sine and cosine of the required part. 

It will be found that all the six ccues of the general triangle admit of two solutions, 
hut that they all become determinaiey when, in addition to the other data, the sign of 
the sine or cosine of one of the required parts is given. In the practical applications in 
astronomy, it mostly happens that the conditions of the problem supply this sign. 
28 T 
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114. Casb I. Giren b, e and A, First Solution j when one of the remaining an« 
gles, as Bf and the third side a are required. The relations between the given and 
required parts are 

cos a sss cos e cos b -{• 8m c sin b cos A 
sin a cos ^ &b sin c cos b — cos c sin b cos A • (^^6) 

sin a sin B ss sin 6 sin A 

The signs of the second members will be known from their computed numerical 
yalues ; the sign of cos a is therefore known. If the sign of sin a is also 
giyen, the quadrant in which a must be taken will be known ; the second and third 
equations will determine the sign of the sine and cosine of B, and therefore the 
quadrant in which B is to be taken. 

In like manner, if the sign of either cos B or sin B is given, that of sin a becomes 
known, and the problem is determinate. If no conditions are atttached to the re- 
quired parts, there must be two solutions. 

The numerical solution will be conducted as follows : The values of the second 
members (or simply their logarithms) are to be separately computed, and their 
signs carefully noted ; then the quotient of the 8d by the 2d (or the difference 
of their logs.) will give tan B, and hence By which will be taken in the quadrant 
indicated by the signs of the sine and cosine. Then the Sd divided by sin B, 
or the 2d by cos B, will give sin a, which, agreeing with the value from the 
1st equation, will serve to verify the correctness of the whole process. 

This solution may be adapted for logarithms by the methods employed in the pre- 
ceding chapter. 

1st. Let k and ^ be determined by the equations 

^ sin sss sin b cos A 
h cos =s cos b 



k being a positive number (PL Trig. Art. 174) ; then 



cos a z=s k cos (c — <f) 
sin a cos 5 = A sin (c — '^) 
sin a sin jS =s: sin b fan. A 



(197) 



2d. Elimmating k, and taking ^ < ISO^, (PI. Trig. Art 174), 



tan SSS tan 6 cos A (0 < 180®) 


• 


cos b 
Qos a s= cos (e — <b) 

COS0 ^ ^ 




COS ft 

sin a cos -B = sin (c — <h) 

cos ^ ^ ^^ 

sin a sin J? sas sin 6 sin A 


« 



. (198) 



8d. If the quadrant m which a, is to be taken is given, we may give the preceding 
equations the following form : 



tan :b tan b cos A 
tan a cos B sss tan (c — ^) 
sin tan A 



tan a sin J? sss 



cos ( c — 0) 



(0 < 180*>) 



- (199)* 
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4th. If both a and h are less than 180^, as not unfrequently happens in the appU< 
cations of this problem, let 



k 
sin b 



n ^ 



Bin a 



tlicn m irad n are both positive numbers {k being positive) and (197) gives 

* 

in sin ^ as cos A 
m cos <p as cot b 
n sin ^ Ai sin ^ tan A 
n cos B ^ sin (e — ^) 
♦ cot a = cot (c — if) cos B 



(200) 



Check. We find 



sin (e — ^) Bin a cos B tan A 
sin sin b cos ^ tan B 

cos (<J — *) cos a 



cos > 



cos 6 



(201) 



besides which we may employ, in connection with (200), the equation sin a sin B 
s= sin 5 sin ^ ; or in connection with (107) or (198) the equation tan a cos B as 
tan (e — 0). Or when (197) and (198) are employed, we may find a both by its 
sine and its cosine. 

115. The angle C may be found in the same manner as B, interchanging B and C, 
h and c, in the preceding formulse. But when B and C are both required, the Se- 
cond Solution to be given presently is preferable. 



Example. 

Given A » 261o 16' b » 45° 54', e = 138° 82', and a < 180°; to find a and B, 
We shall first employ (197). The first column of the following computation, con- 
taining the symbols expressing the operations to be performed, should be prepared 

before opening the tables : 

A 2610 16' 

b 46° 64' 

€ 138° 32' 



log cos b 
log sin b cos A 



log sin A 
log cos A 
log sin b 
log k cos ^ 
logk sin 
log tan ^ 

log COB ^ 

log* 



— 9-9949852 

— 9-1813744 
+ 9-8562008 
4- 9-8426648 

— 9-0376762 

— 91950204 
+ 9-9947336. 
+ 9-8478212 

351° 5'42"-6 
147° 26' 17"-4 



♦ As > c, we take e a 138° 32' + 360°, so that c 
but it would be equally convenient to take e — ^ s= - 



- <p may be a positive angle ; 
212° 33' 42"-6. 
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log sin \e — ^) + 9-7809614 

log cos (e — ^) — 9-9267303 

log A; cos (e — 0) :a log cos a — 9-7786616 

a 126» 26' 6"-6 

(1) log sin b Bin Ass log sin a sin ^ — 9-8611860 
log A sin (c — ^) s log sin a cos J? + 9-6787726 

log ton J? '•— 0-2723634 

B 298° 6' 26"-8 

log sin a + 9-9066861 

log sin 5 —9-9465009 

(1) Check, log sin a sin J? —9-8611860 

If a were not limited, we should haye two solutions, the second being 
a =s 288° 34' 63"-4, B »= 118° 6' 26"-8. 
We shall next give the computation by (200), which is applicable to this example, 

since both a and 6 are less than 180°. 

A 261° 16' 

b 46° 64' 

e 188« 82' 

log cos A ss log fli sin ^ — 9-1818744 

log cot b s= log m cos ^ + 9-9863640 

log tan ^ — 9-1960204 

^ 851» 6'42"-6 
c — 147?26'17"-4 • 

log ton ^ + 0-8186608 

log sin —9-1897634 

log tan ^ sin ^ ss log n sin J? — 0-0088142 

log sin (c — 0) =s log n cos iS + 9-7809614 

log tan J? —0-2728028 

B 298« 6' 26"-9 

log cos J? +9-6731879 

log cot (c — ip) — 0-1947789 

log cos B cot (c — ^) ss log cot a — 9-8679168 

a 1260 26'6"-7 

116. Case I. Given 5, c and A, Second Solution; when the two angles B and C, 
or when all the remaining parts are required. We have, by Gauss's Equations (44), 

cos i a sin i (B •^- C) sss cos i (b — e) cos } A 
cos J a cos } (5 4" O) =z cos J (6 -|- c) sin J -4 
sin } a sin } (J? — C) =s sin } (6 — c) cos J A 
sin } a cos ^ {B — C) ss sin i (b •}- e) sin } A 
From the first two we deduce i (B -\- C) and cos } a, and from the second two 

\ (B — C) and sin } a, whence B^ C and a. The problem becomes determinate, as 

before ; that is, when a is limited by one of the conditions 

a < 180°, or fl > 180° 
for then the- signs of both cos } a and sin \ a will be known.* 

* By Art. 27, Gauss's Equations may also be taken with the negative sign whet 
the triangle is unlimited, as in the group (46), but the same final results are ob« 
tained from either (44) or (46). See note at the end of this chapter, p. 227. 
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Example. 

Same as in Art. 116. a < 180®. 

A 261° 16' 

b 45° 54' 

e 138° 82' 

i{b — e) 46« 19' 

ilb+e) 920 18' 

i A 130° 38' 

log d s= log cos J (5 — c) + 9-8392719 

log e s= log sin Hb — c) — 9-8592893 

log / == log cos i {b +e) — 8-5874694 

log ff = log sin I {b +e) + 9-9996749 

log cos } ^ — 9-8137250 

log sin ^ ^ + 9-8801803 

log d cosi A ss log cos ^aBini (B+ C) — 9-6529069 

log / sin } -4 = log cos } a cos } (5 + (7) — 8-4676497 

log tan } (S + C7) + 1-1863472 

• HB+C) 266° 16' 68"-0 

log sin J (^ + ^) — 9-9990771 

log cos } a + 9-6539198 

ia 63oi2'83"-3 

log ecoBiA ss log sin } a sin } (iS ~ C7) -f 9-6729643 

log ^ sin i ^ sss log sin jt a cos I (B — C) + 9-8798552 

log tan J {B —C)+ 9-7931091 

J (5 — C7) 81° 60' 28"-7 

log sin J (5 — C) + 9-7222788 

Verification. -{ log sin } a + 9-9606855 

i a 63» 12' 33"-3 



1 



■■ 1!: 



= 298° 6'26"-7 

Aru, -10=: 234° 26' 29"-8 

126^26' 6"-6 



117. If a only is required, we may find it by one of the methods of Arts. 75 and 
76 ; anl if the sign of sin a is given, the solution is determinate. If the sign of 
sin B or of sin C is given, we find that of sin a by inspecting the equation 



sin A sin b sin A sin e 
sin a s= — ^ 



sin B sin C 

118. Case II. Given ^, C and b. First Solution; when ihe third angle ^, and 
one of the remaining sides (as a) are required. 
The general relations between the given and required parts are , 



cos B sss — cos cos A-^- Bin C sin A cos b . 
sin B cos a = am C cos A -|- cos CsinA cos b y (203) 

sin J? sin a =s sin ^ sin 6 



[p 



which are solved in the same manner as (196). The problem is determinate when 
the sign of either sin B, cos a, or sin a is given. ' 

t2 
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Adapting (203) for logarithms, we find 
1st. 



2d. 



*k sin d s= cos A 
k cos d ss sin ^ cos b 
cosB=s k sin (C — ^) 
sin B cos a :;si k cos (O — d) 
sin £ sin a ss sin ^ sin 6 

cot d SI tan A cos b 

cos A 
co9^=^i^ 8in((7— S) 

• » <5<>8 ^ , >, -.^ 

sin J? cos a &s -^ — - cos (C — *) 

Bin ^ ^ ' 

sin ^ sin a :^ sin ul sin 6 

3d. When the quadrant m which B is to be taken is given .* 

cot 9 sss tan A cos b. 
tan B cos a = cot (O — ^) 

tani? sin a : 



(A positiye) 



y (204) 



(3 < ISO**) 



y (205) 



(3 < 180O) 



tan b cos ^ 



sin ((7 — 3) 



1 



(206) 



4tli. When A and B are both less than 180^ let 

k 



P^ 



sin A 



? = 



sin B 



then p and j^ are po^tire numbers, and we have from (204), 

j» sin 3 s= cot A 
I /> cos d =s cos 6 

^ sin a srs tan b cos ^ 
y cos a sss cos (C' ^- ^) 
cot B sss tan (C — ^) cos tf 



^ (207) 



Checks. We have 



cos (C — 5) sin ^ cos a tan b 

cos d sin -4 cos 6 tan a 

sin (C — 3) cos 5 

sin 3 cos A 



(208) 



* The same factor k is nsed here and in (197), although the auxiliaries ^ and 3 are 

different. To show that k has the same yalue in (197) and (204), let the scpiares of 

the equations 

A sin ^ = sin b cos A k cos ^ sss cos b 

be added ; we find 

I^ (am*<l> + COB* 0) = A:« = cos* 6 + sin" i cos" -4 aas 1 — sin" b sin* A 
and in the same manner, from the equations 

^ sin 3 = cos A k cos .3 ss sin u4 cos b 

we find 

A* = 1 — sin* b sin* A 

and therefore, in both cases, ^ bs ^ (1 -^ sin* b sin* A) 
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besides which we may employ, with (207), the equation sin JB sin a ss sin ^ sin & ; 
or with (204) and (205), the equation tan B cos a ss cot (C — d). Also, when 
(204) or (205) is employed, wo may find B both by its sine and its cosine. 

These formulae are computed in the same manner as those of preceding case. 

119. Cass II. Given A, C and b. Second Solution; when the two sides, a and c, 
or all the remaining parts, are required. We employ Gauss's Equations in the fol- 
lowing form : 



sin } ^ sin } (a -|- e) =s cos i (A — C) sin } h 
sin ^ B cos i {a -{' c) ss cos i (A -{• O) eos i b 
cos i B Bin ^ (a — c) = sin i {A — C) sin J b 
cos J B cos J (a — e) = sin } (A-^- C) oos J b 



y (209) 



which are solved in the same manner as (202). 



EXAHFLB. 

Given A = 121o 86' 19"-8, C « 42« 16' 13"-7, 6 = 40o 0' 10", and B >'l80^ 

By (209). 

b 40° 0'10"0 

A 121° 36' 19"-8 ^ 

C 42° 15' 13"-7 

}(^ — (7) 89«40'83"-0 

ilA+ C) 8P56'46"-7 

}6 20° 0' 5"-0 

log d « log cos } (^ — ^) + 9-8863038 

log « = log sin J (^ — . (7) + 9-8051224 

log/ = log cos } {A + C) + 9-1473326 

log^ = log sin i {a 4- (7) + 9-9956775 

log sin } 6 + 9-5340806 

log cos } 6 + 9-9729820 

log dsmlb^ log sin i J? sin }(« + <^) + 9-4203844 
log/ cos ^ 5 = log sin ^ B cos j^ (a + «) + 9-1203146 

log tan J (a -f c) + 0-8000698 

\{a+e) 63° 28' 3" -8 

log sin }(«+«) +.9-9513526 
log sin} J? +9-4690318 

^B 162°52'28"-6 

*log (— « sin } 6) ™ log (— cos J uB) sin J (« — «) — 9-3392030 
, *log (— ^ cos J 6) «= log (— cos J B) cos J (a — c) — 9-9686695 

log tan } (a — c) + 9-3706435 

iia-^e) 193° 12' 32" -9 

a = 256°36'36"-2 

t^n*. \ c = 280°10'80"-4 

5=a 825°44'67"-2 

* The sign of eacii of these factors is changed because B > 180°, and cos } ^ is 
negative. 

t It was necessary to increase }(«+<?) by 360°, to obtain c. The correspond- 
ing value of 6 would be 616° 35' 36"-2. See note at the end of this chapter, p. 227. 
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120. When B only is required, we may employ the methods of Arts. 81 and 82, 
which are determinate when the sign of sin B is giyen ; or when that of either sin a 
or sin c is given, since we may then find that of sin B by inspecting the equations 

. „ sin ^ sin b sin C sin b 

Bin J? =a= : sss : 

sin a sin e 

121. Cask III. Given a, b and A, Firtt Solution; when the three remaining parts 
Bf C, and c are all reqirired. 

We find B by the equation 

. „ sin Aanb 

Bin B =» -. (210) 

sin a ^ ' 

which is determinate wjien the sign of cos B is given. 
Then, to find C, we have 

— cos C COB A 4- Bin C smA cos b ^ cos B 
sin C cos A -{- cos C sin A cos b ^ Bin B cos a 

which have already been employed and adapted for logarithms in Art. 118. If we 
denote the auxiliary by 3, and put C — 9 ss y, we find, from (204), 

^ sin 3 sss cos A (k positive) 

kcoB^ = sin ^ cos b 

Jfcsiny = cosJ? j- (211) 

k cos 3^ SB sin J? cos a 
(7=34-y 
To find c, we have 

cos c cos 6 -|- sin e sin 6 cos A ^ cos a 

Bin c cos b — cos c sin 6 cos ^ ^ sin a cos B 

which have already been employed and adapted for logarithms in Art. 113. If we 
denote the auxiliary by 0, and put e — ^ =s ^', we find, from (197), 



(212) 



• 






A; sin ib sin b cos A 
it cos ^ = cos b 
k sin ^' =: sin a cos B 
k cos <p' = cos a 


(k positive) 


Cheeks, We have 






e =^+^^ 


^ 




Bin 
sin 


3 

y 


cos A cos * 
cos B cos 3' 


tan a 
tan 6 




sin 


L 


tan B cos ^ 


cos b 



sin^' 



tan^ 



cos^' 



cos a 



(218) 



One of which maybe used as a check when either C' or e has been alone comDuted.* 
When both C and e have been found, the obvious check is 

sin C Bin A ro^A\ 

(J14; 



sm e 



Bin a 



* The following relations deserve a passing notice : 



sin <p cos y 
cos fjf' sin 3 



=s sin 6 sin ^ 



sin 4>' cos 3 
cos sin y 



s= sin a sin ^ 



tan tan 0' . _ . , _ . • . . • ^ 
- — ^ — J, = Bin* a sm* B a= sm* b surA 
tan 3 tan y 

sin 2 ^ sin 2 y ^ ein* 6 
iS~23 8in2T ""sin* a 
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Example. 

Given a = 126<> 26' 6"-6, b = 138« 82' 0", A = 261o 16' 0", and cos B negatiye. 

a 1260 25' 6"-6 

b 188*82' 0"0 

A 261° 16' 0"-0 

B7 (210), log sin a + 9-9056851 

log sin 6 4- 9-8209788 

^ log sin ^ — 9-9949352 / 

* ; logsiniB —9-9102789 

B '284»25'29"-8 

B7 (£11), log cos * — 9-8746795 

loganAewbss log keoa^ + 9-8696147 

log cos ii =s log it sin d — 9*1818744 

log tan * — 9-3117597 

a 848o24'58"0 

log cos a — 9-7735515 

log tin ^ cos a « log ifc cos y + 9-6888804 

log 008 ^ = log ifc sin d' — 9-7647520 

log tan y —0-0809216 

y 809O41'38"-7 

a+y = C 298*» 6'26"-7 

Bj (212), log sin btoaA:^ log A; sin ^ — 9*0023582 

log cos b sslogk cos ^ — 9*8746795 

log tan ^ + 91276787 

^ 187°38'^1"*8 

log sin a cos J? = log A; sin ^' — 9-6708871 

log cos a ^ log ib cos ^' — 9-7735515 

log tan ^' + 9-8968356 

^ 218oi5'28"-6 

^ + ^'=ac 45'»53'59"*9 

log sin — 9-9455010 

log sin e + 9-8562006 



I-kC^) -00898004 
'sin A^ 



Cheek, log ( ^5^ j — 
Vsina / 



0*0893001 



{ 



In tills example, both ^ -{- 5' and ^ + ^' exceed 860*, and consequently we haTe to 
deduct 860* from each of them. We might hare ayoided this, however, by taldng 
y ft= — 50* 18' 26"*8, *' = — 141* 44' 81"*4. 

122. Case III. Given a, 5 and A. Second Solution ; when C and c are required 
without finding B, 

We have only to eliminate B from the fourth equation of (211) by means of (210), 
and then (omitting the third equation) determine y by its cosine, observing, however, 
to take it so that sin y shall have the sign of cos B, which sign is supposed to be 
given. The formulae for finding C thus become 
29 
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A; sin ^ 3BS cos A 
A cos 9 as sin A cos b 
cos y ss cos 9 cot a tan h 
(^ < 180« with the sign of cos B) 



(k positive) 



(215) 



To find Cf we observe that sin <^' has the sign of sin a cos B, so that we have the 
following formulsB : 

A; sin ^ = sin h cos A (k positive) 

it cos sss cos b 

cos cos a 



cos 0' ss 



cos b 



V (216) 



{/ < 180° with the sign of sin a cos B) 

Cheek, The equation (214). 

128. Case IY. Given ^, ^ and b. First Solution; when the three remaining parts 
a, e and C? are all required. 
We find a by the equation 



Bin a =s 



si n ^ sin 6 
sin B 



(217) 



which is determinate when the sign of cos a is given. The remainder of the solution 
is by (211) and (212). 

124. Case IY. Given A, B and b. Second Solution; when e and C are required, 
without finding a. 
We easily £nd, from (211), 

A; sin ^ SB cos A (k positive) 

k cos ^ ss sin ^ cos b 

sin ^ cos B 



(k positive) 



sinyss 

cos A 

(cos y and sin J? cos a to have the same sign) 

And from (212), 

A; sin Bs sin 5 cos A 
k cos ss cos b 
sin ^' ss sin tan A cot B 

(cos (p' and cos a to have the same sign) 

ess ^4- ^ 

Check. The equation (214) 

126. Case Y. Given a, b and «. The formula 

cos a — cos b cos e 



r (218) 






'- (219) 



cos.i 



sin 6 sin e 



(220) 



determines A when the sign of sin u4 is known. If the sign of sin J? or of sin C7 is 
^fen, that of sin A becomes known by the equation 



sin^ 
sin a 



sin B 

sin b 



sin C 
sin € 
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The formulsB (31), (83), (84), may be used, each of which will become 4016X19!- 
nate when the sign of either sin A, sin B, or sin C is known. 
126. Casb VL Given A, B and (7. The formula 

cos -4 + COS jB cos C .«-- . 

cos a ss . ' . ^ (221) 

sin ^ Bin C7 ^ ' 

determines a when the sign of sin a is given. If the sign of sin 6 or of sin e is 
given, that of sin a becomes known by the equation 

sin a sin h sin c 



'' sin ^ sin if sin Q 

The formula (36), (38), (39), may be used, each of which will be determinate 
when the sign of either sin a, sin 6, or sin e is known. 

NoTX mpoN Gauss's Equations, 

In the unlimited spherical triangle, we may consider any part, as a, to have an 
infinite number of values, viz. aya'\- 360°, a + 720**, &c., expressed generally by 
the formula a -|- 2 n »•, n being any whole number or zero ; and since 

sin a :a sin (a 4" ^ ** "") cos & &s cos (a -{- 2 n »■) 

all those equations of Chap. I. that involve only sin a and cos a wiU not be changed 
by the substitution of a -{- 2 nir for a. A similar substitution may be made for 
each of the parts, or for all of them, at the same time, so that there is an infinite 
series of triangles to which these equations are applicable. 

But the substitution of a -{- ^^^ ^^^ <<» "^ Gauss's Equations, (202), will change 
the sign of all of them, since 

sin } (a + 860**) ss — sin } a cos } (a + 860**) := — cos } a 

while the substitution of a -|- 720° for a will not change their sign, «ince 

sin } (a + 720**) » sin } a cos } (a + 720**) = cos } a 

In general, their sign is changed by the substitution of a -|- (4 n -|- 2) t for a, and 
it is not changed by the substitution of a -|~ ^ ^ '''• ^^® same results follow like 
substitutions for each of the parts. It follows that these equations taken only with 
the positive sign, do not include all the triangles of the infinite series above spoken 
of, and that they are complete only when taken with the double sign, and expressed 
in two distinct groups, as (44) and (45) of Art. 27. 

In practice, however, toe may take them with the positive eign only; for they will then 
give at least one of the triangles of the series, from which all the others, (and parti- 
cularly that whose parts are less than 860**), may be directiy deduced by the appli- 
cation of 360**.* 

This will be illustrated by the example of Art 119, p. 223 ; we there find 

J (a -I- c) =» 63** 28' 8"-8 
J (a — c) =a 193** 12' 82"-9 

or rather, since } (a + sl^ould be greater than } (a — e), 

} (a + c) as 423** 23' 8"'8 
l^a-^c)^ 193** 12' 82"-9 

* Gauss {Theoria Motua Corp. CoeL Art. 64) recommends the use of the positive 
sign only, observing that any side or angle may be diminished or increased by 860% 
as the case may require, but confines himself to the statement of this practical pre* 
cept, without explaining the grounds upon which it rests. 
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whence 

a =s 616° 86' 36"-2 

c » 230° 10' 80"-4 

which Ib the ptoper solution of the equations taken with the positive sign. If now 
we dednct 860® from a, and take, as on p. 223, 

a =z 256° 35' 86"-6 
c =s 230° 10' 30"-4 

« 

we have the solution that would have been obtained by taking the negative sign in 
aU the equations ; for we now have 

i(a + c) =: 2430 23' 3"-3 

i(a — c)=z 13° 12' 32"-9 

which, differing from the former values by 180°, must change the sign of all the 
equations. 

I have given some further particulars respecting unlimited spherical triangles, 
ftnd a fuller discussion of Gauss's Equations, in an essay which the reader will find 
in the AstronomicalJoumal, Vol. I., published at Cambridge, Mass. 
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CHAPTER V. 

AREA OF A SPHERICAL TRIANGLE. 

127. Given the three angles of a spherical triangle^ to compute 
ike area. 

This problem is solved In geometry, where it is proved that the 
surface of a spherical triangle is measured by the excess of the sum of 
its three angles over two right angles, by which is meant, that the area 
is as many times the area of the tri-rectangular triangle as there are 
right angles in the excess of the sum of the angles over two right angles. 

To express this analytically, let 

r «= radius of the sphere 
T =s surface of the tri-rectangular triangle 
= J surface of a sphere = J t r* 
2S-^A + B + 
K =s area of the triangle ABO. 

Also, let the angles A^ B and Q be expressed in the unit of Art. 11, 
that is, let A^ J?, Q denote the arcs which measure the angles in a 
circle whose radius is unity. The right angle expressed in the same 

unit is -^, therefore the number of right angles in 2 j9 is 



2 TT 

and we have, according to the above theorem of geometry, 

or 2r = r*(2/y-^) (222) 

and if the radius of the sphere is taken = 1 

K^2S-7r (223) 

128. In a plane triangle the sum of the angles is equal to t, 

and in a spherical triangle the sum exceeds it by K\ hence this 

quantity, K^ is commonly called the spherical excess. 

U 
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129. Gfiven the three aides, to find the area. 
By (223), we have 



Bin J JT = sin (-S^— j) = — 
cos } JST » cos f ^— . — j s=s sin 5 



cos S 



> (224) 



tan } JST &= — cot S 



in which we hare only to substitute the yalues of cos S, sin 5, and cot S, given in 
Art 86, to obtain the required solution. We find, [« bb |(a ^ 6 ^ <>)], 



sm 



cos 



j. p> ^_ \/ [sinj sin (e — a) sin (s — b) sin (e — c)] 

2 cos } a cos j^ 5 cos } c 

, ^ cos a + COS 6 4" <5os c + 1 

4 COS ^ a cos i b cos } e 



(225) 



cos* jt a + cos* } & + cos* } c — 1 

2 cos } a cos i b cos J c 

The numerator of (225) being denoted by n, we find, 

. 1 «.^ 1 -f- cos o -f- cos ft ^- cos c 



(226) 



(227) 



which is known as De €hta*8 formula. 

Again, from the formulso of Art. 86, since 1 — sin 5 =s 2 sin *Jir, 1 -f sin /S^ 
2cos*^ir, we find 



sinJJTssV'r 



sin } « sin } (« — a) sin } (« — 5) sin } (« — e) 
cos i a cos i b cos J c 



cos 



I2r=v[ 



COS J a cos } (» — a) cos J (« — b) cos J (« — c) 
cos ^ a cos ^ 6 cos i c 

tan} Jr=^[tan}<tan}(« — a) tan} (» — b) tan} (« — c)] 



] 

] 



(228) 



the last of which is known as LhuUlier's formula. 

130. CHven two aidea and the included angle, (or a, b and C) to find the area. 
We hare, from (224), by (77), 

cot } a cot } 5 -|- cos C' • 



cot}^ = 



sin C 



or 



_ tan \ a tan } 5 sin C? 
* 1 + tan } a tan J b cos C 



(229) 
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131. If we admit more than three parts of the triangle into the ezpreBsion of K, 
we have, by (66) and (71), 



. Bin } fl em } 6 . 
Bin ^ JT ss £ — - — £— Bin C 

' cos J c 

J^ cos } a COS } i^-hsiii ^a sin ^ 6 cos O 

008 i C 



>- (280) 



the quotient of which gives (229). 

132. Since there are always two triangles npon the surface of the sphere which 
have the same three sides, (Art. 110), the angles not being limited to yalues less than 
180<>, the formulss (225), (226), (227) should give the areas of both of them, and 
their sum should be equal to the surface of the sphere = 4 ^. In fact, by (226), 
sin } jfiTmay be either positive or negative, while by (226) the cosine is fully deter- 
mined, so that these formulso give two values of^K whose sum is 2 tt, and therefore 
two values of JET, whose sum is 4 t. 

It follows that (225) alone is not sufficiently determinate when the triangle is un- 
limited, since it gives four solutions. The most convenient formula is therefore 
(228), for we must always have ^ K<ir, and the double sign of the radical gives 

the two yalues of i K, one less and the other greater than -^. 
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CHAPi:ER VI. 

DIFFERENCES AND DIFFERENTIALS OF SPHERICAL TRIANGLEs! 

Id3. Two parts of a spherical triangle being constant, and a third 
receiving an increment, it is required to deduce the corresponding 
increments of the remaining three parts. As in plane triangles, 
(PL Trig. Chap. XII,), this will be effected by a comparison of two 
triangles having two parts in common. The triangle formed from 
the given one by applying the increments to the variable parts will 
be distinguished as the derived triangle. 

We shall first consider the increments as finite differenceSj and 
give them the positive sign, (PI. Trig. Art. 187). 

134. Case I. A and c constant. The parts of 
ABOy Fig. 22, being Ay c, -B, (7, a, J, those of the 
derived triangle ABO' are A^Cy B + A-B, (7+ A (7, 
a + Aa, 6 + aS; and the parts of the differential ^^ 
triangle BOO' are aya+ Aa, a6, 180° —OyO+AO 
and aJ?. We have, then, in B00\ by (3), 

sin a6 _ sin {a + Aa) __ sin a 
sinA^ sin (7 sin (0+aO') 

Also, in B00\ by (40), we have 

sin 1(180° -- g + 0+aO) tan|A& 

sin J(180° - 0- (7- A(7) *~tan J(a + Aa- a) 

whence 




(231) 



tan I Ag _ COS (O+i ACT) 
tan J AJ cos ^ aC 

By (41) we Gnd in a similar manner, 



(232) 



By (42), 



tan I A6 tan (a + J Aa) (233*) 

sin J A(7 "" "" Bm{0 + jAO) ^ ^ 

ein J Aa _^ sin (a + J Aa) C234'i 

tan I AS "~ t^a^^O' + iA(7) ^ ^ 
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By (43), 

t?njA(7_ COS (g + ^ Aa) (2^S\ 

tan^A^ cos ^ La 



By combining (232) and (233), 



tan J A<x tan (a + J Aa) 

tan I aO *" ^tan((7 + iAC) 



(236) 




As these formulae involve the increments in the second members, 
they are to be computed by successive approximations. (See 
PL Trig. Art. 201). 

135. Case II. A and a constant. The given 
triangle being AB Oy Fig. 23, the parts of the 
derived triangle J.'£ (7 are ^, a, £ + A -B, 6 + a6, 
(7+ A(7, <? + Ac. Although the figure appears to^' 
show, that the angle B is diminished, it is still proper ^ 
to represent the angle A'B hj B + A-B, to preserve uniformity 
in the algebraic signs of the increments ; the essential signs being 
given by the equations of differences themselves. Hence we put 
the angle AB A' -= ABO - A'B 0^ B - {B + aB)=^-aB. 
Joining, -4. J.' we have inBAA' and OAA\ by (43), 

cos (p + i Ac) : cos J A<? « — cot J aB : tan J {A'AB + AA'B) 
cos(6 + JAJ) : cosiAJ=» cotjA(7: tiini{A'AO+ AA'O) 

but since A is constant, or BA =^ BA'OjYre find that the fourth 
terms of these proportions are equal ; whence 

tan i aB _^ _ cos {b + j Ab) cos j Ac . 

tan J A(7 ^ cos (^ + J Ac?) cos J Aft ^ ^ 

In the polar triangle oi AB Oy the constants are still an angle 
and its opposite side, and the preceding equation applied to this 
polar triangle (by Art. 8) gives 



tan I Ab cos (^ + j A^) cos J aC 

tan \AG ^ cos ((7+ J~A(7) cos J aB 



(238) 



In ^ J? (7 and A'B we have 



sin a sin £ as sin A sin b 
sin a sin {B + aB) == sin A sin (6 + a6) 

80 • ^ ir2 
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the difference and sum of which give 

Binaco8(5+ J a5) sin| AJ5 « sin^ cos(J + J AJ)sin J a6 
sin a sin (5 + J AS) cos J aB = sin A sin ( J + J aJ) cos \ aJ 
from which, by division, we find 



tan \ Aft tan (J + J AJ) 



tan \ A-B 
and in the same manner 



tan(S+ JAB) 



(2^9) 



t an \ Ag _ tan (<? + | Ag) 
tan J A(7 "" tan<(7+ ^ A(7) 

The pcoduct of (237) and (289) gives 

s^P i A5 _ ^ sin (ft + I Aft) cos | Ag 
tan \ A(7 cos (g + J Ag) tan {B + \ aB) 



(240) 



(241) 



whence also* 



sin \ Ag 
tan ^AjS 



_ BJA (g + ^ Ag) cos \ Ab 

cos (b + i a6) tan (C^ + J i^C) • V-^^^; 



Pig. 24. 




c 136. Case III. b and g constant. The given 

e, triangle being ABC, Fig. 24, the parts of the 

derived triangle ABC are J, g, a + Aa, S + a5, 

(7+aO;-4+A^. Joining (7(7' we have in 5(7 (7', 

by (42), 

sin (a + J Aa) : sin J Aa = cot J aB : tan J (B (7(7'— £ (7'(7) 

But observing that AC ^ AC, ACO' ^ A C'C, we have 

BCC ^ACC - 
BC'C -=ACC+ C+ AC 
J {BGC'-BCC) = - ((7+ J A(7) 

and the above proportion gives, therefore, 



sin J Aa _ sin (a + J Aa) 
tan JaJ? cot((7+jA(7) 



(248) 



* The equations (239), (240), (241), and (242), contain each two factors less than 
the correspondiiig equations given by CagnolL 
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In the same manner we should find 



sin J Afl __ sin (a + J Aa) 
tan i aO cot{B + ^AB) 

The quotient of (243) and (244) gives i 



(244) 



tan I aB _ tan {B + j SB) 
isLR^O "" tan ((7 + J aC) 

' TnABOsiiii ABO\ by (4), we have 

cos a s cos b cos <? + sin i sin c cos A 
cos (a + Aa) — cos 6 cos c *+ sin 6 sin c cos {A + aA) 

the difference of which gives 

sin i Aa ^ sin h sin c sin {A + ^ aA) 
sin J aA sin (a + J Aa) 

The quotient of (243) divided by (246) gives 



(245) 



(246) 



sin J AA sin* (a + J Aa) tan ((7 + | AC) {OAn\ 

tan J a5 T sin J sin c sin (-4. + J A-4.) ^ ^ 



and from (244) and (246), in the same manner, 

sin I aA _ sin* (a -^ j Aa) tan (.g + | A^) 
tan J A(7 sin 6 sin c sin (-4. + J A-4) 



(248) 



137. Case IV. B and C constant. The equations of the pre- 
ceding case (243 to 248), applied to the polar triangle, give 



sin i aA _^ sin {A + i aA) 
tan J a6 "" cot (c + J Ac) 

sin I aA sin {A + ^ aA) 
tan J A(? cot (6 + i a6) 

tan ^ Ah _ tan (6 + } a6) 
tan J Ac "" tan (t? + J Ac) 

sin J Ail __ sin 5 sin sin (a + J Aa) 
sin J Aa sin (-4 + J A-4.) 



(249) 



(250) 



(251) 



(252) 






(253) 



(254) 
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sin J Aa sin* (A + ^ ^A) tan {c + i Ac) 
tan J a6 ' sin B sin sin (a + J Aa) . 

sin i AA _ sin* (^ + I A^) tan (6 + | a6) 
tan ^ Ac . sin J? sin sin {a + ^ Aa) 

Finite Differences op Spherical Right Triangles. 

138. All the preceding equations are, of course, applicable to 
right triangles, or to quadrantal triangles, and in some cases they 
assume simpler forms. Thus in Case I., if the variable C = 90°, 
(231) and (232) become 

# 

sin a6 = sin (a + Aa) sin aB 
tan } Aa = — tan J aJ tan J aO 

and similar modifications take place in other cases. 

139. When one of the constants is 90°, the preceding equations 
do not generally assume any simpler forms, but they may be trans- 
formed so as to involve the same variables in both members, which is 
generally desirable in their practical applications.* 

The method that we shall follow is so simple that it will be un- 
necessary to repeat it in every case. A single example will suffice 
to explain it. 

Let (= 90°) and b be the constants ; to find the relation of Ac 
and A B, we have between the two variables and the constant b^ the 
equations 

sin 5 == sin J cosec c 

sin {B + aB) = sin b cosec {c -h Ac) 

the difference and sum of which, by PI. Trig. (105), (106), (131), 
and (132), are 

rt / ■!> . 1 T>N . 1 -o 2 sin J cos ({? -h i Ac) sin \ Ac 

2 cos {B + \ aB) sm i aS = — , — \ / . ^ , — 

Bincsm \c -h Ac) 

♦ 

o • /Ti , 1 T^\' ^ T> 2 sin 6 sin (<? -h i Ac) COS I Ac 

2sm {B + J a5) cosi a5 = : — \ / , x 

sin c sm \c + Ac) 

* Cagnoli gives these equations reduced so as to inyolve the same yariables in 
both members ; but in almost every instance his formulae inyolve two factors more 
than are necessary, and are far less simple and conyenient than those here given. 
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2S7 



and tlie quotient of these is 

tan ^ aB 



tan ^ Ac 



tan(jB + jA5) tan((? + jAc) 

vhich gives the first equation of the following article. This process 
always eliminates the constant, and is applicable in every case. 

When the equation to be differenced involves cosines, we employ 
PI. Trig. (107) and (108) ; if tangents, (115) and (116) ; if cotan- 
gents, (122); if secants, (129) and (130). The results are as 
follows : 



140. Case I. (7 = 90® and b constant. 



tan|A c 


tan( c +iAc ) 
ia.n{£+iAB) 


• tan|A^ 
tan^A a 


cot( c + Ja c ) 


tan Ja5 ~ ~ 


cot(a +jAa) 


sin A a 


8in(2«+ Aa) 
sm{2A+AA) 


tanjAa _ 
sinA^ "" 


tan(a+jAa) 


sinA^ "" 


~Bm{2B+AB) 


smAc 


Bin{2c+Ac) 
cot{A+^AA) 


tanjA-4. 
tan Ja5 "" " 


t&Ti{A +iAA) 


tan JaA "" 


"cot(£+iA^) 


141. Case II. = 90° and c constant. 




BmAA 


sin(2^+A^) 
"Bin(2~5+AuB) 


tan|Aa 
tan|A6 "" 


cot (a +jAa) 


sin AjB 


~cot(6+iA6) 


tanl^A a 


tan(a +jAa) 
tsLn{A+iAA) 


tan JA 6 
tan Ja£ "■ 


tan(6+jA6) 


tanjAX ~" 


tan(5+^A^) 


sinAa 


Bin(2a+A«) 
"cotls+iAB) 


sinAi 
tanjAJ. 


8in(2 6+A6) 


tan JAjB ~ ~ 


~ cot{A+^AA) 


142. Case III. = 90° 


and A constant. 




tan^Ac 


tan((?+jAc) 
tan(a+iAa) 


sin A a 
tanjAt "^ 


sin(2a+Aa) 


tanjAa ~" 


tan(6+iA6) 


tan^A c 


cot(c+lAc) 
Bin{2B+AB) 


tan^A b 
tan Ja5 "■ 


cot(J+jAJ) 


sinA^ ~ 


cot{B+^AB) 


sin Ac 


Bin{2c+Ac) 
Bin{2b+Ab) 


tan^Aa 


cot(a+jAa) 


sin A J "" 


tan(^+jA5) 



261) 



262) 



263) 



143. If a constant side is 90°, the equations of finite differences 
for the triangle may be obtained by applying the preceding eq'iations 
to the polar triangle. 



255) 



256) 



257) 



258) 



259) 



260) 



238 SPHERICAL TRIGONOMETRY. 

Differential Variations of Spherical Oblique Triangles. 

144. To obtain the differential variations, we have only to make 
the increments infinitely small in the equations of finite differences, 
observing the principles of PL Trig. Art. 192. Or we may differ- 
entiate the equations of spherical triangles directly, employing the 
differentials of the trigonometric functions given in PL Trig. Art. 192. 
For example, A and c being constant, to find the relation of da 
and d-B, we have 

sin ^ sin (; = sin a sin Q 
the differential of which is » 

= sin a dsin (7+ sin (7isin a 

= sin a cos Cd (7+ cos « sin Cd a 

da tan a 

dO"^ " tan 

and to find the relation ot da and d b, we have 

cos a = cos bcosc + sin b sin c cos A 

— sin a c? a = — sin J cos edb + cos b sin c cos Adb ' 

da ___ sin b cos c — cos 6 sin c cos A 
db sin a 

or by (7), 

da 



db 



= cos 



results which agree with those found from (236) and (232), by making 
Aa, aJ and aO infinitely small. By either method, then, the fol- 
lowing equations may be readily verified. 



145. Case L A and c constant. 

d a ^ t^n a d b sin a 



dc — 


tan Q 


dB" sin(7 


d a 
db'^ 


cos Q 


d b tana 
dO sin (7 


d a 


sin a 


dO 

s^ mmm nf\a ft 



dB tan (7 dB 



(264) 
(265) 
(266) 
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146. Case II. A and a constant. 

dB ci>8 b d h cosB 



d O 

d h 
dB 



COS c 


d e 


cos 


tan b 


d c 


tanc 


tSLUB 


dO^ 


tan (7 


sin b 


d c 
dB'^ 


sine ^ 


cos CtBXiB 


~ cos b tan 



(267) 
(268) 



d b 

d "" cos c tan B dB"^^ cos b tan (7 • v ^ 

147. Case III. b and c constant. 

d d d d 

Xg =« — sin a tan Q -t-q « — sin a tan jB (270) 

dB tan-B da . , . ^ ^^^v 

re-- X^ dA" «°5sm(7 (271) 



^J. sin J. dA sin J. 



d5 


sin B cos (7 

• 


dO" 


sin (7 cos JB 


asbIV. 


B and (7 constant 


• 




dA 
d J°" 


sin A tan e; 


dA 

d c^ 


sin ^ tan b 


d e" 


tan b 
tan {? 


dA 
d a™ 


sin JB sin e 


d a 


sin a 


d a 
d (?"" 


sin a 


d J"" 


sin 6 cose; 


sin c cos b 



(272) 



(278) 
(274) 
(275) 

Differential Variations of Spherical Right Triangles. 

The preceding may also be used for right triangles ; but it 
may be desirable to have the same variables in both members, as in 
the following formulae derived from those of Arts. 140, 141, and 
142: 



149. Case I. (7 = 90° and 6 constant. 

d c tan c d c cot e 



dB tan 5 da. ,•/- cpt a' 



(276^ 



d a ^ sin 2 a da ^ ^an a ' /q-t^ 

dA^ Bin 2 A d5'^""Si"0 ^^^^) 



d c sin 2 (7 d A tan A 

d~A ~ 2 cot J. 'd~B "^ "" cot 5 



(278) 
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160. Casb IL C = 90° and c constant. 

d A sin 2 J. da cot a 

d~B ^ "" smTS dT "" "■ cot 6 

d a tan a d h tan h 



sin 2 5 


tan a 


tan A 


sin 2 a 



c^ J. tan A d B tan 2? 

da sin 2 a d h sin 2 & 

d~B *" "" 2 cot ^ dTZ """"2 cot J. 

151. Case III. C = 90° and A constant. 

d c tan c da 

da" tan a d 6 "" 

d c 2 cot c d h 



(279) 



(280) 



(281) 



tana 


2 cot <; 


sin 2 5 


sin 2 <; 



d 5 sin 2 5 d J? ■" 

d g sin 2 c da 

db"^ sin 2i J5 "" tanT^B 



sin 2 a 


2 tan i 


cot h 


cot £ 


cot a 



(282) 



(283) 



(284) 



152. The differential variations are often employed for approxi- 
mate results, instead of the equations of finite differences, when the 
increments are very small. The remarks of PI. Trig. Art. 203, 
apply here also, but it is not necessary to introduce the radius in 
secondSi^ since all the parts of a spherical triangle are expressed 
in .the same unit. 

Differential Yakiations of Sphbbical Tbianolbs whbn all thb pabts abb 

Variable. 
163. Let the equation 

cos a =s COB 5 cos e -f- Bin h sin c cos A 

be differentiated, all tlie parts being variable ; we find 

sin a <f a =s (sin h cos c — cos h sin c cos A) dh 
-{• (sin c cos h — cos e sin 6 cos A)dc 
4- sin h sin c sin ^ dA 

Dividing by sin a, this becomes, by (7) and (3), 

da sss cos Cdb -f- cos £de -f- sin b sin OdA (286) 
and in the same manner from the 2d and 3d equations of (4) we find 

db ss cos Ade'{- cos Cda-^- sin c Bin AdB (286) 

dc 2= cos'B da 4- cos Adb -{- sin a sin BdC (287) 

From these three equations, any three of the six differentials da, db,de, dA, 
dB,dC, being given, the other three may be determined by the usual processes of 
eHmination. % 

If any one of the parts be supposed constant, its differential will become zero,* 
and these equations will assume simpler forms. If two of the parts be supposed 
constant, we can easily deduce aU the equations of Arts. 146, 146| 147 and 148. 
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CHAPTER VII. 

APPROXIMATE SOLUTION OF SPHERICAL TRLiNGLES IN CERTAIN 

CASES. 

« 

164. When some of the parts of the triangle are small, or nearly 90°, or nearly 
180°, approximate solutions may be employed with advantage. These are generally 
found by m^ans of series. 

155. In a spherical right triangle (the right angle being C), given A and c, to find b. 
We haye 

tan 5 =s cos ^ tan e (288) 

which is of the form in PI. Trig. (498), and may therefore be deTeloped by (495) 
and (496) by patting x sss b, g sb e, p ss cos A, whence 

a Bae • , ^ SB — =— j 5 ass — tan* | A 

^ /»+l 1 + cos^ * 

and (495) and (496) become,, [taking n s in (495), and n as 1 in (496)], 

£as c— .tan*i^sin2<;+ Jtan*J^sin4e — &e. (289) 

b asr— c+ cot*}^ sin2e->}cot^^sin4<;+ &c. (290) 

If A is small, cos A is nearly equal to unity, and b exceeds e by a small quantity 
which is approximately found by one or more terms of the series (289). 

If ^ is nearly 180°, or cosil nearly =b — 1, 6 exceeds sr — e by a small quantity, 
which is found by (290). 

For examples of the mode of computation, see PI. Trig. Art 255. 

156. Although these solutions are termed approxmate^ it must not be inferred that 
they are Uee accurate in practice than the direct solution of (288) by the tables ; for 
the logarithmic tables are themselves only approximate, and the neglect of the 
higher powers in such series as (289) and (290) may inYolye a less theoretical error 
than the similar neglect of the higher powers in the series by which the tables are 
computed. In the examples of PI. Trig. Art. 255, the thousandths of a second were 
found with accuracy, which could not have been effected by a direct solution with 
less than eight decimal places in the logarithms. 

These considerations lead to the frequent employment.of approximate solutions 
in astronomy. 

157. If A and b are given, to find c, we have 

tan e ss sec A tan b 
which is reduced to PI. Trig. (493), by putting x s=s e, y ^s b, p ss sto A, 

sec -4 — 1 1 — cos -4 ^ . , ^ 

q ^ . , , ssa =-T j s=s tan* *-4 

sec ^ 4" ^ 1 + cos ^ ' 

and the series will be 

c= 6+ tan* J Jl sin 25 + J tan*} ^ sin 46 4- &c. (291) 

e =«— 6 ■— cot* J ^ sin 26 —J cot* }-4 sin 46 — &c. (292) 

81 V 



242 
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158. Similar solutions apply to the equations of right triangles, 

tan a = sin 5 tan A 

cot JB ^ cos e tan A 

the last being solred under the form 

tan (90® — 5) r=i cos e tan A 

We may also compute, in the same manner, the auxiliaries ^ and ^ in (122) and 
(184), so frequently employed in the solutions of oblique triangles. 

159. In a right spherical triangle^ given e and A^ to find a, when A is nearly 90°. 
We have 

sin a SB sin ^ sin e (298) 

Arom which we deduce 

tan J (c — a) sss tan* (45® — } ^) tan } (c + a) (294) 

From this we may find e — a, which is supposed yery small, by successive approxi- 
mations. For a first approximation, let a s= e in the second member, and find thence 
the value of e — a and of a; for a second approximation substitute in the second 
member the value of a just found ; and so on until two successive^values agree as 
nearly as may be desired. 

EXAMPLB. 

Given A =« 89°, c = 87° ; find a. 

Here 46° — - } -4 = 0° 30', and for the first approximation J (c + a) = 87°. 

log tan i{e+ a) 1*28060 
• log tan* (45° — } ^) 

ar CO log sin 1" 

J (c — a) = 299"-74 log H« — «) 

a = 87° — 9' 59"-48 = 86° 60* 0"-62 



5-88172 
5-81448 

2-47676 



log 



log tan J (c + a) 
tan* (45° -- } /) 
sin 1" 

log }(« — «) 
}(«-«) 
c — a 
a 



2d Appbox. 



86° 55' 0" 
1-26868 

1-19615 

2-46488 
291"-63 
9' 48"-26 
86° 60' 16"-74 



8d Appbox. 



86° 65' 8" 
1-26899 

1-19615 

2-46514 
291"-88 
9' 43"-66 
86° 50' 16"-34 



4th Appbox. 

86° 55' 8"-17 
1-26900 

1-19615 



2-46516 
291"-84 
9' 48"-68 
86° 60' 16"-32 



The direct solution of (293) gives a =s 86° 60' 16", but cannot give the fractions 
of a second without tables of more than seven figure logs. We have given this pro- 
blem, however, not so much on account of its particular utility, as for the purpose 
of introducing the method of approximation to which it leads, and which is often 
employed. 

The process here explained may obviously be applied to any equation of the form 



sm X SB m sm y 



when m is nearly equal to unity. 
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160. In a tpherieal oblique triangle^ given two ndet and the included angle, to find the 
other anglea and tide hy eeries. 

If a, b and C are the data, to find c, we have 

COB c B8 cos a COB 5 4' ^ ^ sin £ cob O 

Substitnting half arcs, 

sin* } e ^ sin* ^ a cos* i b-\' cos* } a sin* } b 

— 2 sin } a cos j^ 6 cos j^ a sin } 5 cos O 

which is of the form PI. Trig. (507), and may be dereloped by (508) by substituting 
sin J e for e, sin } a cos i bfor a, and cos j^ a sin } 5 for b ; so that (508) becomes 

log«nJ« = logcos}«8inJ6_Jf[^co8(7+(^y^^+ &o.] (295) 

To find A and B, we have, 

tani(^ + ^) « ^^^^-^^^^coti (7 
*^ -r^; cos}(a+6) ^ 



whence 



» 

^ \ , A «x sin i (a — b) ^ , - 
tan J (-4 — -B) ssB . \) , ' cot } (7 

^ ^ ' sm J (a + 6) * 

Comparing these equations with PI. Trig. (498), and dereloping by (495), n =s 0, 

1 - 1 / >. I »v 1 ^ tan} 6 . - , /tan \ 6\* Bin2 (7 „ ,_„. 

} ,- } (^+ i») = J <7- JStfj "° ^+ Vi^ti a) -2- - **• (296) 

1 'i , A «v , ^ . tan i ft , -, . /tan } 6\* sin 2 (7 , . .^^-^ 

If we derelop by (496), we find 

t , / .1 . T.V , r» . /cot}a\ . ^ /cot } a\* sin 2 (7 , . ,^^. 

i'-H^+S) } (7+ (^ ) «n C- (^J -^ + 4c. (298) 

1 , / ^ «x , ^ /tan la \ . _ /tan } a \* sin 2 (7 . ,„„ 

from which a selection will be made in any particular case, according to the con- 
Tergency of the series. The terms of the series are in arc, and must be reduced to 
seconds, by dividing by sin V, 

This solution may be applied to the case where two angles and the included side 
are the data, by means of the polar triangle. 

161. To express the area of a spherical triangle in eeriee. 

Comparing (229) with PI. Trig. (500), and developing by (502), we find 

} £'== tan } atan } 5 sin C— i tan* i a tan* } b sin 2(7+ &c. (800) 
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162. Legendbe*s Theobem. If the tides of a epherieal triangle are very small com- 
pared with the radius of the sphere, and a plane triangle be formed whose sides are equal 
to those of the spherical triangle, then each angle of the plane triangle is equal to the corre- 
sponding angle of the spherical triangle minus one-third of the spherical excess. 

Let a, b and e be the sides of the spherical triangle expressed in aroj the radius 
of the sphere being unity ; and let A', B and C be the angles of the plane triangle 
whose sides are a, b and e. Then we have, in the spherical triangle, 

. cos a — cos b cos c 

cos A ZSS : —-, 

sin sm e 

Sub3titute in the second member of this, the yalues of cos a, &e., in series, by 
PL Trig. (406) and (406), neglecting only powers aboTe the fourth, viz. 

cos a sss 1 — } a* + UT o* 

cos 6 = 1 — J 6* + A ** sin 6 = 6 — i 6* 

COSCasl Jc*+]B^C* Siu C = C — Jc* 

we find 

6e[l-i(4»+c*)] 

Multiplying the numerator and denominator by 1 + i (^* + ^)* *^^ neglecting 
terms of a higher order than the fourth, as before, we have 

cos A s=z — JL-_ -L- — J- — — 

2 b c 24 & e 

which, by PI. Trig. (225) and (239), becomes 

cos A =s COB A' — ibe sin* A' 

Let A =s A* -{• X, then since x is small, we may put cos z sa 1, so that, by 

PI. Trig. (38), 

cos ^ = COS ^' — X sin A* 
whence 

z =s ^ & e sin ^ 

But i be Bin A sss area of the plane triangle s=5 yery nearly area of the spherical 
triangle sss K, whence 

z«Jir A'^A-^iK 

The same reasoning applies to each of the other angles, so that 

B^zB — iK C'z^C — iK 

which proves the theorem. 

163. This theorem is applied in geodetical surveying, and is found to be suffi- 
ciently accurate for triangles whose sides are considerably greater than 1°. It is to 
be remembered that the sides are to be expressed in arc ; and if they are given in 
feet (for example), they must be reduced to arc by dividing by the radius in feet, 
or, which is equivalent, the area must be divided by the square of this radius. If 
then r = radius of the earth in units of any kind, a, b and c the sides of the tri- 
angle in units of the same kind, and k the area of the plane triangle, we shall havo 
K in seconds, by the equation 

k 



Kssz 



r* sin 1" 



Example. 

In a triangle upon the earth's surface, given 5 =s 188496*2 feet, e s: 156122*1 feet, 
and A s= 4B° i' 32"-35,- to find the remaining parts. 
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We have k sss ^ b c sin A^ and the mean yalue of r = 20888780 feet. Hence 

log 5 5-26868 

log e 5-19346 

log sin -4 9-87159 

ar CO log 2 f" sin 1" 0-87856 

K = 5"-04 log K 0-70224 

It is eyident that great accuracy in the Talue of r and of the other data is not 
required in computing K. We now have i K sss l''-68, A' ss 48^* 4' 80''*67, and by 
Bolying the plane triangle with the data A', b and c, we find 

a » 140680-0 feet B' ns 76° 12' 22"-19 C «s 55° 48' 7"-ia 

Adding ^ jST to each of these angles, the angles of the spherical triangle are 
£ =s 76° 12' 28"-87 C s 65» 48' 8"-81. 

For further details respecting geodetical triangles, and for the methods of solying 
spheroidal triangles, special works upon geodesy must be consulted, such as 
Legendre*s Analyse det Trianglet tracis tur la turfaee cTune aphSroide; Puissant*s l^aiti 
de GSodSsie; Puissant's i^ouveZ essai de trigonomitrie tphiroidigue ; Fischer's ZeArducA 
der hoheren Oeodatie; rarious papers by Gauss, Bessel, &c. 

164. To solve a spherical triangle when two of its sides are nearly 90°. 

If a and b are nearly 90°, e and C are nearly equal, and it will be expedient to 
eompute the small quantity C — e by an approximate method. We hare, by (26), 

sin* J c = sin* } (a + 6) sin* J (7+ sin* J (a — b) cos* } 
and by PI. Trig. 

sin^ C= [sin* } (a + 6) + cos* } (« + *)] «»* } C 

the difference of which equations is 
sin J ((7+ c) sin J (C— c) s cos* } (a + 6) sin* } C— sin*} (a — 5) cos*} (7 

Let 

a' as 90° — <i y = 90° — b 

a' and b' being yery small : also, since C and c are nearly equal, put 

then the above equation becomes 

sin C sin} ((7— c) = sin* J (a' + 6') sin* } C — sin* } («' — ^') cob* } C 
Diyiding by sin C = 2 sin } C7 cos } C7, and substituting the arcs } (C— c), 
t (a' + b% } (a' ^ b% for their sines, we find 

(7 - c = Bin 1" [ i^^y tan } C - (^^^ cot } c] (801) 

which is the required approximate formula for the case when a', V and C are given 
to find e. 

If a', 6' and c are given, to findC, we may exchange (7 for c in the second member, 
whence 

C- « = Bin 1" [(^-y tan J e - (^-^* cot } e] (802) 



t2 



246 



SPHERICAL TRIGONOMETBT. 



CHAPTER Vm. 



MISCELLANEOUS PROBLEMS OF SPHERICAL TRIGONOMETBT. 



Fig. 26. 



165. In a given tpherieal triangle^ to find the perpendicular from one of ike angles upon 
the opposite side. 

Denoting the perpendicular upon the side e (Fig. 25) 
by p, we have 

Bin /» as sin 5 sin il (803; 

If the three sides or the three angles are given, we 
find by (48), or (51), and (803), 

sin /» BB -; a= -r-Ti (304) 

"^ sin c sin C7 ^ ^ 

in which n and iV are given by (47) and (50). 

If we admit more than three parts of the triangle into the expression of /», we 
have, by (55)/ (56), and (308), 

2 sin j^ ^ sin } ^ . 2 cos } a cos } 5 „ ._ ^-^ 

Bin J? = J^„ xn — sin » =5= J^ ^ ^ ^ cos 8 (805) 




cos } C 



sin ^e 



166.* To find the radius of the circle described about a given spherical triangle. 



Kg. 20. 




The radius here understood is the arc OA as OB s=i 
Cj Fig. 26, drawn from the pole of the small circle 
ABC io either of the angles. Let 

OAB^ OBA^x 
then C^OCA+OCBr:=i OAC+ OBC 

s-z A — x+ B — z 
« = }(^ + ^— C7) = i8f— (7 < 

putting 5r as } (^ + ^ + (7). 
The triangle A OB being isosceles, the perpeiiicular 



P bisects the side e, therefore if ^ ss iZ, we have 



or, by (70), 



„ tan 1 c tan A e 

tan J? SB ?- = To^-7n 

cos X cos [S — C) 

2 sin } a sin } 5 sin } e 



tan R 



n 



(806) 



(8071 



By applying the principles of Art. 87, this will give the corresponding formulae of 
PI. Trig. (285). 
167. From (69) and (70) we find 

cos (8 — C7) = — cos 8ooi i a cot J b 

by ifhich (806) is reduced to 

— cos 5 
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Also, by the last equation of (56), (806) becomes 

sin } c 



tan£ ss 



cos i a cos i b Bin. C 
168. Substituting in (306) for tan iehj (89), 

— cos S 



(809) 



tan JZ SBB v^ ( Jo — 

^ \cos(o — 



or, by (60), 



tan JZ s 



^)C0S(5— ^)008(iS 

— COS S 



=^) 



(310) 



169. Let the sides of the triangle ABC, Fig. 27, be pro- 
duced to meet in A\ B, and C* ; and denote the radii of 
the circles circumscribed about A' B (7, BA^ C, C'A B by 
R\ B\ R" respectively. Then if 2 iSf' denote the sum of 
the angles of A' B C, (A, B and C being the angles of 
ABC), 

25'=b2»- — ^— (7+-4 

iSf'— ^' = 5r — } (^ + ^ + ^) = » — ^ 
80 that (306) applied to A' BC giyes 

tan } a tan } a 



Fig. 27. 




tanJS'sB 



and in like manner 



tan R" » 



tan B" » 



cos (5' — A') — cos S 



tan } b 



— cos S 
tan } e 



— cos S 



■ (311) 



Substituting for tan } a, &c., by (89), or for cos S by (69), 



tan B s= 



cos (S — A) 2 sin } a cos } 5 cos } e 



iV^ 



n 



T>» cos (S^B) 2 cos } a sin J 6 cos } 

tan it SB ^— ^jr= S= 



fi 



_,„ cos (S — C) 2 cos J a cos } 5 sin } e 

— jy^ — 



n 



(312) 



170. Combining (310) with (812), we find the relation 

cot R cot B cot R" cot B" s N* 

If this be multiplied successiyely by the squares of (810) and (812), we obtain 

tan R cot B cot B' cot B" ^ qo^ 8 
cot -R tan B cot jB" cot B" as cos* (S^A) 
cot i2 cot -iJ' tan R" cot iZ'" ss cos* (S -- ^) 
cot R cot ^ cot -B" tan B" s cos* (5 — C) 



(818) 



(814) 
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171. Again, from (310) and (812) we find 

— tan 5 + tan R' -f tan R" + tan R'" 

^ cos 5+ cos {S--A)+ cos (5f — 5) + cos {S— C) 

N ~ 

_, 2 cos j^^ cos \ (^+ C7)+ 2cos }^ cos } (fl — C) 

whence 

— tan J? + tan R' + tan R" + tan R'" ss 

We shall find in a similar manner 

4 cos } ^ sin } ^ sin } O 



4 cos } ^ cos \ Bco%\ C 

N 



(316) 



tan -B — tan i' + tan 5" 4- tan R" 



N 



tan R 4- tan R' — tan R" + tan R" ^ ^ sin }^ cos } .g sin ^ t7 

tan J2 + tan J2' + tan J2" — tan R" = ^ sin }^ sin } ^ cos ^ (7 

N 
It is also easily shown that 

tan* R + tan* R + tan* 5" + tan* R" = 2 + 2 cos ^ cos B cos t7 



(316) 




(317) 

172. To find the radius of the circle inscribed in a given epherical triangle. 

^^' ^- In Fig. 28, being the pole of the required circle, 

draw or, OF" and OF"' to the points of contact, and join 
OA, OR. We hare 0P"= OF"' and the triangles 
,, AOF" and A OF'" right-angled at P" and F"; hence 

' r^A TMf sm'Oi*' Bin OP"' . ^ 
sin OA F" ss -V — j-TT- s= -^ — -— -- as sin ()^P'" 
jj sin^O sin^O "*v-a^ 

therefore () ^ P" = ^ P"', (for we cannot have 

OAF"sssfr — OA F"'), and the pole of the inscribed circle is consequently found 

by the same construction as inplano, namely, by bisecting the angles of the triangle. 

If then we put » =■ J (a 4- 6 + c), and r ss radius of the inscribed circle, we 

have 

AP"' + £F'+ CP'=:^P'"+a=s*, AF"':=:9^a 

and the right triangle A F"' gives 

tan r cs sin (a — a) tan J A (318) 

corresponding with the formula of PI. Trig. (288). 
Substituting, in (818), the value of tan } A, 

sin (s — fl) sin (a — b) sin (s — g) \ 



tan r 



-j-c 



sin a 



or 



tonr 



n 



sin a 



Substituting, in (818), the value of sin jjp — a) given by (68), 

tan f* fflsB .—«.«_ , 

2 cos } u4 cos i B COB i O 

Also, by (51), we have iV = J sin jB sin C sin a, which reduces (320) to 

. Bini B sinl C , 

tan r =B ^ , .^ sm a 

.cos } ^ 



(819) 



(820) 



(821) 
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178. Let the radii of the circles inscribed in the three triangles A'BO^ B^AO, 
CAB of Fig. 27, be r', r" and r"'. Then if «' denote the half sum of the sides of 
A'BC, we have 

2»' = 2T — 6 — c+ a 

y — a =s T — i (a + b -{• c) jsz TT — 9 
BO that (318) applied to the three triangles, giyes 

tan r^ ss sin « tan ^ A 
tan r'' ass sin a tan J B 
tan r^" sss sin « tan ^ 

Substituting in these the values of tan } At &c., or of sin a. 



tanr' sss -: 



N 



sin (« — a) 2 cos ^ ^ sin i B sin ^ 

tan r as ^ ■ 

sin (« — b) 2 sin ^ A cos ^ B sin i O 

tanr"' = ?? = ^ 

sin (s — e) 2 sin ^ A bid.^ B cos i O 



Also, by (821), 



. cos ^ P cos } C . 

tan r ss = r-r-^ — sm a 

cos f A 

^^,^ oo»} (7 COSM OS 

COS ^ /^ 

tan r" sss = j—— — sin c 

COS J C7 

174. The product of (819) and (323) gives 



n' 



tan r tan / tan r" tan r"' a= -r ss n* 

•I* 



n' 



whence, as in Art. 170, 



cot r tan r' tan r" tan r"' =3 sin* « 
tan r cot / tan r" tan r"' ss sin* (» — a) 
tan r tan r' cot r" tan r"' s= sin* (» — 6) 
tan r tan r' tan r " cot r"' ^ sin* (» — c) 

175. We find from (319) and (323), as in Art. 171, 

4 sin } a sin } 5 sin } c 



— cot r + cot r' + cot r" + cot r"' 



n 



cot 



... X #f . X o, 4 sin J a COS } 6 COS J c 
r — cot r' + cot r" + cot r"' =s -^ ? ^ 



I'w 



cot r 4- cot r' — cot r" + cot r 

It 



cot r + cot r* + cot r" — cot r"' 



cot* f + cot* r' + cot* r" + cot* r"' =s 



4 cos } a sin } 5 cos } e 



fi 



4 cos } a cos } 5 sin } e 



n 



2 — 2 cos a cos b cos e 



[ (822) 



>■ (823) 



I (824) 



(825) 






(826) 



tf 



(82V) 



82 
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176. From (809) and (321), ve find 

tftn T 

-= =s 4 Bin } il sin } ^ sin } C7 cos } a cos } 6 cos } e 

From (307) and the first of (327), 

— cot r + cot r' + cot r" + cot r"' ss 2 tan R 

From (316) and (320), 

— tan -B + tan 22' + tan 22" + tan 22'" = 2 cot r 



(328) 



(829) 



(830) 



and other similar r^ations are found by comparing (312) with (327), and (31G) 
Vith (823). 

177. The following relations are also worth remarking. 

If j9 is the perpendicular from C upon c, 

^ "^ 

2 sin J fl sin } 6 
tan 22 sinj» = — 



cot r sinj9 =B 



cos \ c 

2 cos } ^ cos } B 
sin ^ C 



J 



(831) 



178. Tht pole of the circle inscribed in a spherical triangle is also the pole of the circle 
circumscribed about the polar triangle ; and the radii of these circles are complements of each 
other. 

The arcs bisecting the angles of a given triangle will evidently bisect the sides 
of the polar triangle, and will be perpendicular to those sides respectively; the 
common intersection of these arcs is therefore at once the pole of the circle in- 
scribed in the first and circumscribed about the second. 

Again, if we join the angular points of the polar triangle with this common pole, 
the arcs thus drawn, being produced to meet the sides of the first triangle, are 
perpendicular to those sides, and therefore pass through the points of contact of 
the inscribed circle. Each of these arcs = 90°, and is at the same time the sum 
of the two radii of the circles in question. 

This latter property is also obvious from the analytical expressions of the two 
radii. By means of it, we might have deduced all the formulas for the inscribed 
from those for the circumscribed circle, or vice versa. 

179. To find the arc Joining the poles of the circles inscribed in, and circumscribed about 
a given spherical triangle,* 

Let be the pole of the circumscribed circle. 
Fig. 29,. and (y that of the inscribed circle. Put 
Oa = I)', then 

cosDsscos^OcosilO'-f-sinilOsinilO'cos OA(y 

By Art. 166, we have OAB ^=s 8-r- C, whence 



Fig. 29. 




We have also 



cos AO' ss cos O'P cos AF s= cos r cos (s — a) 

sin O'P sin r 



Bingo's 



sin GAP "~ sin J ^ 



* Hymer's Spherical Trigonometry. 
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Therefore, 



cos 

COB 



js /> , , X , X » cos } (5 — C) 

-TT— ; — ss cot r cos (» — a) + tan -B ^ a — ■ 

£ Bin r ^ ' ' Bin * -4 



Substituting by (319), (307), and (44); 

sin « cos (« — a) + 2 sin J 6 sin J c sin } (J + e) 



/ 
cos D 



cos R sin r 



n 



___ sin a + sin & -f- sin c 
Hi 



whence, by (53), 

(cos -O \* 1 1 + sin fl sin & -f- sin a sin c + sin 6 sin e — cos a cos 6 cos c 
cos R sin r) 2 n* 

by PI. Trig. (179), = / 8in.+ gsmjasin j fe sin }c y 

=B (cotr + tani2)» 

cos* B ss cos' (i2 — r) + cos* -B sin* r 

Bin* J9 B sin* (i2 — r) — cos* 22 sin* r (832) 

If the inscribed circle is inscribed in ABC^ Fig. 27, and its radius =s r', we 
have, by a similar process, 

sin* jy as sin* (R + r') — cos* R sin* / (333) 

180. To find the equilateral spherical triangle inscribed in a given circle. 
If R =: radius of the given circle, and A == one of the angles of the equilateral 
triangle, we have, by (310), and PI. Trig. Art. 76, 



— cos i A 3 cos J -4 — 4 cos* J A 

tan' R ^ T-z — T- = TT — 1 

cos* J A cos" J A 



"whence 



cos 



^^ "" W \4+tan*5 / 



(334) 



181. To find the equilateral spherical triangle circumscribed about a given circle. 

If f = radius of the given circle, and a ss one of the sides of the triangle, we fin4 



«^i^ = J( 44.c!t*r ) 



(335) 



182. Given the base and area of a spherical triangle, to find the locus of the vertex. 

Pig. 80. Let a ss the given base, and K = area of ABC, Fig. 30. 

Produced A£ and AC to meet in A'. Let be the pole 
of the circle described about A'BC. The radius of this 

9 

circle is jgiven by the first equation of (311), which, by 
(224) becomes 




• „. tan i a 
tan 22' s= ^ 



sinji: 



(336) 



The second member of this equation, being constant for 
all the triangles of the same base a, and the same area A", 
shows that 22' is also constant, and consequently, that the 
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point A* is always found npon the circumference of the same small circle ABO. 
But A and A' being the extremitieA of the same diameter of the sphere, A is al8% 
found upon a small circle, equal and parallel to the circle A'BC. 
The perpendicular distance {p') of from the base EC, is found by the equation 

cos R' 

COBP' =B -— 

"^ cos i a 

and the pole of the locus of il is in the same perpendicular, at a distance from 
£C = jr — p' = p, whence 

cos R' , Q_. 

^^«^ = -S^^l-5 (^^^^ 

The equations (886) and (387) determine the radius and position of the pole of the 
required locus, which may therefore be constructed. 

This elegant proposition is due to LexeU, 

183. To find the angle between the chords of two sides of a spherical triangle. 

i 

Fig. 81. 




In Fig. 31, being the center of the circumscribed circle, the angle between the 
shords of the sides AC and £0 is half the spherical angle AOB. If, then, 

Ci = angle between the chords of a and b 
we have 

cos Ci s=B cos AOP sBB sin CAP cos AP 

or, by Art. 166, cos C^ = sin (S — C7) cos } c (838) 

■ ^ 

By (72) this becomes 

cos Ci sss sm^ a sin i b -^ cos a cos } b cos C (339) 

184. The preceding problem is employed for geodetical triangles, in which* Ct 
differs very little from C, in which case it is expedient to compute the small differ- 
ence — Ci ss X. We easily reduce (339) to the following : 

cos Ci == cos } (a — b) cos* J C7— cos J (a + 6) sin* J O 

= cos*} C — 2 sin* J(a-^5) cos*} C— sin*} C7+28in* J(a+ b) sin*} (7 

Subtracting cos C = cos* } C — sin* } C7, we haye, 

8in}(C+ C) sin} (C7— CJ == am*i(a^b) sin* } (7— sin* } (a— 5)cos*}(7 
or approximately, taking 

sin } (C+ CO = sin C7 == 2 sin } Ccos } C 
and ' sin}(C7--C0 =}xsinl" 

X being expressed in seconds, 



* = ST^^^^'i (« + *) ^^""i ^- iET"' 8i^*i («- *) cpt } O 



(340) 
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If^^ JJ a gnat circle {DE, Fig. 82) bisect the haae of a tpherieal triangle at right 
angles, any great circle (FG), perpendicular to it, divides the sides (AC, BC) into seg^ 
nents whose sines are proportional; that is, 

sin FA : sin FC = sin 0£ : sin GO (341) 

Let P be the pole of HD, (DP = QO"), and 
PGF any great circle drawn through P, and 
therefore perpendicular to DJS, Then, since 

P£+PA = 2PD^ 180O 

▼e have, by (8), 

tfin J'sin FA &s sinPsin P^ s sinPsin Pi? 

s= sin 6^ sin GB 
Bin P sin FO » sin G sin GO l> b 

whencb, by division, the theorem (341). The arc FG is analogous to the parallel to 
the base in plane triangles. 

186. If two arcs of great cirdes, (AB, CD, Fig. 33), terminated by any circle, intersect, 
the products of the tangents of the semi-segments are equal to one another; that is, 

tan }^^ tan } JS:^ a= tan } C7^ tan }^2> (342) 

Let P be the pole of the circle DACB, Join PE ^- ^• 

and draw the perpendiculars PF, PG, bisecting the 
arcs AB and CD. Then we have 

cos FE cos PE cos PE cos GE 

coaFB ~ cosPB "" cosP^ "^ cos GD 

cos FE — cos FB ^^ cos GE — cos GD 
cos FE + cos FB ~ cos GE + cos GD 

which, by PI. Trig. (110), gives (342). 

187. ff three arcs he drawn from the angles of a sphsrieal triangle through the same 
point, to meet the opposite sides, the products of the sines of the alternate segments of the sides 
wUl be equal. 

Thus, in Fig. 34, we shall have 

sin^^' sin CA' sin BC = sin CB' sin BA' sin^C" (843) 

^or we easily find 

sin APB' 




sin AB* sin AP 



BmCB 

sin CA ' 
sin BA' 

sin BC 



sin CP 

sin CP 
sin BP 

sin BP 



sin CPB' 

s in CP A' 
sin BPA' 

sin BPC 



BinAC 



RiaAP sin APC 




Multiplying these equations together, the product of the second members is unity, 
whence (343). 

The same property is easily extended to the segments of the angles. 

188. It follows, that when three arcs are drawn from the three angles, so as to 
satisfy the condition (343), they must intersect in the same point. This occurs in 
the same cases as in plane triangles, that is, when the angles are bisected ; when the 
flides are bisected ; when the three arcs are drawn from the angles to the points of 

W • 
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contact of the inscribed circle ; and when the three arcs are the three perpendiculars 

iipo9 the sides. 
The first three of these cases are obTioos. To prove the last, if A', B and C\ 

Fig. <$4, are right angles, we have 

cos ABf cos CA' cos BC* cos AB cos OA cos BC 
tofi CBf cobBA' cc^^AC* cos CB cob BA cob AO 

whence cobAB' cos CA* cos BC sb cos CB* cos BA' comAC 

and in the same manner we find 

tan AB tan CA* tan BC » tan CjS' tan ^^' taji AC 

The product of these two equations gives the condition (343), and therefore the per- 
pendiculars intersect in the same point. 

189. To find the are dravm from amy angU of a tpherical triangU to a given point in 
the opposite side. 

In the triangle PA A", Fig. 85, let PA' be drawn; we have 




cos PA' sin A A" ss cos PA' sin (A A' + A' A") 

=s cos P A' cos A' A" sin AA'+ cos PA' cos A A' sin A' A" 
But in the triangles PA A', PA' A" we have, by (4), 

cos PA' cos AA' ,=: cos PA — sin PA' sin ^ A' cos P^'-4 
cos P.4' cos A'A" ss COB P^" + sin PA' sin ^'^" cos PA' A 
which substituted above give 

COS PA' sin A A" » cos PA sin A'A" + cos P^i" sin A A' (844) 

which determines P^', the sides PA and P^" and the segments of the side A A" 
being given. 

190. Let three arcs PA, PA', PA", Fig. 85, passing through the same point P, 
be intersected by two others ^^" and BB" whose intersection is Q; we have seve- 
ral symmetrical relations among the parts of the figure which find their application 
in astronomy. 

Let the points A, A', A" be pven in position by their distances from Q, and pnt 

A Qz=zci ABzz:.^ PB ^y 

a'Q:=za' a'b SB ^ PB » y 

A"Q as *" S"B' SB /8' PB' s: y" 

By PI. Trig. (171), we have 

sin « sin («' — «") + sin *' sin (*" — a) -f sin *" sin (*—*') = 
and in Fig. 85, 

sin yS sin 5 . „ sin y" sin B' 



sin « =s 



sin <i 



sin B 



fSOiy 
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whence 



and Bimilarly 



Bin A s= 



sin sin y" sin B" 



sin y 



sin Q 



which, substituted above, give 



sm 0^ sin y' sm B" 

Sin a! ss -^ — 7 ^-; — TT — 

sm y Bin Q 



Bin/3" sin y sin ^' 



« 



sin }^' 



// 



sin Q 



sm^ . , , 
-: — Sin («' 
Bin^ ^ 



«") + ?J?4- Bin (*" — *) + ?|5J!!gin (* — *') =s (345 
sin V ^ sin > ^ ^ 



Again, if we express (344) in the notation of this article, it becomes 
eos (0+ y) Bin («'— a")+cos (/8'+ y') sin (*"—«) + cos (r+ >") sin («^-«')=0 (346) 
which, added to (845), gives 

tan> ^ ^ ' lany ^ ' ' tany' ^ . ' ^ ' 

191. If P is the pole of A Q, we have 

fi+y^iaf + y' « ^'+ y" = 90« 
and (845) and (847) both give 

tan sin (*' — «") + tan 0^ sin (*" — «) + tan /S" sin (* — *') « (848) 

192. To find the mcUnation of two adjacent faces of a regvloT polyhedron^ and the radii 
of the inscribed and eireumseribed spheres. 

Let C and E, Fig. 86, be the centres of two adjacent faces whose common edge is 
AB;0 the centre of the inscribed and circumscribed spheres. Draw D bi- 
secting il^ at right angles; draw CD, ED, which will also evidently be per-^ 
pendicular to ^4 J9 ; and put 

/ =s inclination of the faces ^ss CDS 

R ss radius of the circumscribed sphere =s OA-ss OB 

r s= radius of the inscribed sphere ss O sss E 

a :s one of the edges z=s AB 

m s=s number of faces that form a solid angle 

n ^ number of sides of a face ct 

Suppose a sphere to be described about the centre 
with any radius, and cad the triangle formed upon its sur- 
face by the planes COD, CO A, AOD\ this triangle is 
right-angled at d and gives 

cos cad 



eoB cd SB 



BUI acd 



But cos e <^ =s cos COD, and 



9t 



C7O2> = 90O — C/>0==-^ — }J 
eadssz i angl6 of the planes OAC and OAE 

1 2t TT 

2 m "^ m 




aeds^iACBr=zl. .^«- 



n 



TT 

n 
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therefore 



sin }/as 



cos — 
m 

Bin — 
n 



(849) 



Then from the triangles OCD, ACD, &o., we find 

a 
1 



a ' w 

T wc-rr tan ^ / cot — 



(860) 



rssiSoosae^iScotaei/ootca^sKJB cot — cot — 

» m 

B SB -TT tan }/tan — 
2 m 



(861) 



193. To find the surface and volume of a regular polyhedron. 

Let /as number of faces of the polyhedron; 8 ^ the surface, and F&s the 
▼olume ; then the area of each face (the notation of the preceding article being 
continued) is equal to 



} ^5 X C'i) X « = a* • 4- cot — 

4 n 



whence 



S^d 



. «/ . «• 



and since F= S X i^f 



a«-^tan}icot*~ 
24 ' n 



(862) 



(363) 



194. To find the surface and volume of a parallelopipedf given the edges and their mcU- 
nations to each other, 

Fig.»7. Let OP, Fig. 87, be a parallelopiped, 

whose edges OAxsafOBsab, C sss c, 
and their inclinations B OCsssttyAOC^ssfif 
AOB ^ y, are given. 
p The area of any face, as B C, is found by 
the formula be t&a a^ and therefore foi 
the whole surface, we have 

S=s2{beaiia+tte8m0'{'aba3iy) (864) 

To find the volume, let CJ9 be the alti- 
tude, then 

Fasbase^^X CDssabsmyX 0I> 
Suppose a sphere to be described about 0, whose intersections with the planes 
BOC, AOC, AOB and DOC are B'C = «, A'C « 0, A'B* » y, and CD, The 
triangle A' CD' is right-angled at D'^ whence 

(7/> =r c sin CD' == c sin /8 sin CA'B' 

orby(46),if^ = }(« + ^ + ^), 

2e 




whence 



CD sss —. — ^ [sin 0- sin (r — «) sin (r — 0) em (t — 7.)] 
sin y 

Fa=5 2 abe^[s\xi «• sin («• — «) sin {t — 0) fan (t — y)"] 



(856) 



THE END. 
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